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COMMUTING STRUCTURE JACOBI OPERATOR FOR
SEMI-INVARIANT SUBMANIFOLDS OF CODIMENSION 3 IN
COMPLEX SPACE FORMS

U - HANG KI AND HYUNJUNG SONG*

ABSTRACT. Let M be a semi-invariant submanifold with almost contact
metric structure (¢,&,7n,g) of codimension 3 in a complex space form
Mpy1(c),c # 0. We denote by S and R¢ be the Ricci tensor of M
and the structure Jacobi operator in the direction of the structure vec-
tor £, respectively. Suppose that the third fundamental form t satisfies
dt(X,Y) = 20g(¢X,Y) for a certain scalar 8(# 2¢) and any vector fields
X and Y on M. In this paper, we prove that M satisfies R¢S = SR¢ and
at the same time R¢¢p = ¢Rg, then M is a Hopf hypersurface of type (A)
provided that the scalar curvature s of M holds s — 2(n — 1)e < 0.

1. Introduction

A submanifold M is called a CR submani fold of a Kaehlerian manifold M
with complex structure J if there exists a differentiable distribution A : p —
A, C M, on M such that A is J-invariant and the complementary orthogonal
distribution A+ is totally real, where M, denotes the tangent space at each point
pin M ([1], [27]). In particular, M is said to be a semi-invariant submanifold
provided that dimA+ = 1. The unit normal in JA' is called the distinguished
normal to the semi-invariant submanifold ([4], [25]). In this case, M admits an
induced almost contact metric structure (¢, £, 7, g). A typical example of a semi-
invariant submanifold is real hypersurfaces. And new examples of nontrivial
semi-invariant submanifolds in a complex projective space P,C are constructed
in [16] and [22]. Therefore we may expect to generalize some results which are
valid in a real hypersurface to a semi-invariant submanifold.

An n-dimensional complex space form M, (c) is a Kaehlerian manifold of
constant holomorphic sectional curvature 4c. As is well known, complete and
simply connected complex space forms are isometric to a complex projective
space P,,C, or a complex hyperbolic space H,,C according as ¢ > 0 or ¢ < 0.
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For the real hypersurface of M,(c),c # 0, many results are known. One
of them, Takagi([23], [24]) classified all the homogeneous real hypersurfaces of
P, C as six model spaces which are said to be Ay, Ay, B,C, D and E, and Cecil-
Ryan ([5]) and Kimura ([17]) proved that they are realized as the tubes of
constant radius over Kaehlerian submanifolds when the structure vector field &
is principal.

On the other hand, real hypersurfaces in H,,C have been investigated by
Berndt [2], Montiel and Romero [18] and so on. Berndt [2] classified all real
hypersurfaces with constant principal curvatures in H,C and showed that they
are realized as the tubes of constant radius over certain submanifolds. Also such
kinds of tubes are said to be real hypersurfaces of type Ag, A1, A or type B.

Let M be a real hypersurface of type Ay or type As in a complex projective
space P, C or that of type Ag, A1 or As in a complex hyperbolic space H,C.
Now, hereafter unless otherwise stated, such hypersurfaces are said to be of type
(A) for our convenience sake.

Characterization problems for a real hypersurface of type (A) in a complex
space form were studied by many authors ([7], [8], [13], [18], [20] etc.).

Two of them, we introduce the following characterization theorems due to
Okumura [20] for ¢ > 0 and Montiel and Romero [18] for ¢ < 0 respectively.

Theorem O. Let M be a real hypersurface of P,C, n > 2. If it satisfies
9((Ap — pA)X,Y) =0 (1.1)

for any vector fields X and 'Y, then M is locally congruent to a tube of radius
r over one of the following Kaehlerian submanifolds :

(A1) a hyperplane P,_1C, where 0 < r < /2,
(A2) a totally geodesic P,C (1 <k <n—2), where 0 <r < /2.

Theorem MR. Let M be a real hypersurface of H,C, n > 2. If it satisfies
(1.1), then M is locally congruent to one of the following hypersurface :

(Ao) a horosphere in H,C, i.e., a Montiel tube,
(A1) a geodesic hypersphere, or a tube over a hyperplane H,_1C,
(A2) a tube over a totally geodesic H,C (¢ <k <n —2).

Denoting by R the curvature tensor of the submanifold, we define the Jacobi
operator Re = R(-,£)¢ with respect to the structure vector £&. Then R is a self
adjoint endomorphism on the tangent space of a C'R submanifold.

Using several conditions on the structure Jacobi operator R¢, characteriza-
tion problems for real hypersurfaces of type (A) have recently studied (cf. [7],
[8], [19]). In the previous paper [7], Cho and one of the present authors gave an-
other characterization of real hypersurface of type (A) in a complex projective
space P,C.
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Ki, Nagai and Takagi ([13]) proved the following characterizing homogeneous
real hypersurfaces of type (A) and some special classes of Hopf hypersurfaces.

Theorem KNT([13]). Let M be a real hypersurface in a nonflat complex
space form My(c),n > 2. If M satisfies Re¢p = ¢Re and at the same time
satisfies ReS = SRe, then M is a Hopf hypersurface. Further, M is locally
congruent to one of homogeneous real hypersurfaces of type Ag, A1, Az, or to a
Hopf hypersurface with g(Ag, &) = 0, where S denote the Ricci tensor of M.

On the other hand, semi-invariant submanifolds of codimension 3 in a com-
plex projective space P,,4+1C have been studied in [10]~ [12], [14]~ [16] and so
on by using properties of induced almost contact metric structure and those of
the third fundamental form of the submanifold. In the preceding work, Takagi
and the present authors assert the following:

Theorem KST([16]). Let M be a real (2n—1)-dimensional semi-invariant sub-
manifold of codimension 3 in a complex projective space Pp,+1C with constant
holomorphic sectional curvature 4c. If the structure vector £ is an eigenvec-
tor for the shape operator in the direction of the distinguished normal and the
third fundamental form t satisfies dt = 20w for a certain scalar 6(< 2c¢), where
w(X,Y) = g(¢X,Y) for any vectors X and Y on M, then M is a Hopf real
hypersurface in a complex projective space P,C.

In this paper, we discuss the version with respect to semi-invariant sub-
manifolds of Theorem KNT, that is, we consider a semi-invariant submanifold
M of codimension 3 in a complex space form M, 1(c),c # 0 which satisfies
Re¢p = ¢R and at the same time R¢S = SR¢ such that the third fundamental
form ¢ satisfies dt = 20w for a certain scalar 6(# 2¢). In this case, we prove
that M is a real hypersurface is of type (A4) in M, (c) provided that the scalar
curvature s of M satisfies s — 2(n — 1)c < 0.

All manifolds in the present paper are assumed to be connected and of class
(C*° and the semi-invariant are supposed to be orientable.

2. Preliminaries

Let M be a real 2(n+1)-dimensional Kaehlerian manifold with parallel almost
complex structure J and a Riemannian metric tensor G. Let M be a real
(2n — 1)-dimensional Riemannian manifold isometrically immersed in M. We
denote by g the Riemannian metric tensor on M from that of M.

We denote by V the operator of covariant differentiation with respect to the
metric tensor G on M and by V the one on M. Then the Gauss and Weingarten
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formulas are given respectively by

VxY = VxY + g(AX,Y)C + g(KX,Y)D + g(LX,Y)E, (2.1)

VxC=—-AX +1(X)D +m(X)E,
VxD=—-KX —I(X)C +t(X)E, (2.2)
VxE =—-LX —m(X)C —t(X)D

for any vector fields X and Y tangent to M and any vector field C, D and
FE normal to M, where A, K, L are called the second fundamental forms with
respect to the normal vector C, D and E respectively, and [, m and t being the
third fundamental forms.

As is well-known, a submanifold of a Kaehlerian manifold is said to be a
CR submanifold ([1], [27]) if it is endowed with a pair of mutually orthogonal
and complementary differentiable distribution (A, A+) such that for any point
p € M we have JA, = A,, JA; C AFM, where Aj-M denote the normal
space of M at p. In particular, M is said to be semi-invariant submanifold
provided that dimAL = 1([4], [25]). In this case the unit vector field in JAL is
called a distinguished normal to the semi-invariant submanifold and denote by
C([4], [25]).

More precisely, we choose an orthonormal basis ey, - - - , eap—2, § of M, in such
a way that e, ez, -+, ea,—2 € A, where M, denotes the tangent space to M at
each point p in M. Then we see that

G(J§7 ei) = _G(§7 Jez) =0

fori=1,---,2n—2.
From now on we consider M is a real (2n — 1)-dimensional semi-invariant

submanifold of a Kaehlerian manifold M of real dimension 2(n 4 1). Then we
can write ([4], [26])

JX = ¢X +n(X)C, JC=—¢ JD=-E, JE=D, (2.3)

where we have put g(¢X,Y) = G(JX,Y),n(X) = G(JX,C) for any vector
fields X and Y tangent to M.

By the Hermitian property of J, we see, using (2.3), that the aggregate
(¢,€,m, g) is an almost contact metric structure on M, that is, we have

P°X = -X+n(X)E, ¢¢=0, &) =1, nX)=g(&X),
9(¢X,8Y) = g(X,Y) — n(X)n(Y)

for any vectors X and Y on M.

In the sequel, we denote the normal components of VxC by V+C. The
distinguished normal C' is said to be parallel in the normal bundle if we have
V+C =0, that is, [ and m vanish identically.

(2.4)
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From the Kaehler condition VJ = 0 and take account of the Gauss and
Weingarten formulas,we obtain from (2.3)

Vxé=pAX, (2.5)
(Vx9)Y =n(Y)AX — g(AX,Y)¢, (2.6)
KX =¢LX —m(X), (2.7)
LX = —¢KX +1(X)¢ (2.8)
for any vectors X and Y on M. The last two relationships give
m(§) = —k, (&) =TrL, (2.10)

where, we have put k =TrK.
We notice here that there is no loss of generality such that we may assume
T,L = 0. Therefore we have by (2.10)

(&) =0. (2.11)
Applying (2.8) by ¢ and using (2.7), we find

—g(KX,Y) —=m(X)n(Y) = g(¢K X, 9Y) — n(X)I(¢Y).

If we take the skew-symmetric part of this with respect to X and Y, then we
obtain

—m(X)n(Y) +m(Y)n(X) = n(X)l(eY) — n(Y)l($X),
which together with (2.10) gives
(X)) =m(X) + kn(X). (2.12)

Similarly we have

m(6X) = —I(X) (2.13)

because of (2.10).
Transforming (2.7) by L and using (2.8) and (2.9), we obtain

g(KLX,Y) + g(LKX,Y) = —I(X)m(Y) — [(Y)m(X). (2.14)

In the rest of this paper we shall suppose that M is a Kaehlerian manifold
of constant holomorphic sectional curvature 4¢, which is called a complex space
form and denote by M, 1(c). Then equations of the Gauss and Codazzi are
given by

RX,)Y)Z =c{g(Y,2)X — g(X, 2)Y + g(¢Y, Z)pX — g(¢ X, Z)pY
—29(¢X,Y)0Z} + g(AY, Z)AX — g(AX, Z)AY (2.15)
+9(KY,Z)KX — (KX, Z)KY + g(LY, Z)LX — g(LX, Z)LY,
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(VxA)Y — (Vy X — I(X)KY +1(Y)KX

~ mX)LY +m(Y)LX = e{n(X)8Y - n(¥)oX —29(6X,V)e}, 10

(VxK)Y — (VyK)X + (X)AY — (Y)AX — t(X)LY + t(Y)LX =0, (2.17)

(VxL)Y — (VyL)X +m(X)AY —m(Y)AX
+H(X)KY —t(Y)KX =0,

where R is the Riemann-Christoffel curvature tensor on M, and those of the
Ricci by

(2.18)

(Vx)Y — (Vy D)X + g(KAX,Y) — g(AKX,Y)

+m(X)HY) — m(Y)H(X) =0, (2.19)

(Vxm)Y — (Vym)X + g(LAX,Y) — g(ALX,Y)
+HX)(Y) = H(Y)U(X) =0, (2:20)
(Vxt)Y — (Vyt)X + g(LKX,Y) — g(KLX,Y) o)

+U(X)m(Y) = 1(Y)m(X) = 2¢cg(¢X,Y).

In what follows, to write our formulas in a convention form, we denote by
o = n(AL), B = n(A%E),y = n(A%€),TrA = h,TrK = k,Tr(*AA) = h(s) and
for a function f we denote by V f the gradient vector field of f.

Now, we put V¢& = U in the sequel. Then U is orthogonal to & because of
(2.5). From now on we put

A€ = a + uW, (2.22)
where W is a unit vector field orthogonal to £&. Then we have

U = uoWw (2.23)
because of (2.5). So, W is orthogonal to U. Further, we have

u? =B —a (2.24)
From (2.22) and (2.23) we have

U = —AE + af, (2.25)
which together with (2.5) and (2.22) yields

9(Vx&U) = ug(AW, X),  ng(VxW,€) = g(AU, X) (2.26)
because W is orthogonal to .
Differentiating (2.25) covariantly along M and using (2.5) and (2.6), we find
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(VxA) =—¢VxU+ g(AU + Vo, X)) — ApAX + apAX, (2.27)
which enables us to obtain

(VeA), =2AU + Vo — 2k LE. (2.28)
Because of (2.5), (2.26) and (2.27), we verify that

VeU = 30AU + 0 A§ — BE+ ¢V a — 2k(KE — KE). (2.29)
Finally, we introduce the Jacobi operator ¢ with respect to the structure

vector field £ which is defined by R X = R(X, &) for any vector X.
If we transform (2.8) by L and take account of (2.7) and (2.9), then we get

L*X — K?X = (X)L¢ — m(X)KE.
Because of (2.9), (2.10) and this, it is seen from (2.15) that

ReX = ¢(X —n(X)€) + aAX —n(AX)AL + EKX

—m(X)K¢—I(X)LE. (2:30)
Suppose that Re¢ = ¢R¢ holds on M. Then from (2.30) we have
a(pAX — ApX) = g(AE, X)U + g(U, X)AE + 2kLX (2.31)

= 2k{U(X)E + n(X)LES,
where we have used (2.5), (2.8) and (2.12).

3. The third fundamental forms of semi-invariant submanifolds

In this section we shall suppose that M is a semi-invariant submanifold of
codimension 3 in a complex space form M, yi(c), ¢ # 0 and that the third
fundamental form ¢ satisfies

dt = 20w, w(X,Y)=yg(¢X,Y) (3.1

for a certain scalar 6 and any vectors X and Y, where d denotes the exterior
differential operator. Then we have from (2.14) and (2.21)

g(LEX,Y) +U(X)m(Y) = =(0 — c)g(¢X,Y), (3.2)
which together with (2.9)~(2.11) implies that
KLE=kLE, LKE=0. (3.3)

Differentiating (3.1) covariantly along M and using (2.6) and the first Bianchi
identity, we find
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(X w(Y,Z)+ (YO)w(Z, X) + (Z0)w(X,Y) =0,
which implies (n — 2)X60 = 0. Thus 6(> ¢) is constant if n > 2.
For the case where 6§ = ¢ in (3.1) we have dt = 2cw. In this case, the normal
connection of M is said to be L-flat([10]).

Lemma 3.1. Let M be a semi-invariant submanifold with L-flat normal con-
nection in My, 1(c), c # 0. If A€ = o, then we have V+C =0 and K = L = 0.

Proof. From (3.2) we have

T.("KK) — |k&]* + | LE|I* = 2(n — 1)(0 — ¢)
because of (2.7), (2.9) and (2.12), which implies

15 — kn @ | + | LEII* = 2(n — 1)(8 — ),
where | F||> = g(F, F) for any vector field F on M. Thus, by our hypothesis
0 = c, we have K = kn® &.
In the same way, we see from (2.8), (2.10), (2.13) and (3.2) that L = 0. And
hence m(X) = —kn(X) and I = 0 because of (2.9). Therefore, it suffices to
show that k = 0. Using these facts, (2.19) reformed as

k{n(X)AE — g(Ag, X)¢} = k{n(X)t — t(X)¢E},
which together with A = af gives

k{t —t(&)¢} = 0. (3.4)
We also have from (2.18)

k{n(X)(AY +1(Y)€) — n(Y)(AX +1(X)§)} = 0,
which implies k(h — a) = 0. Form this and (3.4) we verify that £ = 0. This
completes the proof. O

Applying (3.2) by ¢ and taking account of (2.7) and (2.13), we find

K2X +(X) K€+ U(X)LE = (0 — e){X —n(X)E}, (3.5)
which implies n(X)K?2¢ — g(K2%¢, X)¢ = 0. Thus, it follows that

K% = (| Kel*)e (3.6)
by virtue of (2.9). Thus, (3.5) becomes

K?X + (X)L + | KE[*n(X)€ = (0 — o) (X — n(X)g).
Putting X = L¢ in (2.8) and taking account of (2.12) and (3.3), we obtain
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L% = kK& + (|KE|? + K*)E. (3.7)
If we put X = L¢ in (3.2) and make use of (2.13) and (3.2), we find

(0 —c— || K¢|*)Lg = 0.
Similarly, we verify, using (3.2) and (3.7), that

(0 —c— ||ILEI? = k%) (I KE)1* — &%) = 0.
Let ||LE|| # 0 at every point of M and suppose that this subset does not
void. Then we have | K¢||? = 6 —c and || LE||? 4+ k? = 6 — ¢ on the subset. Using
these facts, we can verify that ( for detail, see (2.22) and (2.24) of [16])

Vk = 2ALE, (3.8)

VxLE=t(X)K — AKX — kAX (3.9)
on the set. Differentiating (3.8) covariantly and taking the skew-symmetric part
obtained, we find

(0 = 20){n(X) K¢ —m(X)} = 0,
where we have used (2.12), (2.16), (3.3) and (3.9), which shows that (0 —
2¢)(m(X) + kn(X)) = 0 and hence 6 = 2¢ on this subset.
Thus, from the first equation of (2.3) we have the following :

Lemma 3.2. Let M be a semi-invariant submanifold of codimension 3 in
M, 1(c), ¢ # 0 satisfying (3.1). If  — 2c # 0, then V+C = —k(E on M.

In the following we assume that M satisfies (3.1) with 6 — 2¢ # 0. Then we
have

LE=0, KE&=ke (3.10)
because of (2.9). It is, using (3.10), clear that (2.7), (2.8) and (3.2) are reduced
respectively to

¢LX = KX — kn(X)¢, (3.11)
L=K¢, (3.12)
g(LKX,Y) 4 (6 — ¢)g(¢X,Y) =0. (3.13)

From the last two equations, we obtain

L*X = (6 — o)(X — n(X)¢). (3.14)
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Further, if we take account of (3.10), then the other structure equations
(2.16)~(2.21) reformed as

(VxA)Y — (VyA)X

= k{n(Y)LX —n(X)LY} + ¢{n(X)pY —n(Y)dX — 29( X, Y )¢}, (3.15)

(VxK)Y — (VyK)X = t(X)LY — (Y)LX, (3.16)
(VxL)Y — (VyL)X = k{n(X)AY — n(Y)AX} — t(X)KY + t(Y)KX, (3.17)
KAX — AKX = k{n(X)t — t(X)¢}, (3.18)

LAX — ALX = (Xk)§ —n(X)VEk + k(¢pAX + AdX), (3.19)
where we have used (2.5).

Putting X = ¢ in (3.18) and using (3.10), we find

KAE = RAE + k{t' — t(6)¢}, (3.20)
where g(t', X) = t(X) for any vector X. From now on we will use the same
letter ¢ instead of ¢'.

Replacing X by & in (3.19) and using (2.5), (3.10) and (3.12), we get

KU = (¢k)é — Vk + kU. (3.21)

If we apply (3.20) by ¢ and make use of (2.22) (3.11) and (3.12), then we
find

KU = k(té — U), (3.22)
which together with (3.21) yields

Vk = (£k)€ + k(—top +20). (3.23)
If we transform (3.19) by ¢ and take account of (2.22), (3.11) and the last
equation, then we obtain

GALX ~ KAX = —k{(t—tH(E)E)n(X)+2um(X)W +29(AE, X )¢ — AX +HAGX },
which connected to (3.18) gives

PAL = —LAg. (3.24)
Since 6 is constant if n > 2, differentiating (3.14) covariantly, we find

(VxL?)Y = (¢ = 0){n(Y)$AX + g(¢AX,Y)E},
or, using (3.13) and (3.17), it is verified that (see, [16])
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2AVXL)LY =(0 = c){2t(X)oY —n(Y) (A + Ad) X + g((Ap — pA) X, V)¢
—n(X)(9A = Ap)Y} — k{n(Y)(AL + LA)X
—g((AL+ LA)X, ), —n(X)(LA— AL)Y},
which together with (3.10) and (3.22) yields

(0 = )(Ad — A)X + (k* + 0 — o) (u(X)€ + n(X)U)
+ (AL + LA)X + E{—t(6X)E + n(X)p ot} = 0,
where u(X) = g(U, X) for any vector X.

In the following we consider the case where (2.22) with u = 0, that is A =
af. Differentiating this covariantly and using (2.5), we find

(3.25)

(VxA) = —APAX + apAX + (X )¢,
which together with (3.10) and (3.15) gives

—2A0AX + a(pA+ AP) X + 2cpX = n(X)Va — (Xa)é. (3.26)
If we put X = ¢ in this and using (2.22) with p = 0, we find
Va = ((a)t. (3.27)

Differentiating the second equation of (3.10) covariantly along M, and using
(2.5), we find Vxm = —(Xk){ +kpAX, from which taking the skew-symmetric
part and making use of (2.20) with I =0,

LAX — ALX — k(¢pAX + A¢X) = (Xk)¢ — n(X)Vk.

Since A¢ = a was assumed, then we have

Vk = (£k)¢ (3.28)

because of (3.10). From the last two equations, it follows that

LA — AL = k(¢pA+ Ag). (3.29)
If we put X = ¢ in (3.18) and remember (2.21) with g = 0 and (3.10), then
we get

k{t(X) — t(E)n(X)} = 0. (3.30)
Since we have A¢ = «f, differentiating (3.28) covariantly, and taking the
skew-symmetric part obtained, we get

(Ek)(Ad + ¢A) = 0. (3.31)
From this and (3.27) we can write (3.26) as a(A4%¢+ c¢) = 0. By the properties
of the almost contact metric structure, it follows that
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Ek{he) — a®+2(n—1)c} =0,
which implies £k = 0 if ¢ > 0.

4. Semi-invariant submanifolds satisfying R¢¢ = ¢R;

We will continue our arguments under the same hypotheses dt = 26w for a
scalar 6(# 2¢) as those stated in section 3. Further suppose, throughout this
paper, that R¢¢ = ¢ R¢, which means that the eigenspace of the structure Jacobi
operator Re is invariant by the structure operator ¢. Then (2.31) reformed as

a(pAX — ApX) = g(AE, X)U + g(U, X)AE + 2kLX (4.1)
by virtue of (3.10).

Transforming this by A, and taking the trace obtained, we have g(A2¢,U) = 0
because of (3.26), which together with (2.22) yields

ug(AW,U) = 0. (4.2)
Applying (4.1) by L and using (2.25), (3.11) and (3.19), we find

of AKX — kn(X)A{ — pALX} + g(LU, X)AE + g(KU, X)U .

3
= —2kL*X, (43)
which together with (3.18) and (3.22) yields

ka{t(X)¢ —n(X)t + g(Ag, X)§ — n(X) AL}
+ g(LU, X)AE — g(A€, X)LU — u(X)KU + g(KU, X)U =0,

where u(X) = ¢g(U, X) for any vector X. If we take the inner product with & to
this and use (3.10), then we get

kaf{t(X) —t(E)n(X) + g(A&, X) —an(X)} + ag(LU, X) = 0. (4.4)

Combining the last two equations and taking account of (2.24), we obtain

uw{w(X)LU — g(LU, X)W} + u(X)KU — g(KU, X)U = 0, (4.5)
where w(X) = g(W, X) for any vector X.
We notice here that the following fact :
Remark 4.1. a # 0 on Q.

In fact, if not, then we have o = 0 on this subset. We discuss our arguments
on such a place. So (4.1) reformed as

p{w(X)U +u(X)W}E+2kLX =0 (4.6)
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because of (2.22) with o = 0. Putting X = U or W in this we have respectively

__HB _ M
LU = ~CoW, LW =~ U (4.7)

by virtue of (2.24) with a = 0. Using this and (3.14), we can write (4.3) as

2

—g—kw(X)W + g(KU, X)U = —2k(6 — ¢)(X — n(X)¢).

Taking the inner product with W to this, we obtain 5% = 4k?(0 — ¢).

On the other hand, combining (4.6) and (4.7) to (3.14) we also have 5% =
4(n —1)k?(0 — c), which implies (n —2)(0 — ¢)k = 0, a contradiction because of
our assumption and Lemma 2.1. Thus, a = 0 is not impossible on ().

Now, putting X = U in (4.4) and remembering Remark 4.1, we find kt(U) +
g(LU,U) = 0.

By the way, replacing X by U in (4.1) and using (2.22) and (2.25), we find

a(QAU + pAW) = p? A¢ + 2k LU.
If we take the inner product with U and make use of (4.2) and Lemma 3.3, then

we obtain g(LU,U) = 0 and hence t(U) = 0.
By putting X = U in (4.5), we then have

KU =1U, (4.8)
where 7 is given by 7u? = g(KU, U) by virtue of Lemma 3.3. Applying this by
¢ and using (3.12), we find

LU = TuW. (4.9)
Tt is, using (4.8) and (4.9), seen that

?=0-c (4.10)
because of (3.13).
Remark 4.2. Q=0if 6 =c.

Since we have 6 = ¢, then (3.14) gives L = 0 and thus KX = kn(X)¢ by
virtue of (3.11). Hence, (3.17) reformed as

k{n(X)AY —n(Y)AX +n(X)i(Y)§ = t(X)n(Y)E} =0,
which shows k(t(X) 4+ g(A¢, X) —on(X)) = 0, where we have put 0 = a+t(§).
Thus, the last two equations imply

AX = n(X)AE + g(AE, X)€ — an(X)E.
Since U is orthogonal to £ and W, it is clear that AU = 0 and AW = p€.
If we put X = puW in (4.1) and remember (2.23) and the fact that L = 0,

then we obtain p2U = 0 and hence A¢ = af. Owing to Lemma 3.1, we conclude
that k = 0 and thus Q = 0.



562 U-H. KI AND H. SONG

By Remark 4.2, we may only consider the case where 7 # 0 on 2. Because
of (3.22) and (4.9) we have

HeX) = (1+ )g(U, X). (4.11)
Therefore, by (2.4), it is clear that
t=1(E)€ — p(1 + %)W. (4.12)

Using (2.22), we can write (3.20) as

pEW = kpW + k(t — t(§)§),
which together with (4.12) implies that

KW = —7W (4.13)

because of Lemma 3.3.
If we take account of (3.25) and (4.11), then we find

72 (ApX — ¢AX) + 7(1 — k) (w(X)E + n(X)U) + k(ALX + LAX) = 0. (4.14)
Differentiating (4.8) covariantly along €, we find

(VxK)U + KVxU =71VxU,
which together with (3.16) and (4.9) yields

pr (X w(Y) — () (X)} + g(KV XU, Y) — g(KVy U, X)
=7{g(VxUY) —g(VyU, X)}.
By the way, because of (2.22) and (2.24), we can write (2.29) as
VeU = 30AU + apW — p*€ + ¢Va. (4.16)

Replacing X by ¢ in (4.15) and taking account of the last two relationships,
we find

(4.15)

P2 (1 — k) + pur(t(€) — 20)W + pu(k — 1) AW

(4.17)
+ 3(LAU — 19AU) = 7¢Va — LV q,
where we have used the first equation of (2.26).
In a direct consequence of (3.12) and (4.8), we obtain
ulW =1U (4.18)

because of 1 # 0 on €.
In the same way as above, we see from (4.13)
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%{t(xmaf) —H(Y)u(X)} + g(KVxW,Y) - g(KVy W, X)
=1{g(VyW,X) —g(VxW,Y)}.

In the next place, from (2.22) and (2.25) we have ¢U = —uW. Differentiating
this covariantly and using (2.6), we find

(4.19)

g(AU, X)§ — ¢V xU = (Xp)W + uVx W.
Putting X = ¢ in this and making use of (2.29), we get

pVeW =3AU — aU + Va — (Ea) — ()W, (4.20)
which enables us to obtain
Wa = &p. (4.21)
From now on we assume that
A% = pAg + (B - pa)t. (4.22)

From this, and (2.22) and (2.24) we see that

AW = pé+ (p— a)W. (4.23)
In the next place, differentiating (4.23) covariantly along Q, we find

(VxAW + AVXW = (Xp)l+ puVxE+ X(p—a)W + (p—a)VxW. (4.24)

By taking the inner product with W to this and using (2.26) and (4.23), we
obtain

J(Vx AW, W) = -2g(AU, X))+ Xp — X« (4.25)
because W is a unit orthogonal vector to &.
Applying (4.24) by £ and using (2.26), we also obtain

ng(Vx AW, &) = (p — 2a)g(AU, X) + p(X p), (4.26)
which connected to (3.15) gives

(Ve A)W = (p — 20) AU + pVp — kLW — cU, (4.27)
or, using (3.10), (3.15) and (4.26),

WV A = (p — 20) AU — 2¢U + pVp. (4.28)
Putting X = £ in (4.25) and taking account of (4,26), we have

Wp==E&p—Ea. (4.29)
Replacing X by & in (4.24) and using (4.27), we find
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(p—20)AU — kp LW — cU + pVp + w(AVeW — (p — a) VW)
= p(Emw)€ + U + p(ép — Ea)W.
Substituting (4.20) and (4.21) into this and making use of (4.18), we find

1
3A%U — 2pAU + (ap — B — ¢ — k1)U + AVa + §VB — pVa

— 2u(Wa)é + (20 — p)(Ea) + u(Ep)W.

On the other hand, if we put X = puW in (4.1) and take account of (2.23),
(2.24) and (4.23), then we find « AU + (8 — pa + 2k7)U = 0, which shows

(4.30)

AU = U, (4.31)
where the function A is defined, using Remark 4.1, by

aX = pa — B — 2kT. (4.32)
Differentiating (4.31) covariantly along €2, we find

(Vx AU + AVxU = (X\)U + AV U.

If we take the skew-symmetric part of this, then we get

p(kr = c)(n(Y)w(X) = n(X)w(Y)) + g(AVxU,Y) — g(AVyU, X)
= (XNu(Y) = (YN)u(X) + Mg(VxU,Y) —g(VyU, X)},

where we have used (2.22), (2.25), (3.15) and (4.9). Replacing X by U in this
and using (4.31), we get

AVyU — A\VyU = (UNU — >V . (4.33)
Taking the inner product with W to this and remembering (4.23), we obtain

1g(&,VuU) + @2(WA) + (p—a — Ng(W,VyU) = 0. (4.34)
By the way, from KU = 17U, we have

(VxK)U+KVXU:TvXU, (435)

which implies that g((VxK)U,U) = 0. Because of (3.16), (4.9) and the last
relationship give (VyK)U = 0, which connected to (4.13) and (4.35) yields
g(W,VyU) = 0. Thus, (4.34) reformed as

1g(&, VoU) + p*(WA) = 0.
However, the first term of this vanishes identically because of (2.26) and (4.23),
which shows p(WA) =0 and hence
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WA=0. (4.36)
In the same way, we verify, using (2.26) and (4.23), that

£ = 0. (4.37)
Now, differentiating (2.25) covariantly and using (2.5), we find

(VxA)E + ApAX = (Xa) + apAX + (X)W + uVxW.
If we put X = pW in this and use (4.23), (4.28) and (4.31), then we find

VW W — uVu = (2pA — 3aA + o — ap —2¢)U — p(Wa)é — u(Wp)W. (4.38)

5. Semi-invariant submanifolds satisfying RS = SR,

We will continue our arguments under the same hypotheses R:¢ = ¢R¢ and
dt = 20w for a scalar 6(# 2¢) as those in section 4. Further, we assume that
ReS = SRe (5.1)

holds on M.
From (2.15) the Ricci tensor S of type (1,1) of M is given by

SX =c{(2n+1)X —3n(X)€é} + hAX — A°X + kKX — K°X — L*X

by virtue of (3.10).
By the way, we see, using (3.5) and (3.10), that

K*X = (0 = ¢)(X = n(X)€) + k*n(X)E. (5.2)
Substituting this and (3.14) into the last equation and using (4.10), we obtain

SX ={(2n+1)c—2(0—c)} X +(2(0 —c) —k* =3c)n(X)E+hAX — A2X + kK X,
(5.3)
which connected to (3.10) yields

S¢ =2(n — 1)c€ + hAE — A%¢. (5.4)

Because of (3.10), we can write (2.30) as

ReX =cX — (K +o)n(X)é+ aAX —n(AX)AE + kKX,
Combining this to (5.3), the condition (5.1) gives
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(k% 4+ o){n(X)S¢ — g(S€, X)) + a(AS — SA)X + k(KS — SK)X
On the other hand, from (5.4) we have

(5.5)

9(S€, X)€ — n(X)S€ = h{g(Ag, X )€ — n(X)AE} + n(X) A% — g(A%€, X)E.
Because of (3.18) and (3.20) we also have

(A’K — KA?)X = k{t(X) A& — g(AE, X)t} + k{t(AX)E — n(X)At},
which together with (5.3) implies that

(SK — KS)X = kh{t(X)€ — n(X)t} + k{g(AS, X)t — t(X)Ac}
+ k{n(X) At — t(AX)E).

However, we see from (3.20) and (5.3)

SAE ={(2n + 1)c — 277 + K> YAE + K2 (t — t(6)€) — a(k? — T%)¢
+ hA%¢ — A3¢,
which enables us to obtain
g(SAE, X)AE — g(AE, X)SAEL
= E*{t(X) AE — g(Ag, X)t} — {a(k® = 72) + H(Ek*}H(n(X) AL — g(AE, X)E)
+ h{g(A%¢, X) AL — g(AE, X)A%E} + g(AE, X)AE — g(A%¢, X) A¢.

Substituting above three equations into (5.5), we find

g(ASS,X)Af - g(A§7X)A3€
= {hAg — (K + ¢)§}g(A%, X) — {hg(AE, X) — (k* + o)n(X)} A%¢

+ B {n(X) At — t(AX)E} + k2 (h — o) (H(X)€ — n(X)t) (56)
+ {h(k* + c) + H(E)k*}(g(AE, X)E — n(X)AE).
Putting X = ¢ in this, we have
YAE — aA3¢ = B{hAE — (K* + )¢} — (ha — k* — ¢)A%¢ (5.7)

k2 (At—t(AX)€)+k* (h—a) (H(€)E 1) +{h(k*+¢) +1(§)k*} (a — Ag).
By the way, we see from (2.22) and (4.12)

k(t = t(§)E) = (k + 7)(af — Af),
which tells us that
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kAt = {kt(&) + a(k + 7)}AE — (k + 7) A%¢. (5.8)
Using these facts, (5.7) reformed as

aA3¢ = (ha+kt —c) A6+ {y — Bh+h(c—kT)YAE+ (B — ha)(c— kT)E. (5.9)
Substituting this and (5.8) into (5.6), we find

(kT — o) {g(A%¢, X) AL — g(AL, X)A%¢}
= alkt — ) {g(A%¢, X)¢ — n(X) A%} + y{g(AE, X)E — n(X) AL}

for some function y, which connected to (2.22) implies that

(kT — ){w(X) A% — g(A%€, X)W} = spfw(X)E — n(X)W}
for some function z. If we put X = A¢ in this, then we get

(kT — ){p* A% — pyW} = wp(pé — aW). (5.10)

We notice here that kr — ¢ # 0.
In fact, if not, then we have kT—c = 0 and hence k is a constant on this subset.
Thus (3.23) implies that ¢(¢X) = 2u(X) for any vector X, which together with

(4.12) gives k — 7 = 0 on the set. And consequently we have 72 — ¢ = 0, a
contradiction because 0 — 2¢ # 0 was assumed.
Therefore (5.10) yields

A% = pAE+ (B — pa)é (5.11)

on ), where we have used (2.22), and have put up = g(A?¢, W). Thus, (5.1)
implies (4.22) and hence (4.23). From (4.22) we have

A’ = a(p2 + B — pa) A€ + pa( — pa).
Comparing this with (5.9), we obtain

(h—p)(B—pa+kr—c)=0. (5.12)
From (4.8), we can write (3.21) as
Vi = (k)¢ + (E—1)U. (5.13)

On the other hand, if we put X = pWW in (4.14) and take account of (2.23)
and (4.23), then we get

O —c){AU — (p—a)U} + kT{AU + (p — o)U } = 0,
which connected to (4.31) yields

Mek+71)+(p—a)(k—7)=0. (5.14)
In the next place, we will prove the following lemma :
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Lemma 5.1. If M satisfies (4.1),(4.23) and dt = 20w for a scalar 6(# 2c),
then we have k — 7 # 0 on €.

Proof. If not, then we have £k — 7 = 0 on an open subset of 2. We discuss our
argument on such a place. Then we have A = 0 because of (5.14) and Remark
4.2. So (4.31) and (4.32) turn out respectively to

AU =0, (5.15)

B — pa+27% = 0. (5.16)
We also have from (4.11) ¢t = ¢(£)€ — 2¢U, which shows ¢(Y) = ¢({)n(Y) —

2g(¢U,Y) for any vector Y. Differentiating this covariantly and using (2.5),
(2.6) and (5.15), we find

(Vxt)Y = X(¢(&))n(Y) +1(§)g9(pAX,Y) —29(¢VxU,Y),
from which, taking the skew-symmetric part with respect to X and Y and using
(3.1),

209(¢X,Y) = X(#(&)n(Y) = Y (£(&))n(X) + 1) {g(pAX, Y) — g(pAY, X)}
+2{g(¢VyU, X) — g(¢VxU,Y)}.
On the other hand, we verify from (2.27) that
9(eVxU,Y) = g(¢VyU, X) + (Xa)n(Y) = (Ya)n(X)
= —2cg(¢X,Y) = 29(A9AX.Y) + a{g(pAX,Y) — g(¢AY, X)}.

Combining the last two equations, it follows that

2(0 — 20)9(0X,Y) + 1(§){9(0AX,Y) — g(9AY, X)}
= X(t(&)n(Y) = Y ((&)n(X) + 2{29(ApAX,Y) + a(g(pAX,Y)
—9(¢AY, X)) + (Xa)n(Y) — (Ya)n(X)}.
Putting Y = ¢ in this and remembering (5.15), we find

X(t(€)) + 2(Xa) = {£(t(&)) + 28atn(X) + (¢(§) + 2a)u(X). (5.17)
Substituting this into the last equation, we obtain
2(0 — 2¢)g(o X, Y) = (£(£) + 2a){u(X)n(Y) — u(Y)n(X)
+9(pAX,Y) — g(¢AY, X))} + 49(ApAX,Y).

If we put X = pW in this and take account of (2.23), (4.23) and (5.15), then
we get

2(0 — 2¢) = (t(&) + 2a)(p — ). (5.18)
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In the next step, differentiating (4.13) covariantly, we find

(VXK)W + KVxW +7VxW =0,
from which, taking the skew-symmetric part and using (3.16) and (4.9),

%{t(Y)u(X) — H(X)u(Y)} + g(KVXxW,Y) — g(KVy W, X) 65,19
= T{(VyW)X - (VXW)Y}

If we put X = ¢ in this and make use of (2.26), (4.13), (4.20) and (5.15),
then we find

KVa+7Va =27(a)é + 7(2a + £(£))U. (5.20)
Replacing X by W in (5.19) and making use of (4.38), we have

WKV +1Vp) = 27(u? — o 4 pa + 2¢)U + 2ur(Wa)t.
If we take the inner product with U to this and take account of (4.8), then
we obtain u(Up) = (12 —a® + pa+2c¢)u?, which together with (2.24) and (5.16)
gives

w(Up) = 2(p? + 72 + ). (5.21)

On the other hand, differentiating (5.15) covariantly with respect to &, we

find (Ve A)U 4+ AV U = 0, which together with (4.16), (5.11) and (5.15) implies
that

(VeA)U + (ap — B)AE — a(B — pa)§ + ApVa = 0.
Applying by ¢, we have

(Ve AU + (ap — B)U 4+ pApVa = 0. (5.22)
Since we see from (3.15)

(Vo A)E = (VAU = p(r? + W
by virtue of (2.25), (3.10) and (4.9), it follows that

d(VyA) = ¢(Ve AU + (72 + ¢)U. (5.23)
We also have from (2.27)

VU + g(A%, X)¢ = ¢(Vx A)E + pAPAX + aAX,
which connected to (5.15) gives VyU = ¢(VyA)E. Thus, (5.23) reformed as

VuU = (Ve AU + (12 + ¢)U.
Combining this to (5.22) and using (5.16), it follows that
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VoU = (¢ = 7*)U — $pApV o (5.24)
If we apply by A and take account of (4.33) with A = 0 and (5.15), then we
have ApApVa = 0.
Now, taking the inner product with U to (4.30) and making use of (2.22) ~
(2.25) and (4.23), we obtain

W) = (= 7)1 + (p— )V (5.25)

However, applying (5.20) by U and using (4.8), we find 2Ua = (¢(&) +2a)u?,
which connected to (5.18) gives (p — a)Ua = (0 — 2c)u?. Substituting (5.21)
and this into (5.25), we find 212 + 3¢+ 372 = 6, which together with (4.10) gives

p? + 72 + ¢ = 0 and consequently p is a constant. Thus, we see, using (2.24)
and (5.16), that

alp—a)=12—c (5.26)

Therefore, a(p — o) = const. Differentiation gives

(p—a)Va+a(Vp—Va) =0,
which connected to (4.29) implies that (p — a)éa = 0, where we have used
1 = const. Accordingly we have (& = 0 by virtue of (5.26) and the fact that
0 —2c #0.
Using (4.10) and (5.26), we can write (5.18) as

2(0 — 2c)a = (0 — 2¢)(t(€) + 2a).
Thus, it follows that ¢(£) = 0 provided that 8 — 2¢ # 0. Hence, (5.17) turns out
to be Va = aU, which implies du = 0. Therefore, it is clear that ViU = 0
because of p = const, which connected to (5.24) yields (¢ —72)U = apApU. So
we have ¢ — 72 = a(p — a), where we have used (2.23), (2.25) and (4.23). From
this and (5.26) it follows that  — 2¢ = 0, a contradiction. Hence, Lemma 5.1 is
proved. O

Lemma 5.2. Under the same hypotheses as those in Lemma 5.1, we have on
Q

Vk=(k-7)U. (5.27)
Proof. Differentiating (5.13) covariantly along €2, we find

Y(Xk) =Y (Ek)n(X) + (Ek)g(0AX,Y) + (YE)u(X) + (k — 7)Vyu(X),

from which, taking the skew-symmetric part, it follows that



COMMUTING STRUCTURE JACOBI OPERATORS 571

n(X)Y (&k)—n(Y) X (&k) + (ER){n(Y)u(X) = n(X)u(Y)
+ 9(pAY, X) — g(¢pAX,Y)} = (k — 7)du(X,Y),
where d denotes the operator of the exterior derivative.
Now, we assumed that § — pa + k7 — ¢ # 0 on 2. Then we have p = h
because of (5.12), So (5.14) reformed as A\(k + 1) + (h — «)(k — 1) = 0.
Differentiation this with respect to & gives

(5.28)

(h—a+NEk+ (k—71)(Eh — &a) =0, (5.29)
where we have used (4.37).
On the other hand, we take an orthonormal frame filed {e¢y = £,e; =

Wiea, - en—1,en = de1 = U ent1 = dea, -+ e2p—2 = pen_1} of M. Taking
the trace of (2.27), we obtain

2n—2
> 9(6Ve,U,e) = ta — Eh.
i=0
Putting X = ¢e; and Y = e; in (5.28) and summing up fori = 1,2,--- ,n—1,
we have

2n—2

(k—1) Z du(ge;,e;) = Ek(a — h),
=0

where we have used (2.22), (2.25), (4.23) and (4.31). Combining the last two
relationships, we get

(h — )¢k = (k —7)(Eh — &av).
From this and (5.29) we see that (2h — 2a.+ )&k = 0.

If ¢k # 0 on Q, then we have A = 2(av — h), which together with (5.14)
implies that (h — «)(k + 37) = 0 on this subset. We discuss our arguments on
such a place. So we have h — a = 0 from the last equation and hence A = 0.
Consequently we have p? + 2k7 = 0 by virtue of (2.24) and (4.32) with p = h.
Differentiation with respect to & gives p(§u) + 7(€k) = 0.

However, if we take the inner product with U to (4.28) and remember (2.24),
(4.31) and the fact that h—a = 0 and A = 0, then we have uVu = (u?+kr+c)U
and consequently £u = 0. Hence we have 7(£k) = 0, a contradiction. Thus, we
have (5.27) provided that h = p.

Accordingly, we may only consider that the case where

B—pa=c—kr (5.30)
because of (5.12). Combining this to (4.32), we obtain

al+kT+c=0. (5.31)
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Because of (5.30) and (5.31) we can write (5.14) as

(k= 7)(8 = o) + (k= 1) (kT — ¢) = (k + 7) (kT + c),
which together with (2.24) yields (k — 7)u? = k(7% + 7 + 2¢). Differentiation
gives

2u(k — 7)Vi = {2(7* + ¢) — u*}Vk,
which connected to (5.13) and Lemma 5.1 gives

Wp = 0. (5.32)

Since we have already showed that g(W, Vi U) = 0, it is seen that du(W,U) =

0 because of (5.32). So if we put X = U and Y = W in (5.28) and make use of
(4.23) and (4.31), then we obtain k(A +p—a) =0 and hence A\ +p—a =0
if &k # 0, which together with (5.14) gives A = 0. From this and (5.31) we see
that k7 4+ ¢ = 0, a contradiction. This completes the proof of Lemma 5.2. [

Owing to Lemma 5.1 and Lemma 5.2, we verify from (5.28) that du = 0.
Hence we have du(§, X) = 0 for any vector X on , which together with (2.5),
(2.26), (4.16) and (4.31) implies that

3AQU + A€ — BE+ ¢Va + pAW =0,
or, using (2.22), (2.23) and (5.14)

Va=(x)+ (p—3\NU. (5.33)
We are now going to prove that {a = 0.
Differentiation (5.14) with respect to ¢ gives £p — o = 0 with the aid of
(4.37), Lemma 5.1 and Lemma 5.2.
Using (4.31), (5.33) and this fact, we can write (4.30) as

%vg b @A ap—B—c—kr— U = {2u(Wa) + a(ta)le.  (5.34)

Since we have Wy = 0 because of (4.29), if we take the inner product W to
the last equation and take account of (2.24), then we obtain a(Wa) = 0 and
hence Wa = 0 by virtue of Remark 4.1.

Differentiating (4.32) with respect to £ and making use of (4.37), Lemma 5.1
and the fact that £p — £a =0, we find £6 = (p + a — N)a.

On the other hand, if we differentiate (2.24) with respect to £ and remem-
ber Wa = 0 and (4.21), then we have £ = 2a(«). From this and the last
relationship we get (A + a — p)éa = 0.

Now, if £ # 0 on €, the we have A = p — « on this subset. We discuss
our arguments on this subset. Then (5.14) yields Ak = 0 and hence A = 0 and
p—a=0. So (5.33) and (5.34) are reduced respectively to
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Va = ((a) + aU, %Vﬂ =a(la)f+ (B + kT +c)U.

We also have from (4.32) B = o? — 2k7, which together with (5.27) yields
VB = 2aVa — 27(k — 7)U. Combining above equations, it follows that 72 = ¢,
that is, § — 2c¢ = 0, a contradiction. Thus, (5.33) reformed as

Va = (p— 3\)U. (5.35)

6. Main theorem

First of all, we will prove the following lemma.

Lemma 6.1. Let M be a real (2n — 1)-dimensional semi-invariant submanifold
of codimension 3 in a complex space form M, 1(c), ¢ # 0 satisfying dt = 20w
for a scalar 6(3 2c). Suppose that M satisfies Re¢ = ¢R¢ and at the same time
ReS = SRe. Then the distinguished normal is parallel in the normal bundle,
where S denotes the Ricci tensor of M.

Proof. We already know that du = 0. So we have from (4.35)

9g(EVxUY) = g(KVyU, X) + pr{t(X)w(Y) — t(Y)w(X)} = 0,
where we have used (3.16) and (4.9). Putting X = £ in this and using (2.25),
(2.26), (4.16) and (4.31), we find

K@M + aAE — BE + oV a) + kuAW + ptt(§)W =0,
which connected to (2.22), (3.10), (3.12), (4.13), (4.23) and (5.35) gives

Tt(&) + (p—a)(k+ 1) =0, (6.1)
or, using (5.14)

7(k —7)t(€) = Mk +7)% (6.2)
On the other hand, differentiating (4.12) covariantly along 2, and taking
account of (2.5), (2.6), (4.31) and (5.27), we get

(Vxt)Y = X(¢(&)n(Y) + t(§)g(pAX,Y) + %(k — 7)pu(X)w(Y)

— (L4 D{Au(X) = g(6VxUY) +H(VxY),

from which taking the skew-symmetric part and using (2.25) and (3.1),
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209(6X,Y) + 7 (k = T)p(u(Y )w(X) = u(X)w(Y)) (6.3)
= X(HEM(Y) = Y (HEIM(X) + HE{g(PAX,Y) — g(¢AY, X)}
— (14 DA@ENY) = u(¥)(0) = g(0VxU,Y) + g(6Vy U, X) .

By the way, we have from (2.27) and (3.15)

9(@VxUY) = g(¢VyU, X) + (p + A = 30) (u(X)n(Y) — u(Y)n(X))
= —2c9(¢X,Y) — 29(APAX,Y) + a(g(¢AX,Y) — g(9AY, X)),

where we have used (3.10), (4.31) and (5.35).
Combining the last two equations, we obtain

%(k = 7)pfu(YV)w(X) —u(X)w(Y)} — t(§){g(¢AX.Y) — g(pAY, X)}
= X)) = Y ((&)n(X) + (1 + %){QCQWX’ Y) + (p =30 (w(X)n(Y)
Cu(Y)n(X)) — 2(AGAX, Y) + ag(6AX,Y) — g(dAY, X))},

Putting Y = ¢ in this and making use of (2.5) and (4.31), we find

209(pX,Y) +

X(t(6)) = €@(E))n(X) +{t(§) + (1 + %)(A +a-pluX),  (64)

which together with (6.1) yields

X(t(8)) = &(t(&))n(X) + (1 + %)(A + £(&))u(X).
Substituting this into the last equation and using (5.14), we find
209(¢ X, Y) + %M(k — T H{w(X)u(Y) —w¥)u(X)} (6.5)

=+ %){(P =22+ 4(8)) (u(X)n(Y) — u(Y)n(X))
+2cg(¢X, Y)+29(ApAX, Y)+(p+1(£)) (9(9AX, Y)—g(¢AY, X))}
Differentiating (6.1) covariantly and remembering (5.27), we find

TX(#(8) = (o = p)(k = T)u(X) + (k + 7)(Xa = Xp),
which connected to (5.14) yields

7X (&) = (k+7)(Xa— Xp+ Au(X)). (6.6)
By the way, we see already that £p — £a = 0. Thus, from the last equation,
it follows that £(¢(£)) = 0 and hence (6.4) can be written as

X(t(€) = {t&) + (1 + DA = p+ a)}u(X),

which together with (6.1) gives
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7_2 T
TX(#(€) ={(k+27+ ?)(a —p)+7A(1+ %)}U(X)

Combining this to (6.6), we get

(k+7)(Va = Vp+AU) = (1+ D{(k+7)(@— p) + TA,
which together with (5.14) gives

E(Va—Vp)=21(A+a—p)U, (6.7)
where we have used k 4+ 7 # 0.
If we differentiate (6.2) and take account of Lemma 5.1 and itself, we find

Mk +71)2U 4+ 7(k — 7)VEH(E) = (b + 7)2°VA + 2\(k* — 72)U,
which together with (6.6), and Lemma 5.1 and Lemma 5.2 implies that (k +
T)IVA = (k—7)(Va— Vp) + 27U, or using (5.14) and (6.7),

(k+7)VA = 67AU. (6.8)

Now, if we put X = U and ¥ = W in (6.5) and using (2.23), (4.23) and
(4.31), then we find

20+ 5 (k= T = (L+ ){2e = 20p — @) + () + p)(A + p — @)}

By the way, it is seen, using (4.32) and (5.14), that (k — 7)%u? + 2k(aX +
7k — 72) = 0. Thus, the last equation can be written as

Ok(k —7) — TaA(k —7) — 7(k — 7)?
— (k= 72) + N2(k +7)2 = 7A(k + 7)(H(E) + p).-

If we multiply k& — 7 to this and take account of (4.10), (5.14) and (6.2), then
we obtain

Nk +71)2 427Nk —7) + (k—1)%(1* —¢) = 0. (6.9)
Differentiating this covariantly and using (5.27) and (6.8), we find

(k—1)V(aX) = Ma(k — 1) —4\(k+ 1) }U.
From this and (5.14) and (5.35), we have

alk = 7)VA+67A*U =0,
which together with (6.8) yields AM{a(k — 7) + A(k + 7)} = 0. Thus, it follows
that a(k —7) + A(k+ 1) = 0 by virtue of (6.9), which connected to (5.14) gives
p = 2a. Further, we have from the last relationship (k+7)VA+ (k—7)Va =0,
which together with (5.35) and (6.8) gives 67\ + (k — 7)(2ac — 3\) = 0. Thus,
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it follows that (87 — 5k)A = 0, and hence 5k = 87 because of (6.9).
So, we see, using (5.27), that k is a constant on 2 and hence U = 0, a contra-
diction. This completes the proof. O

According to Lemma 6.1 we prove the following :

Lemma 6.2. Under the same hypotheses as those in Lemma 6.1, we have
K =L =0, provided that the scalar curvature s of M satisfies

s—2(n—1)c<0.

Remark 6.3. This lemma proved in [16] for the case where § — 2¢ < 0 and
¢ > 0. But, we need the condition s — 2(n — 1)c < 0 for the case where ¢ < 0,
where s is the scalar curvature of M. So we introduce the outline of the proof.

The sketch of Proof. By Lemma 2.2 and Lemma 6.1, we have kK = 0 and hence
m =0 on M because of (3.10). Thus, (3.15)~(3.20) turn out to be

(VxA)Y = (Vy A)X = c{n(X)eY —n(Y)pX — 29(¢X,Y)E}, (6.10)
(VxK)Y — (VyK)X = t(X)LY — t(Y)LX, (6.11)

(VxL)Y — (VyL)X =0, (6.12)

KA—AK =0, LA-AL=0, (6.13)

Since we have K& = 0 because of (3.10), differentiating K¢ = 0 covariantly
along M and using (2.5) and (3.12), we find

(VxK)¢ = —LAX. (6.14)
Since k = 0, (5.2) reformed as

K*X =7 (X —n(X)¢)., (6.15)
where 7/ =0 — c.
Differentiating (6.15) covariantly along M and using (2.5), we find

(VxEK)KY + K(VxK)Y =~/ {n(Y)$AX + g(6AX,Y)¢}.
Using the quite same method as those used to (3.14), we can derive from the
last equation the following :

AV K)KY = 7{=2t(X)Y + n(X)(pA — Ap)Y

+ g((pA — AB) X, Y)E) + n(Y)(dA + Ad) X}, (6.16)
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where we have used (3.13) and (6.11), which together with (2.5), (3.11) and
(6.11) implies that 7/U = 0 and hence A¢ = af.
Therefore, if we take account of Lemma 5.3 and (3.26), then we obtain

7' (Ap — pA) = 0. (6.17)

In the following, we assume that 7/ # 0 on M. Then, from this and (6.10)
we can verify the following (cf. [6]) :

A2 =aA+c(I-n®¢), (6.18)

(VxA)Y = —c{n(Y)oX + g(6 X, Y)E}. (6.19)
Using (6.17), we can write (6.16) as

K(VxK)Y = 7{-t(X)¢Y + n(X)pAY + g(¢AX,Y){}.
If we transform this by K and make use of (3.12), (6.11), (6.14) and (6.15),
then we have

(VxK)Y = t(X)LY — n(X)ALX —n(Y)LAX — g(ALX,Y)¢.  (6.20)

Differentiating (3.12) covariantly along M and using (2.6) and the last equa-
tion, we find

(VxL)Y = —t(X)KY +n(X)AKY +n(Y)AKX + g(AKX,Y)¢.  (6.21)

If we take the trace of L in this and remember (3.20) and the fact that
TrK =TrL =0 and A = a&, we verify that

Tr(AK) =0, (6.22)
which connected to (6.18) gives
Tr(A’K) = 0. (6.23)

Differentiating (6.20) covariantly along M and using (6.22), (6.23) and the
previously obtained formulas and the Ricci indentity for K, we have (for detail,
see (4.19) of [16]).

(h+3a)AL =2{(n+1)§ —2(n+ 2)c}L,
which connected to (3.14) yields

(h+3a)(AX —an(X)¢) =2{(n+1)0 — 2(n + 2)c}(X — n(X)E).

Taking the trace of this, we have

(h+3a)(h—a)=4(n—D{(n+1)8 —2(n + 2)c}, (6.24)
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where we put
d=4(n—1D{(n+1)0 —2(n+ 2)c}, (6.25)

In the same way as above, we also obtain (for detail, see (4.21) of [16])

(40 — 12¢ — h(z) — 30®)AK = {4ca — (0 — 2¢)(h — ) }K,
which connected to (6.15) yields

(40 — 12¢ — h(z) — 30®)(h — @) = 2(n — 1){dca — (0 — 2¢)(h — a)}.  (6.26)

Since we have h() = ah +2(n — 1)c from (6.18), combining (6.24) to (6.26),
we obtain

(0 —3c)(h —a)=2(n—1)a(d —2c). (6.27)

On the other hand, from (5.3) we verify that the scalar curvature s of M is
given by

s=4(n®>—1)c—4(n— )7 +h?® - h),
which connected to (6.18) gives

s=2(n—1)2n+1)c—4(n—1)7" + h(h — ). (6.29)

By the way, it is seen, using (4.10), that § — 3¢ # 0 for ¢ < 0. But we also
have § —3c £ 0 for ¢ > 0if s —2(n —1)c < 0.

In fact, if not, then we have § = 3c on this open subset of M. We discuss
our arguments on such a place. So we have av = 0 because of (6.28). Hence
(6.18) and (6.25) reformed respectively as hz)y = 2(n — 1)¢, h? = 4(n — 1)%c.
Using these facts and (4.10), we can write (6.29) as s—2(n—1)c =4(n—1)(2n—
3)c, a contradiction because s —2(n — 1)c < 0.

Thus, we can write (6.27) as

2(n—1)
0 — 3c
Substituting this into (6.24), we obtain
4(n —1)(0 —2c){(n +1)0 — 2(n + 2)c}a * 2 = §(0 — 3¢)?.
which together (6.25) gives
5{(6 —3¢)® — (0 — 2¢)a*} = 0. (6.30)

We notice here that 6 # 0 if ¢ < 0. We also see that § # 0 for ¢ > 0. In fact.
if not, them we have § = 0. Then we have by (6.25)

h—a= (0 —2¢)a.

n+3

0—c= .
c n+1c
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Using this fact and (6.24), we can write (6.29) as

4(n—1)

—2n—1)e =
s—2(n—1)c i

(n? — 3)c+ €2,
where €2 = 0 or 12a?, a contradiction because ¢ > 0 and s — 2(n — 1)c < 0 was
assumed. Therefore (6.30) turns out to be

(0 —3c)* = (6 — 2¢)a® = 0. (6.31)

Thus, if we combine (6.27) to (6.31). then we obtain a(h— ) =2(n—1)(0 —
3c¢), which together with (6.24) yields

h(h—a)=2(n—-1)2n —1)7" —4n(n — 1)c.

Using this, we can write (6.29) as

s—2(n—1c=2(n—1)(2n—3)r".

Therefore we have 7/ = 0 if s — 2(n — 1)c < 0. This completes the proof of
Lemma 6.2. g

Let No(p) = {v € T;-(M) : A, = 0} and Ho(p) be the maximal J-invariant
subspace of Ny(p). As a consequence of Lemma 6.2, we have K = L = 0,
the orthogonal complement of Hy(p) is invariant under parallel translation with
respect to the normal connection because of V+C = 0. Thus, by the reduction
theorem in [9], [21] and by Lemma 3.2 and Lemma 3.3, we conclude that

Theorem 6.4. Let M be a real (2n — 1)-dimensional (n > 2) semi-invariant
submanifold of codimension 3 in a complex space form M,.1(c), ¢ # 0 with
constant holomorphic sectional curvature 4c such that the third fundamental
form t satisfies dt = 20w for a scalar 0(#£ 2c), where w(X,Y) = g(¢X,Y) for
any vector fields X and Y on M. If M satisfies Re¢p = ¢Re and at the same
time R¢S = SRe, then M is a real hypersurface in a complex space form My(c),
¢ # 0, provided that s —2(n — 1)c < 0, where s denotes the scalar curvature of
M.

Since we have V1C = 0, we can write (2.16) and (4.1) as

(VxA)Y = (Vy A)X = c{n(X)pY —n(Y)¢X —29(¢X,Y)E},
a(PAX — ApX) — g(AE, X)U — g(U, X)A§ = 0

respectively. Making use of (2.5), (2.6) and the above equations, it is prove in
[16] that g(U,U) = 0, that is, M is a Hopf real hypersuface. Hence, we conclude
that a(A¢ — ¢A) = 0 and hence A = 0 or Ap = ¢pA. Here, we note that the
case a = 0 correspond to the case of tube of radius 7/4 in P,,C([5],[6]). But, in
the case H,,C it is known that « never vanishes for Hopf hypersurfaces (cf. [3])
Thus, owing to Theorem 6.4, Theorem O and Theorem MR, we have



580

U-H. KI AND H. SONG

Main Theorem. Let M be a real (2n — 1)-dimensional (n > 2) semi-invariant
submanifold of codimension 3 in a complex space form M,.1(c), ¢ # 0 with
constant holomorphic sectional curvature 4c such that the Ricci tensor S satisfies
RS = SRe and the third fundamental form t satisfies dt = 20w for a scalar
0(# 2¢) where, S denotes the Ricci tensor of M. Then R¢p = ¢Re holds on

M

if and only if A& = 0 or M is locally congruent to one of the following

hypersurfaces :

(I) in case that M, (c) = P,C with n(A&) #0 if s —2(n — 1)c <0,
(A1) a geodesic hypersphere of radius v, where 0 < r < 7/2 andr # /4,
(A2) a tube of radius r over a totally geodesic P,C for somek € {1,...,n—
2}, where 0 <7 < m/2 and r # w/4;
(I1) in case that M,(c) = H,C if s — 2(n — 1)¢ < 0,
(Ao) a horosphere,
(A1) a geodesic hypersphere or a tube over a complex hyperbolic hyper-
plane H, 1C,
(A2) a tube over a totally geodesic H,C for some k € {1,...,n — 2},

where, s denotes the scalar curvature of M.
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