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EXISTENCE AND MULTIPLICITY OF POSITIVE
SOLUTIONS FOR SINGULAR GENERALIZED LAPLACIAN
PROBLEMS WITH A PARAMETER

CHAN-GYUN KM

ABSTRACT. In this paper, we consider singular p-Laplacian problems with
nonlocal boundary conditions. Using a fixed point index theorem on a
suitable cone, the existence results for one or two positive solutions are
established under the assumption that the nonlinearity may not satisfy
the L!-Carathéodory condition.

1. Introduction

In this paper, we study the existence and multiplicity of positive solutions to
the following boundary value problem

(Q(t)@( (t ))) +>\h( )f( ( ) =0, t<(0, 1)
fo r)daa (r fo r)das (r

where ¢ : R — R is an odd increasing homeomorphlsm7 q € C([0,1],(0,00)),
A € [0,00) := Ry is a parameter, f € C(Ry,R;) with f(s) > 0 for s > 0,
h € C((0,1),Ry), and the integrator functions «; (i = 1,2) are nondecreasing
on [0,1].

All integrals in (1) are meant in the sense of Riemann—Stieltjes. Throughout
this paper, we assume the following hypotheses, unless otherwise stated.

(1)

(H1) There exist increasing homeomorphisms 1,12 : Ry — Ry such that

p(@)¥1(y) < plyz) < p(@)¢a(y) for all 2,y € Ry
(HQ) For i = 1,2, OAéZ = Oél(].) — 051(0) € [O, 1)
Let £ : Ry — R4 be an increasing homeomorphism. Then we denote by H,

the set
1 3
{g € C((0,1),(0,00)) : /0 ¢! ( / g(1)dr ) ds < oo} )

Received July 21, 2022; Accepted September 15.

2010 Mathematics Subject Classification. 34B08; 34B16; 35J25.

Key words and phrases. positive solution; singular weight function; generalized-Laplacian
problem.

2022 e Youngnam Mathematical Society
The Y Math ical Soci
(pISSN 1226-6973, eISSN 2287-2833)

593



594 C.G. KIM

It is well known that

e @)y (y) < o Hay) < o @)y Hy) for all 2,y € Ry (2)

and L'(0,1) N C(0,1) C Hy, € Hy, C Hy, (see, e.g., [9, Remark 1]).

The nonlocal boundary value problems play an important role in physics
and applied mathematics (see, e.g., [2, 7, 8]), and the existence of positive solu-
tions for nonlocal boundary value problems have been extensively studied. For
example, Liu [17] showed, under several assumptions on the nonlinearity, the
existence of one or two positive solutions to four-point boundary value problems
which is a special case of problem (1). Webb and Infante [19] studied the exis-
tence and multiplicity of positive solutions to semilinear elliptic problems with
several nonlocal boundary conditions involving a Stieltjes integral. Ko and Lee
[16] studied the existence, nonexistence and multiplicity of positive solutions to
semilinear elliptic systems subject to integral boundary conditions with posi-
tive parameter. Recently, under several assumptions on the nonlinearity, Son
and Wang [18] showed the existence and multiplicity of positive solutions to
p-Laplacian systems with nonlinear boundary conditions. For other interesting
results on problems with nonlocal boundary conditions, we refer the reader to
[4, 5, 10, 11, 13, 14] and the references therein.

When ¢(s) = |s|P72s for some p € (1,00), ¢ = 1, &1 = G2 = 0 and
h € H, \ {0}, Agarwal, Lii and O’Regan [1] showed the existence and mul-
tiplicity of positive solutions to problem (1) under several assumptions on

fo := lim f(5) and fo = lim @ Recently, Kim [12] extended the results
5=0 (s) s—o00 ()

of [1] to singular generalized Laplacian problem (1) with the assumptions that

g may not be 1, & = dp = 0 and h € Hy, \ {0}.

Motivated by the previous results mentioned above, we study the existence
of one or two positive solutions to the problem (1). The rest of this paper is
organized as follows. In Section 2, we give preliminary results which are essential
for proving the main result (Theorem 3.3) in this paper. In Section 3, the main

result is proved.

2. Preliminaries

For convenience, we use some notations used in [10] (or [15]) as follows.
The usual maximum norm in a Banach space C[0,1] is denoted by ||ul|e =
m[g)f] lu(t)| for u € C0,1]. For h € H,\{0}, let o, := inf{x € (0,1) : h(z) > 0},
teo,

Bp, = sup{z € (0,1) : h(z) > 0}, ap := sup{z € (0,1) : h(y) > 0 for all y €

_ 1
(an,2)}, B = inf{x € (0,1) : h(y) > 0 for all y € (x, B}, 7} := Z(Sah + ap)
and ~7 := i(ﬁh +38,). From h € C((0,1),Ry) \ {0}, it follows that
h(t) > 0 for t € (an,an) U (Br, Br), and 0 < ap <) <42 < Bp <1.  (3)

Let pp, := p1min{y;,1 —~2} € (0,1), where
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qo—mmq()>0andp1:=¢51< - )|:7/}1 <1>}_16(0,1]-

t€[0.1] llgloe 9
Then K := {u € C([0,1],R4) : u(t) > pnllulls for t € [7i,77]} is a cone in
C[0,1]. For r > 0,1let K :={uw € K : ||Jul]|oo <7}, K, :={u €K : |ul]jec =7}
and K, := I, UK.
For g € H,, consider the following problem

(Q(t)@( (t))) +g(t ) = 0 te (0 1) 4
(4)
fO dO[l fO dOZQ
Define a function T": H, — C[0, 1] by T(O) =0 and, for g € H, \ {0},
A fo fo s,0)dsdon (r) + fo (s,0)ds, if0<t<oa,
T(5)(t) = { |
gfofI s)dsdo(r —|—ft (0,8)ds, ifo<t<1,

where A; := (1-4;) "' € [1,00) fori € {1,2}, I;(z,y) == ! (q(ls) /yg(T)dT>

for z,y € (0,1) and o0 = o(g) is a constant satisfying

Al/ / (s,0)dsday(r) + / Iy(s,0)ds
= Ag/o /T Ig(a,s)dsdag(r)Jr/U I4(o, s)ds. (5)

Then T is well defined, and although o = o(g) is not necessarily unique, T'(g)
is independent of the choice of o satisfying (5) (see [10, Lemma 1 and Remark

2]).
Lemma 2.1. ([10, Lemma 2]) Assume that (H1),(H2) and g € H, hold. Then
T(g) is a unique solution to problem (4), and the following properties are satis-
fied:

(1) T(g)(t) = min{T'(g)(0), T(g)(1)} > 0 for ¢ € [0,1];
(ii) for any g # 0, max{T'(g)(0), T(g)(1)} < [IT(9)]lo;
(14i) o is a constant satisfying (5) if and only if T(g)(c) = |T(9)lco;

(iv) T(g)(t) > prmin{t,1 —t}||T(g)|lo fort € [0,1] and T'(g) € K.

Define a function F : Ry x K — C(0,1) by F(Au)(t) := Ah(t)f(u(t)) for
(A u) €e Ry x K and ¢ € (0,1). Clearly, F(\,u) € H, for any (A\,u) € Ry x K,
since h € H,. Let us define an operator H : Ry x K — K by H(\u) =
T(F(\u)) for (\,u) € Ry x K. By Lemma 2.1 (iv), H(Ry x K) C K, and
consequently H is well defined. Moreover, « is a solution to the problem (1) if
and only if H(A,u) = u for some (\,u) € Ry x K.

Lemma 2.2. ([13, Lemma 4] or [14, Lemma 4]) Assume that (H1),(Hz2) and
h € H,\{0} hold. Then the operator H : Ry xIC — K is completely continuous.

Finally, we recall a well-known theorem of the fixed point index theory.
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Theorem 2.3. ([3, 6]) Assume that, for some m > 0, H : K, — K is com-
pletely continuous. Then the following assertions are true.

(@) i(H, Ko, K) = 1 if |H(w)||oo < ||tt]|oo for u € OK
(1) i(H, K, K) = 0 if [|H(1) | oo > ||tt]loo for u € OKp,.

3. Main results

Let Cy = _1<1>min{ th—l( " d)d, K —1< h d)d}
SIS ¢2 ||q||oo /:Y 2 A (T) T $ [m ¢2 /Yh (T) T S

1
h

Yh Yh 1 s
and Cy := ;" (qt) max{/h/o wl—l( S h(T)dT) ds, Ay /% Yt (/% h(T)dT) ds}.

T T i
Here, 7, := % and A; := (1 —&;)~! > 1 for i = 1,2. Clearly, by (3),

Ci >0 and Cy > 0.
Define continuous functions f,, f* : Ry — Ry by, for r € Ry,

fe(r) == min{f(y) : ppr <y <r}and f*(r) := max{f(y) : 0 <y <r}.

Define S1,.55 : (0,00) — (0,00) by
1 r
— | for r € (0, 00).
77 () orre 0.0

1 r
= —_— d =
5100:= 7o (&) o 500
By (2) and (Hz), ¢35 '(y) <97 (y) forally € Ry and A; = (1 —dy)~' > 1
for i = 1, 2. Consequently, 0 < C; < Cy and
0 < Sa(r) < Sq(r) for all r € (0, 00). (6)

L
Remark 1. For any L € C(R4,Ry), let L. := li_r>n Eri for ¢ € {0,00}. Then it
r—C (p T

is well known that (fi)e = (f*)c =01if fo =0, and (fi)e = ([*)c = 00 if fo =
(see, e.g., [12, Remark 2]). For i € {1, 2}, it follows from (2) that

lim S;(r) =0if fo =00, and lim S;(r) =0 if fo = o0; (7)
r—0+ r—00
lim S;(r) =00 if fo =0, and lim S;(r) = o0 if foo = 0. (8)
r—0+ r—00

Lemma 3.1. Assume that (Hy),(Hz) and h € Hy, \ {0} hold. Let r € (0,00)
be fized. Then, for any A € (0,S2(1)), || H (A v)|loo < ||V]|oo for all v € OK, and
i(H(\, ), K K) = 1.

Proof. Let A € (0,52(r)) and v € OK, be fixed. Then

r

0<ME0) A0 =g e (5) <¢ (g ) e @

Let o be an element of (0,1) satisfying H(\,v)(c) = || H (X, v)||cc. We have two
cases: either (7) o € (0,vp,) or (#) o € [yn,1). We only consider the case (i)
since the case (i) can be proved similarly. First, we show that

IHO )| < Ay / Loy (5, 0)ds. (10)
0
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Since Ip(xu)(8;2) > 0 for x > s and Ip(y (s, ) <0 for x < s,

1 r
//IF(A7u)(s,J)dsdoz1(r)
0 o
o o 1 r
_/ / Ip(,\,u)(s,a)dsdal(r)—i-/ / I (s,0)dsday (r) <0.
0 r o p

Consequently,

H(\u)(o) Tp(au) (s, 0)dsday (r )+/ Tp(au)(s,0)ds
0

1 o
/ FO\, u) s,0)dsday (1) + <1 —/ dal(r)>/ IF(,\M)(s,cr)ds]
0 0
/ Iry, u) s,0)dsday (r )Jr/ IF(/\,u)(S,O')d5:|
0

< IF()\ w) (8, 0)ds.

From (2),(9),(10) and the definition of Cs, it follows that

A /00 o <q(15) /: Ah(T)f(v(T))dT> ds
e ([ e ()

< A /0% wrl </7 h(T)dT> dw—l(l

< A /0 "y ( / " hde) dswll(

Lemma 3.2. Assume that (Hy),(Hz) and h € Hy, \ {0} hold. Let r € (0,00)
be fixed. Then, for any X € (S1(r),00), ||[H(Av)|leo > ||| for all v € OK, and
i(H(A, ), K K) =0.

IH (A, v)lloo

IN

Proof. Let A € (S1(r),o0) and v € JK, be fixed. Then ppr < v(t) < r for

t € [y, 77] and
< ) <T) for t € [y, ). (11)

Let o be an element of (0, 1) satisfying H()\ v)(0) = ||H(\, v)]|co- Then we have
two cases: either (i) o € [yn,1) or (i7) o € (0,7;,). We only consider the case (i)
since the case (i7) can be proved similarly. By Lemma 2.1 (i), H(\,v)(0) > 0,

Af(u(t) = Afu(r) =
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and it follows from (2), (11) and the definition of C; that

IO = B0+ [ o (5 [ st ) ds
> /jh ot (/:h h(r)dr ((Z ) ds
> [ ([ ) s (e (7))
> /7 7 g5 ( / " h(T)dT> dsiy? (||q100> T 2r= il
By Theorem 2.3, for any A € (51 (1), 00), i(H(, -), Ky, K) = 0. O

Now we give the main result for the existence and multiplicity of positive
solutions to the problem (1).

Theorem 3.3. Assume that (H1), (Hz2) and h € Hy, \ {0} hold.

(i) Assume that there exist r1 and ro such that 0 < ry <y (resp., 0 <19 <
r1) and Si(r1) < Sa(r2). Then the problem (1) has a positive solution
u = u(N) satisfying 11 < ||ulloo < T2 (resp., T2 < |u|lec < r1) for any
A E (Sl(T1)7SQ(T2)).

(i1) Assume that there exist r1,79 and Ry (resp., Ra) such that 0 < 11 <
ro < Ry (resp., 0 < ry <11 < Ry) and S. < Sa(ra) (resp., Si(r1) <
S*). Then the problem (1) has two positive solutions u; = u1(A\) and
uy = uz(A) satisfying r1 < ||urlloc < 12 < |luzflw < Ri for any A €
(Si;S2(r2)) (resp., 12 < |Ju1lloo < 11 < |luzlleoc < Ra for any X €
(51(r1),5%)).

Here, S, := max{S1(r1), S1(R1)} and S* := min{Sa(rz2), S2(R2)}.

Proof. Since the proofs are similar, we only give the proof of Theorem 3.3 (i)
with 0 < r1 < ro. Let A € (S1(r1),S2(r2)) be fixed. By Lemma 3.1 and
Lemma 3.2, i(H(A, ), K, K) =0, i(H(A,-),K,,, K) =1 and H(A,v) # v for all
v € OK,,. Then, by the additivity property, i(H(\,-), K., \ Ky, K) = 1. Thus
there exists u € K,, \ K,, such that H(\, u) = u, and the problem (1) has a
positive solution u = w(\) satisfying r1 < [|ul|eo < T2. O

Corollary 3.4. Assume that (Hy),(H2) and h € Hy, \ {0} hold.

(1) If fo = 00 and fo = 0, then the problem (1) has a positive solution u(\)
for any A € (0,00) satisfying ||ur]lco — 0 as A = 0 and ||[ur]|ec — o0 as
A — 00.

(#3) If fo = 0 and foo = 00, then the problem (1) has a positive solution u(X)
for any X € (0,00) satisfying [|ux|lc — 00 as A — 0 and [[ux|[oc — 0 as
A — 00.



EXISTENCE AND MULTIPLICITY OF POSITIVE SOLUTIONS 599

Proof. We only give the proof of (i) since the proof of (ii) is similar. Since
fo =00 and fo, =0, it follows from (7) and (8) that

Si(r) > 0asr —0and S;(r) > ocoasr —oofori=1,2. (12)

Let X € (0,00) be fixed. By (6) and (12), there exist r1(\) and ro(\) such that
0 < ri(A) < ra(A) and Si(r1(N)) < A < Sa(r2(A)). By Theorem 3.3 (i), there
exists a positive solution uy to the problem (1) satisfying r1(\) < |lurlleo <
r2(A). Since S;(r) — 0 as r — 0 for ¢ = 1,2, we may choose 71 () and ra())
so that 0 < r1(A) < r2(A) and ro(A) — 0 as A — 0. Thus, there exists positive
solutions uy to the problem (1) for all small A > 0 satisfying ||ux|/cc — O as
A — 0. Similarly, since S;(r) — oo as r — oo for ¢ = 1,2, there exists positive
solutions uy to the problem (1) for all large A > 0 satisfying ||ux|lcc — 00 as
A — o0. O

Corollary 3.5. Assume that (Hy), (Hz) and h € Hy, \ {0} hold.

(i) If fo = foo = 00, then there ewist positive constants \* and X\ such
that the problem (1) has two positive solutions ui(\) and uz(N) for any
A € (0,\%), it has a positive solution w(A*) for A = X*, and it has no
positive solutions for A € (X, o0).

(i) If fo = foo = 0, then there exist positive constants A and A such
that the problem (1) has two positive solutions ui(\) and uz(N) for any
A € (A, 0), it has a positive solution u(A) for A = A, and it has no
positive solutions for A € (0, ).

Proof. (i) Since fo = foo = 00, it follows from (7) that, for i = 1,2, }13%) Si(r) =
Tli)H;OSi(r) = 0. Let \* = max{Sa(r) : r € Ry} € (0,00) and r* € (0,00)
satisfying Sa(r*) = A*. For any A € (0, \*), there exist r1(\),r2(A) and Ry ()
such that 0 < r1(A\) < r2(A) < r* < R1(A) and S, = S1(r1(A\)) = S1(R1(V)) <
A < So(r2(N)). Then, by Theorem 3.4 (ii), there exist two positive solutions
u1(A) and uz () for any A € (0, \%).

For each n € N, let A, := A* — 1. Then we may choose r(n) and r2(n) such
that S1(ri(n)) < Ap < Sa2(r2(n)) and 0 < § < ri1(n) < ro(n) < r* for all n.
For each n, by Theorem 3.3 (i), there exists u, € K such that H (A, u,) = uy
and 0 < ||uplleo < 7. Since H : Ry x K — K is compact and {(A,,u,)} is
bounded in Ry x K, there exist a subsequence {(An,,,un, )} of {(An,un)} and
u* € IC such that H(Ay, , Un,) = U, — v* in K as ni — oo0. Since A,, — A*
as ny — oo and H is continuous, H(A\*,u*) = u* and ||u*||o > § > 0. Thus the
problem (1) has a positive solution u* for A = \*.

Let A > 0 be a constant such that there exists a positive solution u) to
the problem (1), and let o be a constant satisfying uy(o) = |lua|leo- Since
fo = fso = 00, there exists C1 > 0 such that f(s) > Cip(s) for s € Ry. We
only consider the case o > +;, since the case ¢ < v, can be proved similarly.
Since ux(t) > ux(yi) for t € [y}, 0], flur(t)) > Crp(ur(v})) for t € [vi,9].
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Then

ux (",

/S " A f(uA(T))dT) ds

H
N
Vv
S—
.
i >
6I
—
7N
=
o
~—

Yh 1 Yh 1 1
> [Tt ([ rmdrlaliacietusoh) ) ds
0 v
> 00 (hallall S ACTo(ua (1)) = Y0v3  (ha[lall 0 ACTua (7)-
Th ’Y;QI
Here 7o = min{y},1 —~2} > 0 and h. = min{ h(T)dT,/ h(r)dr} > 0.
e W;IL Yh

Consequently, A < ||quo(ii*C’1)*1@/1g(”yo_l) =: )\, and the problem (1) has no
positive solutions for A € (A, 00).
(#i) Since fo = foo = 0, it follows from (8) that, for i = 1,2, lil’I(l) Si(r) =
r—
lim S;(r) = co. Then there exists r, € (0,00) satisfying S1(r«) = min{S; (r) :

r—00

r € Ry} € (0,00). Let Ax = S1(r4). For any A € (\,, 00), there exist r1(A), r2(A)
and S2(A) such that 0 < ro(A) < r11(A) < re < S2(A) and Si(r1(N) < A <
Sa(ra(N)) = Sa2(Mz(X)) = S*. Then, by Theorem 3.4 (i7), there exist two posi-
tive solutions uj(A) and us(A) such that 0 < [|[u1(A)|lee < 7 < [Jug(A)]|co- By
the argument similar to those in the proof of Corollary 3.5 (i), one can show
that the problem (1) has a positive solution u(\.) for A = A,.

Let A > 0 be a constant such that there exists a positive solution u) to
the problem (1), and let o be a constant satisfying uy(o) = |lux|leo- Since
fo = foo = 0, there exists Cy > 0 such that f(s) < Cep(s) for s € Ry, and
Flua(t)) < Cop(un(t)) < Cop(ux(o)) for all t € [0,1]. We only consider the
case o < 7y, since the case o > v;, can be proved similarly. By (10),

Ay /OU ot (q(ls) /SU )\h(’T‘)f('UJ)\(T))dT> ds

Yh Y
A1/0 ot </S h(T)quo_l)\C’gcp(u,\(a))) ds
< Ao (a5 ACap(1r(0))) < Auhasti (a5 ACo)ur (0).

Here ha, — max{ Srt ([ neryr) ds, [ et ( I h(T)dT) ds} > 0 and
A, = max{A;, Ay}. Consequently, A\ > goCy '1 (A7 h}) =: ), and the prob-
lem (1) has no positive solutions for A € (0, ).

IN

ux(o)

IN

O
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