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EXISTENCE OF POSITIVE SOLUTION FOR THE SECOND
ORDER DIFFERENTIAL SYSTEMS WITH INTEGRAL
BOUNDARY CONDITIONS.

You-Young CHO, JINHEE JIN, AND EUN KyouNG LEE*

ABSTRACT. This paper is concerned with the existence of positive solu-
tions to the second order differential systems with strongly coupled integral
boundary value conditions. The fixed point index theorems are used for
the main results.

1. Introduction

The main problem of this paper is motivated from the existence of positive
radial solutions to the following nonlocal boundary value system :

Au+ hy(|z]) fr(u(x),v(z)) =0, x € By,
Av + ha(|z|) fo(u(z),v(z)) =0, x € By,
u(z) = 0, v(z)—0, if |2| = oo, (1)

w(@) = [p,, blyDuly) +L(y)o(y)dy, if 2] = ro,

= Ik, Bs(yDuly) + L(lyho(y)dy, if |z] = ro,

where E,, = {z € RN : || > ro for 1o > 0, N > 3}, h; € C((ro,00), (0,00))
is such that foorh- (r)dr < oo, fi € C([0,00)%,[0,00)) for i = 1,2, and I; €

L'((rg,00)) is a nonnegative function satisfying 0 < wyrd 2 f rl;(r)dr <1
for each j = 1,2, 3,4, when wy is the surface area of unit sphere in RN.
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Such differential equations with an integral boundary condition arise in vari-
ous areas of applied mathematics and physics like heat conduction, chemical en-
gineering, underground water flow, thermo-elasticity and plasma phenomena([2]
and [3]). One may refer to [1]~[6] and [8]~[10] for integral boundary value prob-
lems and the references therein.

Note that the change of variables r = |z| and ¢ = ( 0)2 N transforms (1)
into:

u(t) + a1 (8) f1(u(t), v(t)) =0, te(0,1),

V() + as(t) fa(u(t), v(t)) = 0, te(0,1),

u(0) =0 = v(0), (2)
= Jo 1(s)uls) + ga(s)v(s)ds,
= [y 9s(s)uls) + ga(s)v(s)ds

with

1 \? . —ao- .

1 —2(N—1) —1
gi(t) = WN <N — 2) ’I“évt N=z [, (T()tN*2> s
where a; € C((0,1),[0,00)) such that fol s(1 — s)a;(s)ds < oo for i € {1,2} and
a nonnegative function g; € L*(0,1) is such that 0 < fol sg;(s)ds < 1 for each
Jj €41,2,3,4}. We know that the existence of positive solutions for the system
(2) guarantees the existence of positive radial solutions for (1). Hence we focus
on the system (2) to investigate solutions for (1).

Throughout this paper, we assume the following hypothesis;

(H1) (1 - fo 591 (s ds) (1 - fol sg4(s)d8) - fol 5g2(s)ds fo sg3(s)ds > 0.
(H2) There exist constants A;j, pi; with 0 < A;; < pij, ijl Xij > 1fori,je
{1, 2} such that for ¢t € (0,1), u,v € (0,00), and i € {1, 2},

M fi(u,v) < fileu,v) < M fi(u,v), if 0 < e <1, (3)
M2 fi(u,v) < filu,cv) < ™2 fi(u,v), if 0 < e <1, (4)

Remark 1. i) (3) and (4) imply
A filu,v) < fileu,v) < i fi(u,v), if ¢ > 1 for i € {1,2}, (5)

and
A2 fi(u,v) < fi(u, cv) < 2 fi(u,v), if ¢ > 1 forie {1,2}, (6)
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respectively. Conversely, (5) implies (3) and (6) implies (4).
(ii) (3) and (4) imply
fi(ul,UQ) < fi(vl,vg), if0< Uy < Vj, for Z,] S {1,2} (7)

This paper is organized as follows. In Section 2, we shall give some prelim-
inary results and lemmas to prove our main results. In Section 3, the main
result, Theorem 3.1, is proven.

2. Preliminaries

We set up the operator for problem (2). Let F := C([0,1],R) x C([0,1],R) be
the Banach space with the norm ||(u, v)|| = max{||u||ec, ||V|loc }- Let us denote

Ao fo 591(s)ds *fo sgg s)ds
fo sg3(s)ds 1 — fo 594(s)ds
then by (H1), det A # 0 and a;; > 0 for all 4, j € {1,2}, where

Define
Pi={(u,v) € E | u(t) = 7| (v, v)], v(t) = v¢||(u,v)[|,t € [0,1]},

p:max{1+/OIQ1(T)dT,1+/01Q2(T)d7'7/01Q3(T)d7'7/01Q4(7')d7'},

1
y:min{/ 7(1 — 7)g;(7)dr ‘j:1,2,3,4} and 0 < v = % <1
0

with ¢1(7) = a1191(7) + a1293(7), @2(7) = a2192(7) + a2294(7), q3(7) =
a1192(7) 4+ a1294(7), and q4(7) = a2191(7) + a2293(7). Clearly, P is a cone
of E and we define S7, Sy : P — Q = {u € C([0,1],R) | u(t) > 0,t € [0,1]} by

Sy (u, v)(t) := fo (H1(t, s)a1(s) f1(u(s),v(s)) + tK1(s)az(s) fa(u(s),v(s)))ds
Sa(u,v)(t) == [ (Ha(t, s)ax(s) fo(u(s), v(s)) + tKa(s)a(s) f1(u(s), v(s)))ds

where

where

S

()
(s)

Hills) = G(t,s)+t /0 G $)(angn (7) + avsgs(r))dr.
Hy(t,s) = G(t,s)+t/01G(T,s)(a21g2(T)+aggg4(7'))d7',
K = (e, 5) an192() + arzga(r))dr,
@ = ' G(r, ) az101(7) + azaga())er
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t(l—s), 0<t<s<l1,
G(t,s) =

and

s(1—1t), 0<s<t<l.
Now we define an operator S : P — @ x @ by
S(u,v) = (S1(u,v), S2(u,v)).
Remark 2. Tt is easy to check that

t(1—1t)s(1 —s) <G(t,s) =G(s,t) <s(l—s), t,s€[0,1]. (8)

From (8), we have
H;(t,s) < ps(1—3s), Ki(s) <ps(l—s), i€e{l,2}, 9)
H;(t,s) > vts(l —s), K;(s) >vs(l —s), i€ {1,2}. (10)

For (u,v) € P, let ¢ be a positive number such that ¢ > max{]|(u,v)||, 1}.
From (3), (4) and (7), we have

filu(t),v(t)) < fi(e,e) < ctirtrfi(1,1), i € {1,2}. (11)
By (9) and (11), we have

S (u, v) (1) = /0 Hi(t, $)ar(s) fi (u(s), v(s))ds + t /O K1 (5)as(s) fa (u(s), v(s))ds
<o [ 5= () Flals)o()ds + ot [0 )aals) (s, o5

1

1
< petrrtia / s(1 — s)a1(s) fi(1,1)ds + ptcHartree / s(1 = s)ag(s)f2(1,1)ds.
0 0

Thus S is well defined on P and it is notice that S is completely continuous,
by standard argument and if (u,v) € P is a fixed point of S, then (u,v) is a
positive solution of differential system (2).

Lemma 2.1. Assume that (H1) and (H2) hold. Then S(P) C P.
Proof. From (10), for ¢,s € [0,1], we know

K;(s) > vps(1 —s), H;(t,s) > ypts(1 —s), i € {1,2}. (12)
Then by (9) and (12), we have for 7,t,s € [0, 1],

Hi(t75) > ’ytHj(Tv’S)? Kl('s) > ’YHj(Tas)v Hl(ta S) > "}/tK](S), Z?] S {172}
(13)
For (u,v) € P and ¢,7 € [0,1], by using (13), we have

Sl(u7v)(t):/0 Hl(t,s)al(s)fl(u(s)w(s))ds—|—t/0 Ki(s)az(s) fa(u(s),v(s))ds

1 1
>t [ (A, o)ds + ot [ Ka(s)as) fluls) o(s)ds
= ’yt51 (u’ U)(T)7
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and

1 1
Sl(u,v)(t):/o Hl(t,s)al(s)fl(u(s),v(s))ds—i—t/o Ki(s)aa(s) f2(u(s),v(s))ds

> 917 [ Kals)an(s) f(us) (s))ds +9t [ Hatr,s)aa(e)faule), o(s))ds
= tSa(u, v)(T).
Then Sy (u,v)(t) > ~vt||S1(u, v)||eo and Sq(u,v)(t) > vt||S2(u, v)|| and thus
S1(u, v)(8) = [ (S1(u, v), Sa(u, v))|-

In the same way, we obtain that Sa(u,v)(t) > ~t||(S1(u,v), S2(u,v))||. Therefore
S(P) C P.
O

To show the existence of a positive solution of (2), we need the following
lemmas for fixed point index argument in [7].

Lemma 2.2. Let X be a Banach space, P a cone in X. For r > 0, define

P.={x e P:|z| <r}. Assume that T : P. — P is a compact map such that
Tz # x for all x € OP,. If ||z|| < ||Tz| for all x € OP,, then

i(T, P,,P) = 0.

Lemma 2.3. Let X be a Banach space, P a cone in X and § bounded open in
X. Let0€Q and T : PN Q) — P be condensing. Suppose that Tx # vz for all
€ PNOQ and allv > 1. Then

i(T,PNQ,P)=1.

3. Main Result

Theorem 3.1. Assuming that (H1) and (H2) hold, the differential system (2)
has at least one positive solution.

Proof. Choose a constant R > 0 such that

R > max{l +1, (0,)/\11+>\12)—W’ (07A21+A22)—W}7
Y

where o = %fol(fys)““*“ms(l —8)ai(s)f1(1,1)ds > 0. For real constant r > 0,
define Q, = {(u,v) € P | ||(u,v)|| < r}. We may suppose that S(u,v) # (u,v)
for (u,v) € Qg since otherwise the proof is done. For (uj,v1) € 0Qg, by the
definition of P and the choice of R,

ur(s) 2 ysll(ur, v1)[| = vsllurlloe, vils) = sl(ur,vi)ll = ysllorllee  (14)

and

[urlloo = ur(1) = || (ur, v1) | = yRB > 1, [[or]loc = ll(ur, 01)[[ > 1. (15)
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By using (3) ~ (6) and (15), it is easy to check that for s € [0, 1],

FOrsllualloo, ysllvnllo) = (ys) e flug | 32 on 1332 £ (1, 1). (16)

By (7), (14) ~ (16), we have, for t € [1,1],

Si(un, o)) > / H (1, 5)ax (3) fa (un (), 01 (s))ds

1
14
> 4 [ st-Dah6slulwsods
0
1
14
> Sl ol [ s s) s s) A, Vs
0
= ol
> oy, o) )M (v, o) 2
_ 0’}//\11+)\12R)\11+/\12.

Since 1 — (A1 + A12) < 0, gyritrz > RI=(Aitdiz) and we obtain

[S(ur, vl = 191 (w1, 01)]los
> (7’)/)\11+)\12R)\11+)\12
> Rl—()\11+>\12)R)\11+/\12
= R=|(u1, vl
By Lemma 2.2, we have
i(S,Qr, P) = 0. (17)
Next, we claim that
S(u,v) # 7(u,v), for all (u,v) € 0Q,, T>1, (18)

where
1
O<r< min{§,57ﬁ}, A= min{)\u + )\12, Aot + AZQ} > 1,

1 1
§=p (/ s(1 —s)al(s)fl(l,l)ds+/ s(1 —s)ag(s)fg(l,l)ds>.
0 0
Otherwise, there exist (ug,vs) € 9, and 7 > 1 such that
S(uz,uz) = 7(uz,vz2). (19)

Without loss of generality, we assume that ||usl|ec > [|v2]lcc and we know

uz(s) < uzlloo = [|(ug, v2)|| = r < 1, wa(s) <lvafloe < uzlloc = <1 (20)
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By using (3), (4), (7), (9), (19) and (20), it follows that
7_'U2(t) = Sl(UQ, 1)2)(75)

1 1
< /0 Hiq(t, s)al(s)fl(UQ(s),vg(s))dsJr/O Ki(s)as(s) fa(ua(s),va(s))ds
< p/o s(1 —8)a1(8)f1(7“,7“)d8+0/0 s(1 — s)az(s) fa(r,r)ds
<

1 1
prnt e [l a0 Dds + o [ (1= s)as(s) (1. )ds
0 0

< ot telo,1].

Consequently,
=zl < Tlluslloo < 617,
namely
1
P>,
which is a contradiction. Hence (18) is true and by Lemma 2.3, we have
i(S, ., P)=1. (21)
By (17), (21) and the properties of the fixed point index, we have
i(S,Qr \ Q,, P) = i(S,Qr, P) —i(5,Q, P) = —1.

Thus S has at least one fixed on Qg \ Q,.. This means that differential system
(2) has at least one positive solution. The proof is complete. O
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