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CLAIRAUT POINTWISE SLANT RIEMANNIAN
SUBMERSION FROM NEARLY KAHLER MANIFOLDS

GAUREE SHANKER AND ANKIT YADAV*

Abstract. In the present article, we introduce pointwise slant Riemann-
ian submersion from nearly Kéhler manifold to Riemannian manifold. We
established the conditions for fibers to be totally geodesic. We also find
necessary and sufficient conditions for pointwise slant submersion ¢ to
be a harmonic and totally geodesic. Further, we study clairaut pointwise
slant Riemannian submersion from nearly Kahler manifold to Riemannian
manifold. We derive the clairaut conditions for ¢ such that ¢ is a clairaut
map. Finally, one example is constructed which demonstrates existence
of clairaut pointwise slant submersion from nearly Kéhler manifold to
Riemannian manifold.

1. Introduction

The geometry of Riemannian manifolds can be investigated through smooth
maps by comparing the geometric structures with the Riemannian manifolds
whose geometrical structures are well known. The isometric immersion and
Riemannian submersion are two such basic maps which are being studied thor-
oughly. The idea of Riemannian submersion was first introduced by O’Neill[13]
and Gray [4]. The Riemannian submersion from almost hermitian manifolds
(from Riemannian manifolds) to Riemannian manifolds (to almost hermitian
manifolds) have been studied [21], the accumulated work can be seen in [14].
Later, Fischer [3] defined Riemannian maps as a generalization of isometric
immersion and Riemannian submersion which links geometric optics and phys-
ical optics. But, still the theory of Riemannian submersions needs to be ex-
plored. Various classes of Riemannian submersion from Kahler manifolds to
Riemannian manifolds on the basis of Kery, behaviour under (1,1) tensor
field J, viz. anti-invariant Riemannian submersion, semi-invariant Riemannian
submersions, generic Riemannian submersions, slant submersion, semi-slant
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Riemannian submersions, hemi-slant Riemannian submersion, pointwise slant
submersions were studied in detail [14]. Similarly, the Riemannian submersion
from almost contact manifolds (Riemannian manifolds) to Riemannian mani-
folds (to almost contact manifolds) are studied.

A new characterization of Riemannian submersion, namely Clairaut sub-
mersion was first discussed by Bishop [2]. Later, the Clairaut submersion have
been studied on Ké&hler manifold, nearly K&hler manifold, Sasakian manifold
and Kenmotsu manifold etc. Various classes of Clairaut submersions from
Kahler manifolds to Riemannian manifolds viz. Clairaut anti invariant Rie-
mannian submersion [10], Clairaut semi-invariant Riemannian submersion [19],
Clairaut pointwise slant submersion [14] etc., were defined. For more detail,
the following research articles can be studied [22]-[23], [17]-[12].

In this article, we introduce pointwise slant submersion from nearly Kéhler
manifold to Riemannian manifold. Further, we introduce the clairaut point-
wise slant Riemannian submersion from nearly Kéhler manifold to Riemannian
manifold. This paper is organised in the following sections: In Section 2, we
recall all basic terminologies which are being used throughout the paper. In
Section 3, we introduce pointwise slant submersion from nearly Kéhler man-
ifold to Riemannian manifold. We find conditions for the fibers of ¢ to be
totally geodesic. Further, we derive conditions for pointwise slant submersion
¢ to be harmonic and totally geodesic. In Section 4, we introduce clairaut
pointwise slant Riemannian submersion from nearly Ké&hler manifold to Rie-
mannian manifold. We also establish the necessary and sufficient condition on
© to be clairaut map. Some other important results are also established.

2. Preliminaries

Suppose M and N be two Riemannian manifolds with dimension m and n
respectively, where m > n. A differentiable map ¢ : M — N is said to be
submersion if ¢ is surjective and the differential map dy is surjective for all
points of M.

Definition 2.1. [14] Let (M™, g;;) and (N",gn) be Riemannian manifolds

and m > n. A Riemannian submersion ¢ : M — N is a surjective map of M
onto N satisfying the following axioms:

(i) ¢ has maximal rank.
(ii) The differential ¢ preserves the lengths of horizontal vectors.

For each ¢ € N, ¢~ !(q) is an (m — n)-dimensional submanifold of M which
are called fibers. For any p € M, a vector field V, is tangent to fibers and H,,
vertical to fiber and known as vertical and horizontal vector field, respectively.
A vector field Y on M is said to be basic vector field if X is horizontal and
o related to vector field X,. The projection morphism on the distribution
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kerp, and (ketcp*)l- are denoted by V and H respectively. Therefore, we can
decompose T, M in the following sense

T,M =V, ®H,.
For vector fields X', Y’ on M, the O’Neill’s tensors 7 and A are defined by
(1) A Y =HV, o VY + YV, o HY

(2) T Y =VV o HY +HV, o VY

where V denotes metric connection on M.

A Riemannian submersion is said to have totally geodesics fibers if and only if,
the tensor 7 vanishes identically. The tensors T+ and Ay are skew symmet-
ric operators on (I'(TM), g57) which are reversing the horizontal and vertical
vectors.

The tensor T is vertical and A is horizontal. Also, for all V,W e I'(Kerep,)
and X', Y e D(Kerg,)t, we have

3) TwV =TvW,

(4) AgY = Ay X = %V[X’, Y.
From (1) and (2), we have the following equations [14]:

(5) VW =TyW + VyW

(6) VwY =TwY + HVwY

(7) VyW = Ay W + VVWy W

(8) VyZ=AyZ+MHVyZ

for V,W € D(Kerep,) and Y, Z € T'(Kerp, )+, where VyW = VWyW. If Y is
basic, then HVy Y = Ay W.

An almost Hermitian manifold is an almost complex manifold M with al-
most hermitian structure (J, gy;) which, for all Y, Z € I'(T' M), satisfies
9) 9(JY, JZ) = (Y, Z).

Definition 2.2. [5] Let (M,g,.J) be an almost Hermitian manifold and V
be the metric connection on M with respect ” g;; = g. Then M is said to be
a nearly Kahler manifold if

(10) (VyNZ+ (VzJ)Y =0
for any Y, Z € T(TM)
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3. Pointwise Slant Riemannian Submersion

Definition 3.1. Suppose (M,gy;,.JJ) be a nearly Kéhler manifold and
(N,gn) be a Riemannian manifold. Then, the Riemannian submersion ¢ :
M — N is said to be pointwise slant Riemannian submersion If, at each
point g € M, the 0(Y,) (known as Wirtinger angle) between JY, and the space
ker(p.)q Is independent of the choice of the non-zero vector Y, € ker(p.),-

For any U € ker(p.),, we define
(11) JU = fU +wU
where fU € ker(¢.), and wU € (kerp, ).

For any Y € (ker(p.))*, we define

(12) JY =BY + Y
where BY € Kerp, and €Y € (Kerp, )™ .
Also,
(Kerg,)t = w(Kerp,) L p
Using (10), (11), (12) and (5)-(8), we get
(13) (VuHV+ (Vv HU =B(TvU + Ty V) — TywU — TywV
and
(14) (Vyw)V + (Vyw)U = €(TyU + Ty V) = Tv fU = Tu fV.

Remark 1. A point p with respect to pointwise slant submersion ¢ is said
to be totally real and complex point if its slant function § = 7 and 6 = 0 at p,
respectively.
2. ¢ is said to be proper if there does not exist any totally real and complex
point.
3. A pointwise slant submersion is said to be slant submersion if its slant
function @ is globally constant or independent of the choice of the point p on
M.

_ Definition 3.2. [14] Suppose M and N are Riemannian manifolds, ¢ :
M — N be a smooth map then ¢ is said to be totally geodesic if o(a) is a
geodesic in N for any given geodesic o € M. Equivalently, Vi, = 0.

Theorem 3.3. [11] Suppose ¢ is a Riemannian submersion from an almost
Hermitian manifold (M, g;;,J) onto Riemannian manifold (N, gx). Then, the
Riemannian submersion M is said to be a pointwise slant submersion if and
only if there exist a real valued function 6 defined on kerp, such that

(15) f? = —(cos?O)I.
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Theorem 3.4. Suppose ¢ is a pointwise slant submersion defined from a
nearly Kéhler manifold (M, gy;,J) to Riemannian manifold (N, gy) then the
fibers are totally geodesic submanifold in M if and only if, for U,V € Kerg,
and Y € Kerp;-, we have

g([U,Y],V) = 2cot 0Y (0)g(U, V) + sec® 0{g(Ayw fU, V)
(16) +9(VVyBwU, V) + g(AyCwU,V)}.
Proof. For U,V € Kerp, and Y € Keryy, using (5) in g(TyV,Y), we
obtain
(17) g(TuV,Y) = g(VuV,Y) = —g(VuY, V).
Since metric connection V is torsion free, (17) can be written as
(18) 9(TuV.Y) = —g((U,Y],V) = g(VyU, V).
Using (9) and (10) in (18), we obtain
(19) 9(TuV,Y) = —g([U, YL, V) = g(VyJU + (Vu J)Y, JV).

Now, using (11) in (19), we get
(20)
g(TuV,Y) = —g(U.Y],V) = g(Vy fU,JV) = g(VywU, JV) = g((Vu )Y, JV).

Further, using g(JX ,Y') = —g(Y',JY") and (10) in (20) , we get
gq(ToV,Y) = —g([U, Y], V) + g(Vy f2U + VywfU, V) + g(Vy JwU, V)
(21) +9((Vyu )Y, V) + g(Vur )Y, V) = g(Vu )Y, JV).
Using (15) in (21), we get
g(TuV,Y) = —g([U, Y], V) +5sin20Y (0)g(U, V) — cos® 0g(Vy U, V)
+9(VywfU, V) + g(Vy JwU, V) + g((V;r J)Y, V)
(22) +9(Vuwu )Y, V) + g(J(Vu )Y, V).

On the other hand, (VfUJ)Y+(VwUJ)Y+J(VUJ)Y = (VJU.])Y—FJ(VUJ)Y.
Using (10) in above expression, we get

(23)  (Vsu)Y + (Vo )Y + J(Vy )Y = —(VyJ)JU — J(Vy J)U = 0.
Using (23) in (22), we obtain
g(TuV,Y) = —g([U,Y],V) +sin 20Y (0)g(U, V) — cos® g(Vy U, V)
(24) +9(VywfU, V) + g(Vy JwU, V).
Further, (24) can be reduced
g(ToV,Y) = —sin? 0g([U, Y], V) +sin 20Y (0)g(U, V) + cos? 0g(Vy V,Y)
(25) +9(VywfU,V) + g(Vy JwU, V).
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Using (5)-(8) in (25), we obtain
g(TuV,Y) = —g([U, Y], V) + 2cot Y (0)g(U, V) + sec? 0{g(Ayw fU,V)
(26) +9(VVyBwU, V) 4+ g(Ay CwlU, V)}.
O

Theorem 3.5. Let ¢ be a pointwise slant submersion from nearly Kéhler
manifold (M, gy, J) to Riemannian manifold (N, gn). Then ¢ is harmonic map
if and only if

trace(* . ) (V. ((.),wf(.)) + tracewT yw(.) + trace€HV yw(.)

+traceAs ) f(.) + trace("p.) (V. (f(.), w(.)))

(27) —trace w@f(_)(.) — trace€Tyy(.) =0,
where (.) represents the place of V€ V.

Proof. For vector field V € V and Y € H, from (5), we get

(28) g(TvV,Y) = g(Vy V. Y).

Since (Vv J)V =0, using (9) in (28), we get

(29) g(TyV,Y) = g(VyJV,JY).

Using (11) in (29), we get

(30) g(TvV.Y) = —g(JVy fV.Y) = g(JVywV,Y).
Using (10) and (11) in (30), we obtain

(31)

g(TvV.Y) = —g(Vv V.Y ) = g(VvwfV,Y) +9(VyvwV,JY) —g((V v )V Y).
Using (15) and (5)-(8) in (31), we get
G(TVV,Y) = —sin 20V (0)g(V, Y) + cos® 0g(TV, Y) — g(VywfV,Y)
+9(TvwV,BY ) + g(VywV,&Y) — g(Viv fV,Y) = g(ViywV,Y)
(32) —g(WV vV, BY) = g(TyvV, €Y).

Since ¢ is Riemannian submersion, for Y'Y’ € [(TM), then we have the
expression

(33) Ve (YY) = VE0.Y = o(Vy V).
Therefore, using (33) and ¢(V,Y) = 0 in (32), we get
sin® 0g(TyV,Y) = gn (V. (V,wfV), 0.Y) + g(TywV, BY ) + g(HVywV, €Y)

(34)
—g(Apv fVY) + gn (Vo (fV,wV), 0.Y) + g(VV vV, BY ) + g(Tpv V, €Y).
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Further, (34) reduces to
sin® 0g(TvV.Y) = —g("pu (Vo (V. wfV)),Y) = g(VTvwV.Y)
—g(EHVywV,Y) — g(Apv [V.Y) = g("pu (Vi (fV,wV)),Y)
(35) +g(VV vV, Y) + g(€Tp V,Y).
This implies that ¢ is harmonic if and only if
trace("@.) (Vo ((.), wf(.)) +traceVT )V (.) + trace€HV )V (.)
+traceAs ) f(.) + trace("p.) (V. (f(.),V(.)))
(36) —trace V@f(_)(.) —trace€Ty()(.) = 0.
O

Theorem 3.6. Let ¢ be a pointwise slant submersion from nearly Kéhler
manifold (M, gy;,J) to Riemannian manifold (N, gy). Then ¢ is totally geo-
desic map if and only if

—sin® Ogn (Ve (X, U), 9.Y) = g(VxwfU,Y) + g(HVxU,Y)
(37) +9(AxB(fU),Y) + g(HVxE(fU),Y)
and
g([U, X],V) =2cot 0X (0)g(U, V) + sec? 0{g(AxwfU,V)
(38) +9(VVxBwU,V) + g(AxCwU,V)}.
Proof. Since (V,)(X,Y) = 0 and from (27), we obtain (V,)(X,Y) =0
if and only if
g([U, X],V) = 2cot 0X(0)g(U, V) + sec® 0{g(AxwfU, V)
(39) +g(VV xBuwU, V) + g(AxCwl, V)}.

Therefore, it is enough to derive the conditions such that V. (X,U) = 0.
Since ¢ is Riemannian submersion,

(40) gn (Vo (X, U), 0.Y) = —g(VxU,Y).
Using (9), (10) and (11) in (40), we get
(41)

on (Voo (X, 1), 0.Y) = g(IVx fU,Y) — g(Vxwl, JY) — g((Vir )X, JY).

Again using (10) and (11) in g(JVx fU,Y), (41) reduces to

an (Vo (X, U), 0.Y) = g(Vx fPU,Y) + g(VxwfU,Y) — g(VxwU,JY)
(42) —9(Vu )X, JY) + g((Viu )X, Y).
Using (15) in (42), we get
N (Ve (X, U), 0.Y) =sin20X (0)g(U,Y) — cos® 0g(VxU,Y) + g(VxwfU,Y)
(43)  —g(AxwU,BY) — g(Vxwl,€Y) — (Vo )X, JY) + g((V ;0 ]) X, Y).
On the other hand,
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44
( 9)(J(VUJ)X7Y) +9(Viu )X, Y) = —g(J(Vx J)U,Y) — g((Vx J) fU,Y).
Further, this can be reduced to
(45)
g(J(Vu )X, Y) +g9(Veu J)XY) = —g(J(VxwU) + VxU + Vx J(fU),Y).
Using (5)-(8) in (45), we get
g(J(Vu)X,Y) +g(Vyu)X,Y) = g(VxwU,&Y) + g(AxwU, BY)

(46) —9(AxUY) = g(AxB(fU),Y) — g(HVx&(fU),Y).
Using (46) in (43), we get

N (Vo (X, U),0.Y) = —cos® 0g(VxU,Y) + g(VxwfU,Y)
(47) +9(HVxU,Y) + g(AxB(fU),Y) + g(HVxC(fU),Y).
Above equation reduces to

—sin? Ogn (Vi (X, U), 0.Y) = g(VxwfU,Y) + g(HVxU,Y)
(48) +9(AxB(fU),Y) + g(HVxE(fU),Y).
Therefore from (16) and (48), we obtain that

—sin? Ogn (Ve (X, U), 0.Y) = g(VxwfU,Y) + g(HVxU,Y)
(49) +9(AxB(fU),Y) + g(HVxC(fU),Y)

and
g([U, X],V) = 2cot X (0)g(U, V) + sec? 0{g(AxwfU, V)

(50) +9(VVxBwU,V) + g(AxCwU,V)}.

4. Clairaut Pointwise Slant Submersion

Suppose p is a geodesic on a S(surface of revolution). Let A be the distance
of a point of S from the axis of rotation, and © be the angle between j and
the meridians of S. Then, according to Clairaut’s theorem, Asin® is constant
along p. Conversely, if rsin® is constant along some curve p in the surface of
revolution S, and if no part of u is part of some parallel of S, then p is geodesic
[14].

Definition 4.1. [14, 16] Suppose ¢ : M — N be a Riemannian submersion
with connected fibers. Then  is said to be a clairaut submersion with r = €9
if and only if each fiber is totally umbilical and has the mean curvature vector
field H = —grad g.
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Theorem 4.2. Let ¢ be a clairaut pointwise slant Riemannian submersion
from nearly Kéhler manifold (M, gs;,J) to Riemannian manifold (N, gn). If
a:J CR — M is a regular curve X (t) and V (t) represents the horizontal
and vertical components of &, respectively. Then a(s) is geodesic if and only
if,

—sin20T(0)V + cos? 0(VyV + VVx V) + (Ty + Ax)(wfV) + (Vy
+VVx)BwV + (Ty + Ax)(CwV) — Vx X

(51) +VVxV + f(P)+B(Q)=0
and

cos? 0(TyV + AxV) + H(Vy + Vx)(wfV + CwV) + Ty + Ax (BwV)
(52) —HVxX + AxV +w(P)+€(Q) =0.

Proof. Suppose  : I C R — M is a regular curve and X(t) and V(t)
represents the horizontal and vertical components of & . From (10), we have

(53) (Vags)J)a(s) = 0.

Therefore, from (53), we have

(54) —Va()@(s) = TV a0y G (s).

Using (11)

(55) —Va(s)@(s) = IV (fV(s) + wV(s)) + I V(s (JX(s)).

Using (11) and (10) in (54), (54) can be expanded to
(56) —Vd(s)d(s) = VdeV + VawfV + (vaj)d + JVawV 4+ JV4aJX.

Further, using (10) for JV () (wV (s)) = Vas) JwV (s) + (Vv (s)J)é(s) in
(55), we get

(57) —Vad = Vo f2V 4+ VawfV+VaJwV + IV X +(V v d )i+ (Vo ).

Also,

(58) (Vovd)a= (VyvJ)a+ (VyvJ)a = (Vv )V + (Vv J)X.

Since (Vv J)V =0, (58) reduces to

(59) (Vv )i + (Vay J)a = (V)X

Using (59) in (57), we obtain

(60) —Vad = Vaf2V + VawfV + VaJwV — VX + JVyJX — (VxJ)JV

Using (12) and (15) in (60), we obtain

(61)  —Vgaa =2sinfcosOT(0)V — cos? O(VyV + VxV) + VawfV
+VaBwV + VaCwV - Vx X +VxV + JVyJX + JVxJV

On the other hand, using (11) and (12) in JVyJX + JVxJV, we obtain

(62)  JVyJX + JVxJV = J(VyBX + Vi CX + Vx fU + Vxuwl)
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Using (5), (6), (7) and (8) in (62), we get
(63)
JVyJIX +JVxJV = J(VyBX + Tv X + VWiV + AxwV) + J(TyBX
+HVyvX + Ax fV + HVXwV)

Above equation can be written as

(64) JVyJX + JVxJV = f(P)+w(P)+ B(Q) +C(Q)

where P = VyBX + Tv X + VWiV + AxwV € Ker(ps) and Q = Ty BX +
HVvX + Ax fV +HVxwV € Ker(p,)™*.
Using (64) in (61), we obtain
—Vaa =sin20T(0)V — cos?0(VyV + VVxV + Ty V + Ax V)
+HVywfV + TyvwfV + HV xwfV + AxwfV + Ty BwV + VyBuwV
+AxBwV + VVxBwV + HVyewV + Ty CwV + HV xCwV + Ax CwV
(65) —HVxX - AxX +AxV +VVxV + f(P)+w(P)+ B(Q) +C(Q).
Comparing the horizontal and vertical parts in above equation, we get
~VV4sa =sin20T(0)V — cos> 0(Vy'V + VW V) + (Ty + Ax)(wfV) + (Vy
(66) +VVx)BwV + (Ty + Ax)(CwV) — Ax X + VVxV + f(P) +BQ
and
—HVai = cos? 0(TvV + Ax V) + H(Vy + Vx)(wfV + CwV) + Ty
(67) +Ax (BwV) —HVxX + AxV +w(P) + €(Q).
O
Theorem 4.3. Let ¢ be a pointwise slant submersion from a nearly Kahler
manifold (M, g;;,J) onto a Riemannian manifold (N, gn) admitting horizon-
tally characteristic vector field. If o« : J C R — M is a regular curve and V

and X are vertical and horizontal parts of the tangent vector field a(s) = T.
Then, ¢ is a clairaut submersion with r = €% if and only if along «, we have

(cos® Og(grad(g), &) + sin20T(0))g(V, V) = g((Ty + Ax)(wfV) + (VVx
(68) —Vy)BwV + (Ty + Ax)(€wV) — Ax X + VVxV + f(P) + BQ,V).

Proof. Let a(s): J C R — M be a geodesic with ||&(s)|| = ¢ and O(s) be
the angle between &(s) and the horizontal space «(s). Then

(69) g(V(s),V(s)) = csin® O(s)
and

(70) (X (s),X(s)) = ccos® O(s).
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Differentiating (69), we obtain

d ) do
(71) %g(V(s), V(s)) = 2¢sin O(s) cos @(S)E
This is reduces to
. do
(72) 9(V 415V (), V(s)) = csinO(s) cos @(S)E.
Using (5) and (7) in (72), we get
(73) g(VyV +VVxV,V) = csinO(s) cos@(s)%.

Multiplying both side by cos? 6 in (73), we get
de

(74) g(cos? O(VyV +VVxV), V) = ccos? 0sin O(s) cos O(s) 15

Using (51) in (74), we get

g(sin20T(0)V — (Ty + Ax)(wfV) + (Vy — VVx)BwV — (Ty + Ax)(CwV)
de

(75) +Ax X —VVXV — f(P) —BQ,V) = ccos? 0sin O(s) cos @(s)g.

On the other hand, ¢ is clairaut Riemannian submersion with r» = e? if and
only if,

%(eg sin©(s)) = 0.

This reduces to

(76) d(flzoz) sin ©(s) + cos @(s)% = 0.

Multiplying (76) both side with the non zero factors csin ©(s) and cos? 8, we

get

d(goa)
ds

dO(s)

=0.
ds

(77) ccos? fsin” O(s) = —ccos® fsin O(s) cos O(s)

Using (77) in (75), we get

cos? H%CSJHQ O(s) = g(—sin20T(O)V + (Tv + Ax)(wfV) + (VVx
(78) —Vv)BwV + (Tv + Ax)(CwV) — AxX + VVxV + f(P) + BQ, V).
Since g(V, V) = csin? ©(s), (78) reduces to

cos? g%gw’ V) =g(=sin20T(0)V + (Ty + Ax)(wfV) + (VVx

(79) —Vy)BwV + (Ty + Ax)(€wV) + Ax X + VVxV + f(P) + BQ,V).
Also,

(30) 0 (als)) = alal(s) = glgrad(o), &)
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Using (80) in (79), we obtain
(cos® Og(grad(g), &) + sin20T(0))g(V, V) = g((Ty + Ax)(wfV) + (VVx
—Vy)BwV + (Ty + Ax)(CwV) — Ax X + VVxV + f(P) +BQ,V).
O

Example 4.4. Let M = {(z1, %2, 23,74, 5, 76, T7,73),7; € R} be a nearly
Kahler manifold with complex structure Jgo = cos ©J; + sin ©.Jy and metric

1 .
gii = 5 32 1= 17...76
o N IC7+[L'8
(81) 9=0i) =9 g.=1 i=17,8
i =0 i#4.0,j=1,..8

where x2 + 23 # 0 and Jy, Jy are complex structures such that

Ji(x1, 22, 3, T4, T5, T, X7, 8) = (—T3, —T4, T1, T2, —T7, —Tg, Ts, T6),

Jz(l‘l, L2,X3,T4,T5,Te, L7, l‘g) = (—l‘g, T1,T4,—T3, —T6,T5, T8, —.137)

which satjsfy J1J2 = —J2J1.

Let us define a map from nearly Kéhler manifold (M, g5;) to Riemannian man-
ifold (N, gn) i.e., ¢ : M — N such that

Tr1 — T2 T — T3

(p(iﬂl,172,133753471'5,1176,137,138) = ( \/§ 5 \/§ 71'5,1176,137,138).
1 0 0 1 0
Clearly, Kerg, = (61 = —— (— + — )69 = ———(— +
5 i Keri. = ﬁm(ml o, ﬂm(axs
87"E4)> and
1 0 0 1 )
Kerp )t = (e3 = ———(— - —)e4 = ——-—(— —
(weron) = (e ﬁm(% 5z ﬂm(amg
Ty S Y S S S fi)
Oa” " \faZ g a3 Ous’ " \fuZyap 0w | Qur " Oug)

Now, for V- = aey + bes € Keryp,, we will show existence of a smooth function
h on M satisfying )

TvV = —g(V,V)VMh.
Also, for X, Y € TM, we have

v 0 OF 0 0 0
JYi M M k
Y = X,Y; 2 LY 9 e 2
VX Jvi Oz + T; Tj vi O0x; 7 Qxy,
) 1 0 0 0 7
Since I‘fj = 59%(87@%[—’_@%_87@9“) therefore '], = ', = _m7

L7

I8 =T8, = ————
11 22 .’IJ%"‘.’EEQ;’

Lh =0, 4,4 #j) =12

B 1 G, 2N\ X7 0
Hence, Veier = qrz oy (Y 0 5 *V 0 ) = (v mpaw
85U7 Bxg
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Li)
(22 + 22)2 Oxg /)’
. . 1'7 8 xg a
1 1 e - - 72 L o2\2 9. (22 1+ 22)2 Ore ’
Similarly, V.,es ((x% T x§)2 Oxy + (at% + x§)2 8x8>

0 T8 9
erefore, Ty (" + )((x$ T2 0w; | @+l 3$8)

This is equivalent to
1

_ _g 2 2
TV = —g(V.V)Vh = 5(a" + B)V s

1 . .
5. Therefore, ¢ is a point-

From above expression, we obtain h = — = ————+—
pression, 3 (23 +43)

wise clairaut submersion.
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