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NEW EXTENSION FOR REVERSE OF THE OPERATOR
CHOI-DAVIS-JENSEN INEQUALITY

BAHARAK MOOSAVI* AND MOHSEN SHAH HOSSEINI

Abstract. In this paper, we introduce the reverse of the operator Davis-
Choi-Jensen’s inequality. Our results are employed to establish a new
bound for the Furuta inequality. More precisely, we prove that, if A, B €
B (H) are self-adjoint operators with the spectra contained in the interval
[m, M] with m < M and A < B, then for any r > % >1,te (0,1)

AT < (MlH—Amrt+ A—mlH

—m M—m

1
T
M”) < K (m,M,r)B",

where K (m, M, r) is the generalized Kantorovich constant.

1. Introduction and Preliminaries

Throughout this paper H and X are complex Hilbert spaces, and B(H)
denotes the algebra of all (bounded linear) operators on H. Recall that an
operator A on H is said to be positive (in symbol: A > 0) if (Az,x) > 0 for
all z € H. We write A > 0 if A is positive and invertible. For self-adjoint
operators A and B, we write A > B if A— B is positive, i.e., (Az, z) > (Bx, z)
for all x € H.

In particular, for some scalars m and M, we write m < A < M if

m{z,z) < (Az,z) < M{z,x), VzeH.

We extensively use the continuous functional calculus for self-adjoint oper-
ators, e.g., see [4, p. 3].

Definition 1.1. A continuous function f defined on the interval J is called
an operator convex function if

F(A=XNA+AB) < (1—=A)f(A)+Af(B)

for every 0 < A\ < 1 and for every pair of bounded self-adjoint operators A and
B whose spectra are both in J.
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Definition 1.2. A linear map ® : B(H) — B(K) is positive if ® (A) is
positive for all positive A in B (#H). It is said to be unital (or, normalized) if
D (1y) = 1x.

We recall the Davis-Choi-Jensen inequality [1, 2] for operator convex func-
tions, which is regarded as a noncommutative version of Jensen’s inequality:

Theorem A. Let A € B(H) be a self-adjoint operator with the spectra con-
tained in the interval J and ® be a normalized positive linear map from B (H)
to B(K). If f is operator convex function on an interval J, then

(1) f(@2(A) <@ (f(A)).

Though in the case of convex function the inequality (1) does not hold in
general, we have the following estimate from [7, Remark 4.14].

Theorem B. Let A € B(H) be a self-adjoint operator with Sp (A) C [m, M|
for some scalars m, M with m < M and ® be a unital positive linear map from
B(H) to B(K). If f is non-negative convex function, then

(2) —®(f(4)) < f(2(A)) < a®(f(4)),

where « is defined by

For other generalizations of inequality, we refer the interested readers to see
[5, 6] and [8]. Remind that the function f(¢) = ¢" for » > 1 is not operator
monotone on [0, 00). In the sense that A < B does not always ensure A™ < B".
Related to this problem, Furuta [3] proved: Let A, B € B(H) be two positive
operators such that their spectrums contained in the interval [m, M], for some
scalars 0 <m < M. If A < B, then

(3) A" < K (m,M,r)B" forr>1,

where the generalized Kantorovich constant K (m, M, r) ([4, Definition 2.2]) is
defined by

K (m,M,r) =

(mM"™ —Mm") (r—1 M"—m" \"
(r—=1)(M—-m)\ r mM"—Mm"
In Section 2, we establish a considerable improvement of the first inequality in

the (2). Some applications of these inequalities are considered as well. Partic-
ularly, we obtain an improvement of inequality (3).
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2. Main Results

We introduce two notations that will be used in the sequel:

= 1Oy MI) = O)

The main result of the paper reads as follows.

Theorem 2.1. Let ¢ = 1,...,n and A;, B; € B(H) be self-adjoint opera-
tors with the spectra contained in the interval [m, M| with m < M, and let
®,...,®,, : B(H) — B(K) be positive linear mappings such that ., ®;(1y) =
L. IfFY A <3 B and f: [m, M] — (0,00) is a continuous increasing
function such that f*,t € (0,1) is convex, then

n

Z@UMMSZ@(Uﬁ:fﬁWHAMi?ﬁWOj
i=1

i=1

where

1 M —t t—m
_ 2 (M=t M) Y.
25 71 (3 =/ ) 300 )}
Proof. From the hypothesis f*,t € (0,1) is convex, it follows that for every
z,y € [m,M]and 0 < XA <1,

1
t

FL =Nz +Xy) = (f1((1 = Nz + Ay))
(1= N f(x) + Aft )
(1= N f(@) + Af(y)).

IA A

Therefore,

1

4 S(A=Nz+Xy) < (1=Nf" @) + 2 (1)) < 1= N f(2)+ A (y)-

Let x =m,y = M and A = 7/ in (4) to give

m

1< (Freaf m+ = )

M — z z—m

< T m) + (M),
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for any m < z < M. For any 1 < ¢ < n, applying the continuous functional
calculus for the operator A; whose spectrum is contained in the interval [m, M],

1
t

M]_’H*Ai t Aifm]_’;.t t
f(4) < (]\4—mf (m)+ﬂf (M)>

< M]-?-L_Ai
- M-m
:afAi+beH.

Then, for any unit vector x € H

M —m M—-—m
<ay(Az,x)+ by.

(f(A)z,x) < <<Ml”ﬂ_‘4ift (m) + wft (M))tx,x>

Since f is increasing and convex, then

IN

M—m M—-—m
<ay(Aixz,x)+ b
< .
< IE%XM {aft-i-bf}

m

<<Ml”_Aift (m) + wft (M))ix7m>

Therefore,

e

F(A) ~af (Z @ (B») < (MRS o+ S )
—af (Z D, (BZ-)>
i=1

i=1
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Since ®; (-) is order preserving and Y ;| A; < > | B;, we have
>0 (f(A) —af (Z ®; (Bi)>
i=1 i=1
<Y @, ((Ml”Af (m) 4+ <M>) ) —af <Z<I> <Bi>>

i=1

< max {aft—|—bf}—af< )

m<t<M

< Dnax Aagt+brt—af (Z i )

< nax {ast+br —af(t)}

Therefore,
- - Mly — A A mly t
<
ILTEVE (( T+ B ) ) )
S Zaf ((I)l (BZ)) )
i=1
which is exactly the desired result. O

Remark 2.2. Let the hypothesis of Theorem 2.1 be satisfied. It follows
from Theorem 2.1 that

>4 < Zcb ((M;; M= 2L e gy o 2 <M>)t>

Integrating in the last inequality over t € [0, 1], we gives

o< [ (Z@ ((M;j* e <m>+mff<M>)i>>dt

i=1
<a Z f(@
=1



128 B. Moosavi and M. Shah Hosseini

Since the mapping ®; is linear and continuous, then

- i 1 M]-’H_Az t Az_m]-’H %
;q)z(f(z‘lznﬁlzzlq% (/0 <Mm f(m)+Mmft(M)> dt)
<a)  f(®(B),
i=1

which is new inequality concerning the inequality in Theorem 2.1.
As a direct consequence of Theorem 2.1, we have:

Corollary 2.3. Let A, B € B(H) be self-adjoint operators with the spectra
contained in the interval [m, M| with m < M, and let ® : B(H) — B (K) be a
unital positive linear map. If A < B and f : [m, M| — (0,00) is a continuous
increasing function such that f* ¢ € (0,1) is convex, then

B (f(4) <@ ((Wf (m) + S <M>)t>
<af (@(B))

In particular,

B (f(4) <@ ((Ml”;ff (m) + S <M>)t>

The following inequality is improvement of the inequality (2).

Remark 2.4. Let A, B € B(H) be self-adjoint operators with the spectra
contained in the interval [m, M| with m < M such that A < B, and let
f:[m,M] — (0,00) is a continuous increasing function such that f*,t € (0,1)
is convex. Replacing ®(-) by I in Corollary 2.3 gives

<af(B).

Let 0 <t < 1land 1 < 1 <r. Consider the function f(t) = ¢" and by
Corollary 2.3 we have the following Corollary.

Corollary 2.5. Let A, B € B (H) are self-adjoint operators with the spectra
contained in the interval [m, M| with m < M, and let ® : B(H) — B (K) be a
unital positive linear map. If A < B, then for any 1 < % <r, te(0,1)

B (A7) < B ((Ml“f‘ L A‘”“HM”) ) < K (m, M,r) ®" (B).

M—-—m M—-—m
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In particular,

1
M]_'HfA Afm]_’;.[ i
AT < | /it — gt <K M,r)B"
_< M—m m -+ M—_m > = (m7 7T) )

which is a considerable improvement of the Furuta inequality (3).
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