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A GENERALIZATION OF AN INEQUALITY CONCERNING THE
SMIRNOV OPERATOR

BHAT ISHRAT UL FATIMAT AND W. M. SHAH

ABSTRACT. In this paper we establish a generalization of a result recently proved
by Ganenkova and Starkov [J. Math. Anal. Appl., 476 (2019), 696-714] concerning
a modified version of Smirnov operator.

1. Introduction and Summary

Let [P, denote the class of polynomials in C of degree atmost n € N and D be the
open unit disk {z € C;|z| < 1}, so that D is its closure and 6D denotes the boundary.
For any polynomial f € P, we have the following result due to Bernstein [2].

THEOREM 1.1. Let f € P, then

(1.1) max [f'(z)] < nmax|f(2)].

The result is best possible and equality holds for the polynomials having zeros at the
origin.

Later on Bernstein [3], proved the following result:

THEOREM 1.2. Let F € P, have all zeros in D and f(z) be a polynomial of degree
not exceeding that of F'(z). If |f(z)| < |F(z)| for z € 0D, then

(1.2) £ (2)] < |F'(2)] forzeC\D.
For z € C\ D equality holds only if f = " F,v € R.
For z € C\ D, denoting by €. the image of the disc {t € C;|t| < ||} under the

t
mapping ¥(t) = T3 1 Smirnov [7] as a generalization of Theorem 1.2 proved the

following;:

Received July 6, 2022. Revised December 29, 2022. Accepted January 3, 2023.

2010 Mathematics Subject Classification: 30A10, 30C10.

Key words and phrases: Polynomials, Inequalities, Smirnov operator, B—operator.

1 This work was supported by the Science and Engineering Research Board, Govt. of India under
Mathematical Research Impact-Centric Sport(MATRICS) Scheme vide SERB Sanction order No: F :
MTR/2017/000508, Dated 28-05-2018.

(© The Kangwon-Kyungki Mathematical Society, 2023.

This is an Open Access article distributed under the terms of the Creative commons Attribution
Non-Commercial License (http://creativecommons.org/licenses/by-nc/3.0/) which permits unre-
stricted non-commercial use, distribution and reproduction in any medium, provided the original
work is properly cited.



56 Bhat Ishrat Ul Fatima® and W. M. Shah

THEOREM 1.3. Let f and F' be polynomials possessing conditions as in Theorem
1.2. Then for z € C\' D

(1.3) 1Salf](2)] < [Sa[F](2)]
for all o € Q;, with So[f](z) = 2f (2) — naf(2), where « is a constant.
1

For o € Q.| in inequality (1.3) equality holds at a point z € C\Donlyif f =e¢"F,~y €
R.

We note that for fixed z € C\ D inequality (1.3) can be replaced (for reference see
1) by B
2 () =
where a € D is not the exceptional value of f.
Or, equivalently for z € C\ D

Sa[f1(2)] < [Sa[F](2)] 2 € C\ D,

where S,[f](2) = (1 + az)f (z) — naf(z) is known as modified Smirnov operator.
The modified Smirnov operator S, is more preferred than Smirnov operator S,, in a
sense that the parameter a of S, does not depend on z unlike parameter a of S,.
Marden [5] introduced a differential operator B : P,, — P,, of mth order. This operator
carries a polynomial f € P, into

BIAIE) = XS (2)+ B )+t 0 ( 50 7

f) < |2F () =n

where A\, A1, ..., A, are constants such that
(1.4) u(z) =X +"Cihz+ .. +"Cp 2™ #0  for  Re(z) > %

Rahman and Schmeisser [6] considered the Marden operator for m = 2 and showed
that this operator preserves the inequalities between polynomials and accordingly
proved the following:

THEOREM 1.4. Let f and F' be polynomials possessing conditions as in Theorem
1.2. Then

(1.5) BLf](2)] < [BF](2)], z€C\D,

where the constants Ao, A1, A2 possess condition (1.4). For z € C\ D in inequality
(1.5), equality holds if and only if f = e F,~v € R.

In order to compare the Smirnov operator S,[f](z) = zf (2) — naf(z) and the
Rahman’s operator (with Ay = 0) B[f](2) = Ao f(2) + A% f (2), we require a € Q) in
inequality (1.3) and in inequality (1.5) the root of the polynomial u(z) = \g + nA;z
should lie in the half-plane Re(z) < %, that is

)\0 n
) < 2
Re( )\171) — 4

Compare the sets of parameters in Theorem 1.3 and Theorem 1.4, we see that in
Theorem 1.3, this set(coefficient near —f(z)) is A = {na : o € Q,} and in Theorem
1.4, the set of such coefficient near — f(z) is

2)\0 )\0 n n
= -0 — D)< =b =4t < — %
{20 ne( - 2o ) <2 = {virer < 3
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Consider the differential inequalities from Theorem 1.3 and Theorem 1.4 for z € /D,
we have A = B. But for z € C\ D we have B C A. In other words in Theorem 1.3
and Theorem 1.4 formally the same inequality was obtained but for different set of
parameters. Moreover, the set of parameters in Theorem 1.3 is essentially wider than
that of Theorem 1.4.

Consequently

(1.6) BIf](2) = M5 Salf)(2).

These facts were first observed by Ganenkova and Starkov [4].

2. Main Results

THEOREM 2.1. Let f(z) and F(z) be two polynomials such that degf(z) <
degF(z) = n. If F(2) has all zeros in D and |f(z)| < |F(2)| for z € dD. Then
for any complex number 3 with f € D and R > 1, we have for z € 6D

(2.1) Salf1(R2) = BSa[f1(2)] < ISa[F)(Rz) — BS[F](=)|-
Equivalently

(L +az)[Rf (Rz2) — B (2)] — nalf(Rz) — Bf(=)]]
(2.2) < |(1 4 az)[RF (Rz) — BF'(2)] — na[F(Rz) — BF(2)]| for =z e dD.

The result is sharp and equality holds if a € D is not the exceptional value for the
polynomial f(z) = e F(z), where v € R and F(z) is any polynomial having all zeros
in D and strict inequality holds for z € D, unless f(z) = ¢V F(z), v € R.

For the proof of Theorem 2.1 we require the following lemmas. First lemma is due
to Ganenkova and Starkov [4].

LEMMA 2.2. Let F' € P,,, and has all zeros in D. Let a € 6D be not the exceptional
value for F'. Then all zeros of S,[F| lie in D.

The next lemma is due to Aziz and Zargar [1]

LEMMA 2.3. If f(2) is a polynomial of degree n having all its zeros in |z| < k, where
k > 0, then for every R > r and rR > k?,

R+k

)z (BEE) ool or e,

Proof of Theorem 2.1. Since by hypothesis
lf(2)| < |F(2)] for ze€ oD.

Therefore for every complex number § with [d] > 1, we have |f(z)| < |[6F(2)| for
z € 0D.Further all zeros of F'(2) lie in D. It follows from Rouche’s theorem that all
zeros of polynomial g(z) = f(z) —dF(z) of degree n also lie in D. Therefore by Lemma
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2.2, all zeros of
Salg)(2) = Salf — 0F](2)
= (14 a2)[f — 0F] (2) — na[f — 6F](2)
= (14a2)f (2) —6(1 + a2)F'(2) — naf(z) + onaF(z)
= Salf1(2) = 0S[F]()

lie in D for every a such that a € §D is not the exceptional value of g.
This gives

Salf1(2)] < [Sa[F)(2)] for z€C\D.
If this is not true then there exists zg € C \ D such that
’Sa[f](z)‘Z:ZO > ’SG[F](Z)‘Z:ZO'
Since all zeros of F(z) lie in D, therefore by Lemma 2.2, for 2z € C \ D

SalF](2) # 0.
Hence we can choose
o Bl
Sa[F](20)
So that ¢ € C \ D and with such choice of §, we get for zp € C\ D
Sa[g](z()) =0,

which contradicts. Hence, we get
Salf1(2)] < [Sa[F)(2)| for ze€C\D.
After substituting z = Re?, R > 1, we have for 0 < 0 < 27
SalF1(Re)| < ISa[F)(Re™)].

By using argument of continuity, the theorem is true for R > 1.
Since g(z) has all zeros in D. Therefore g(Re®) # 0 for every R > 1, 0 < 0 < 2.
Hence by Lemma 2.3 with £ =1 and r = 1, we get

g(Re®)| > (?) 9] for 0<0< 2.

From this we get for R > 1,
lg(2)] <|g(Rz)| for =z € D.

If 3 is any complex number with 8 € D, then it follows that |3g(2)| < |g(Rz)| for
z € 6D and R > 1. As all zeros of g(Rz) lie in |z| < £ < 1, by Rouche’s theorem the
polynomial
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has its zeros in D for every complex ¢ with |§| > 1 and R > 1. Therefore by Lemma
2.2, it follows that all zeros of

Salh](2) = Sa[f(Rz) = B (2) — 8(F(Rz) — BF(2))]
= (L+az){[f(R2)] = Bf (z) = O[F(R=)] + 6BF (2)}
—na{f(Rz) — Bf(2) — 0F(Rz) + 68 F(2)}
= Sl f1(R2) = BSalf](2) — 8{Sa[FI(R2) — BS[F](2)}

lie in D.
Hence we conclude for R > 1 and 2z € 6D

Salf1(Rz2) = BSalf](2)] < [Sa[F](Rz) — 8Sa[F](2)].
O

REMARK 2.1. If in inequality (2.2) we choose a = 0, we get for R > 1 and 3 € D,
IRf' (Rz) — Bf (2)| < |RF (Rz) — BF'(z)| for =z € dD.
If we choose a =0, =0 and R =1, we get Theorem 1.2.

REMARK 2.2. If in inequality (2.1) we take § = 1 and then divide both sides by
R — 1, we get after making R — 1, the following;:

COROLLARY 2.4. Let f(z) and F(z) be two polynomials of degree n. If F(z) has
all its zeros in D and |f(z)| < |F(z)| for z € 0D, then we have for z € §D

S.LA(2)] < IS, [F](2)I.
Equivalently
(1+a2)f"(2) = (n = Daf (2)] < |1+ az)F'(2) = (n = 1)aF (2)|

REMARK 2.3. In inequality (2.1), if we take F'(z) = Mz", where M = max 1f(2)],
LS

we get the following:

COROLLARY 2.5. If f(2) is a polynomial of degree n, then for any complex number
B with § € D and R > 1, we have

(23)  [SulfI(R2) = BSa[f)(2)| < |R" = BlISa[En](2)| max|f(2)]  for z€C\D,
where E,(z) = z". The result is sharp and equality holds for f(z) = ~vz", v # 0
If we choose 8 = 0 in inequality (2.3), we get the following:
COROLLARY 2.6. If f(z) is a polynomial of degree n, then for R > 1, we have
(2.4) [Sul/I(R2)| < R"[Sa[En](2)| max |f(2)] for 2z € C\D.
Equivalently for R > 1
|(1 + az)Rf (Rz) — naf(Rz)| < R”n|z|”£ré%§ |f(z)] for zeC\D.
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The result is sharp and equality holds for f(z) = 2", v # 0.
For fixed z € C\ D, we rewrite inequality (2.1) in the following form

2(F(R2) = nm— f(R2) = B{=f (2) = ny —f(2)}
< |2(F(R2)) = ny = F(R2) = B{zF () = nym—F(2)}].
This after replacing 7 j_zaz by «, gives

|2(f(R2)) — naf(Rz) = p{zf (2) = naf(2)}

< [2(F(Rz2)) — naF(Rz) — f{zF (2) — naF(2)}].
That is

SalfI(Rz2) = BSalf1(2)] < [Sa[F](R2) — 5Sa[F](2)]
Or equivalently

25) | 2Suf(Re) - 528 (2)

Using (1.6), we have for R>1and z € C\' D

IB[f](Rz) — BB[f](2)| < [B[F|(Rz) — SB[F](2)|
Note that if P(z) is a polynomial of degree n which does not vanish in I, then the

)\m )\171
< ‘TSQ[F](RZ) — B=Sa[F](2)|.

polynomial Q(z) = 2"P(1) has all its zeros in D. Hence if we replace f(z) by P(z)
and F'(z) by Q(z) in (2.1), we get the following:

COROLLARY 2.7. If P(z) is a polynomial of degree n which does not vanish in D,
then for any complex number 8 with § € D, R > 1 and z € 0D, we have

|Sa[P](RZ) - 5Sa[P](Z)| < ‘Sa[Q](R’Z> - ﬁga[QK’Z)L

where Q(z) = 2" P(2).

The result is sharp and equality holds for any polynomial having zeros on dID.
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