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CONJUGACY CLASSIFICATION OF n-DIMENSIONAL
MOBIUS GROUP

BINLIN DAI AND ZEKUN LI

ABSTRACT. In this paper, we study the n-dimensional Mobius transfor-
mation. We obtain several conjugacy invariants and give a conjugacy
classification for n-dimensional Mobius transformation.

1. Introduction

Throughout this paper, we will adopt the same notations and definitions
as in [1, 8,10, 11] such as, complex Mobius transformations, PSL(2,C), the
Mébbius group M (R"), the Clifford matrix group SL(2,T',,), the Clifford algebra
C, and so on. For example, complex Md&bius transformations: Any 2 x 2
matrix A in GL(2, C) induces complex Mébius transformations g by the formula
A — ga =g, where A= (2%), ga = ?Zz_tdb, PSL(2,C): The collection of all
complex Mobius transformations for which ad — bc takes the value 1 forms a
group which can be identified with PSL(2,C). In particular, a member f of
PSL(2,C) is simple if it is conjugate in PSL(2,C) to an element of PSL(2, R).
The map f is k-simple if it may be expressed as the composite of k simple
transformations but no fewer. For more details, see [1,4-6,8-10,12,13] etc.

It is well known that to study the conjugacy classification of Mobius trans-
formation is very important and there has been an active research in this area.
In 1983, Beardon [3] proved that trace?(g) (we often abbreviate trace?(g) to
tr?(g) or 77) is invariant under any conjugation g — hgh~! and he established
the conjugacy classification of PSL(2,C). Let g € PSL(2,C), if 7'92 > 0, then
g is 1-simple and if tr?(g) = 4, then g is parabolic; if tr?(g) € [0,4), then g
is elliptic; if tr?(g) € (4,00), then g is hyperbolic. If tr?(g) is either not real
or is negative, then g is 2-simple and loxodromic. In 2004, Foreman [7] used

the quaternionic formalism of Mobius transformations on R4 to derive conju-
gacy invariants on SL(2,H). For a matrix A = (%) € SL(2,H), we define

Received December 26, 2021; Revised October 12, 2022; Accepted December 30, 2022.

2020 Mathematics Subject Classification. Primary 30F40, 20H10.

Key words and phrases. Conjugacy classification, Clifford algebra, SL(2,T',).

The research has been supported by the National Nature Science Foundation of China
(No0.11771266).

(©2023 Korean Mathematical Society

307



308 B. DAI AND Z. LI

v4 = |a|® + |d|* + 4Re(a)Re(d) — 2Re(be) and 64 = Re(r4). Foreman proved
that v4 and § 4 on SL(2, H) are conjugate invariant. In 2008, by Foreman’s con-
jugacy invariants, Parker [11] had the following conjugacy classification which
was more general than Beardon’s result. Let g € PSL(2, H). Case (a) if 7, € R,
then g is 1-simple and if (53 € [0,4), then g is elliptic; if 5; =4, then g is para-
bolic; if 57 € (4,00), then g is loxodromic. Case (b) if 3, = J, and 7, ¢ R, then
g is 2-simple if vy, — 5; < 2, then g is elliptic; if v, — 63 = 2, then g is parabolic
and if 7y — 67 > 2, then g is loxodromic. Case (c) if 3y # 4 then g is 3-simple
and loxodromic.

As the first main aim of this paper, we will study the conjugacy invariants
further and prove.

Theorem 1.1. Given A € SL(2,T,,), c € V™. Then 4 is preserved under con-
Jugation in SL(2,T,). If T4 is real, then it is also preserved under conjugation
in SL(2,T,,).

Following Theorem 1.1, we have:

Corollary 1.2. Let f € M(R") with ¢ € V" \ {0}. Then f is conjugate to a
real Mébius transformation if and only if 7 € R.

As the second main aim of this paper, by using Theorem 1.1, we will discuss
the conjugacy classification of n-dimensional Mdébius transformation.

Theorem 1.3. Let f be an n-dimensional Mdébius transformation with ¢ €
V7 {0}.
(a) If T € R, then f is 1-simple
(i) If 0 < 72 < 4, then f is elliptic;
(i) If 72 = 4, then f is parabolic;
(iii) If 72 > 4, then f is hyperbolic.
(b) If 7 ¢ R, then f is not parabolic.
(i) If v — 6% > 2, then f is lozodromic and f is 2-simple or 3-simple;
(i) If v — 0% = 2, then f is elliptic and f is 2-simple;
(iii) If v — 6% < 2, then f is fived point free.

Remark 1.4. Theorem 1.1 is a generalization of Foreman’s conjugacy invariants
~ and d in [7].

Remark 1.5. Corollary 1.1 is a generalization of Theorem 1.2 in [11].
Remark 1.6. Theorem 1.2 is a generalization of Parker’s conjugacy classification
in [11] into the case of SL(2, H).

2. Preliminaries

The Clifford algebra C,, shall be the associative algebra over the reals gen-
erated by elements i1, 1s,...,%,—1 subject to the relations 2,2, = —1 and i =

—igip, i2 = —1. Every q € C, has a unique representation of the form

q:ZqII, qr € Rand I = iy,0y, -+ iy, With 0 <vp <+ <vp <.
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Clifford numbers of the from ¢ = qo+q191+- - -+ ¢n_1in_1 are called vectors.
Obviously, when n = 3, C3 = H. The Clifford group I',, consists of all ¢ € C,
which can be written an products of non-zero vectors in V™. We denote this
real vector space by V™ and it is isomorphic to R™ as a vector space. The
algebra a € C,, has three important involutions:

(1) o' = a0 + X aply, I = (=ir)(—iz) -+ (=ip) = (=1)71y;

(2) a* =ag+ Y aply, Iy =ipip_1---i1 = (_1)%%

(8)@=a0+ Y aL, I, = (=ip)(~ip-1) -~ (—i) = (1) 57 I,

It is obvious that (ab)’ = a'b/, (ab)* = b*a*, ab = ba. If a,b € T,,, then
|ab| = |a| |b], aa@ = @a = |a’.

From Ahlfors [2] we have the following general definition:

Definition 2.1. The matrix (‘; Z) belongs to the group SL(2,T',) if
(i) a,b,¢,d € T,, U{0};
(ii) ad* —bc* = 1;
(iii) ab*,ed*, c*a,d*b € V™.

An n-dimensional Mdbius transformation f is an invertible map of vVt =
VnU{oo} of the form f(z) = (az+b)(cx+d)~* which is induced by the formula
A— fa=f, where A= (2Y) €SL(2,T,). Themap A — f from SL(2,T,) to
the M&bius group M (@n) is a surjective homomorphism. In future, whenever
we refer to A, f or an ‘n-dimensional Md&bius transformation’, we refer to the
quantities described above.

A real Mobius transformation in PSL(2,T,) is a member of PSL(2,T,,) with
real coefficients. A member f of PSL(2,T,) is simple if it is conjugate in
PSL(2,T,,) to an element of PSL(2,R). The map f is k-simple if it may be
expressed as the composite of k simple transformations but no fewer. The group
PSL(2,T,,) contains PSL(2,R) as subgroup and we further have the following
lemma.

Lemma 2.2. If A € SL(2,T,,), c € V™ \ {0}, then A is less than 4-simple.

Proof. A has the factorization
a b\ (1 ac™t\ (¢t 0\ (0 -1\ (1 cd
c d) \0 1 0 ¢)J\1 O o 1 )
1 0\ /r B 1 0\ (r 1
o gJ\o rtJ\0o g7 t) " \o 1)

then (S fl) is 1-simple, where g € V", r € R\ {0}.
Suppose that ¢ € V™ and [t| = 1. There exist real numbers z and y and
purely imaginary unit vector p such that ¢ = x + py, where pu = p191 + poio +

c o o 1in—1, [ = 1

Since
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From the matrix equation

w1\ (x4 py 0 w1 _1_ T
1 u 0 z—py) \1 pu T \y =
t0

we see that (0 Z) is 1-simple.
Further, we have

a b\ _ (le|™" acTt\ (T 0\ [0 -1\ (1 c'd
c d) 0 |c] 0 t 1 0 0 1 ’
where ¢ = |c| ¢, [t| =1,t € V™.
From the above discussion, we have (‘Crl acil) and ((1) C_ld) are 1-simple,

0 le] 1
({9) is 1-simple, then A is less than 4-simple. O

3. The proofs of main results

Proof of Theorem 1.1. According to [1], we have SL(2,T,) is generated by ma-
trices of the from

0606y

where § € V™, r € R, |A\| =1, A € T',,. Denote one of these matrices by P. Let
B = PAP~!. Tt suffices to show that for each choice of P, we have 74 = 75
and y4 = vp:

In the first case we have

1 B\ [a b\ (1 B\ ' [a+Bc —aB—pBcB+b+pd
0 1)\c d)\0 1 o c d—cB ’
B8 =a+ fc+ (d—cB)” =74,

v = |a+ Be” + |d — ¢B)* + 4Re(a + Be)Re(d — cf)
— 2Re[(—af — BeB + b+ Bd)c]
= la|* + |d” + 2|B¢|> + 2Re(a - Be) — 2Re(d - )
+ 4Re(a)Re(d) — 4Re(a)Re(cB) + 4Re(Bc)Re(d)
— 4Re(Bc)Re(cB) + 2Re(afc) + 2Re(BcBe) — 2Re(be) — 2Re(Bdc).

Since B,c € V", then fc = qo + q111 + q212. With the third involution, we
have B¢ = qo — q111 — gq215. This shows that B¢ + Sc is real. Then

v8 = va + 2Re(a - Bc) — 4Re(a)Re(cf) + 2Re(afc) + 2|Bc|?
— 4Re(Bc)Re(cB) + 2Re(BeBe) — 2Re(d - ¢B) + 4Re(Bc)Re(d) — 2Re(Bdc)
= 74 + 2Re(a)[Re(Bc + Bc) — 2Re(ch)] + 2Re(Be)[Re(Bec + Bc) — 2Re(cB)]
+ Re(d)[—Re(cf + ¢f) + 2Re(cB)] = 7a.
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In the second case we have

r 0 a N(r 0\ ' [ a 12
0 r~')\ec d/\0 r7! “\r72%¢ d )’

B =a+d" =714,
vg = la|* + |d|” + 4Re(a)Re(d) — 2Re(r2b - r=2b) = 4.

In the third case we have

0 1\(a b\(0 1\ ' [(d —c
-1 0 c d -1 0 T \=b a /)
Since 74 is real, then 74 = a4+ d* = (a + d*)* = 75,
v = |a|® + |d|” + 4Re(d)Re(a) — 2Re[(—c) - (—b)] = 7.

In the forth case we have

A 0 fa BY /A 0\ " [Aax  AbA*
0 XN)\e d)J\0 XN/) —T\Nie Nax*)°
Since 74 is real, then 75 = A(a + d*)X = (a + d*)A\ = 74,
vg = |a]* +|d?> + 4Re(AaX)Re(NdA*) — 2Re(ADA* - N eX) = 4. O

Proof of Corollary 1.1. Let f € M(R") with ¢ € V™ \ {0}. If f is conjugate
to a real Mobius transformation, then 7y is real, by Theorem 1.1. Conversely,
According to Theorem 5.5 in [5], if 7/ is real and ¢ € V™ \ {0}, then f is
conjugate to a real Mdobius transformation. O

Now, we give a classification to the elements of M(R") as follows. In the
proof of Theorem 1.2, we will adopt the following classification [6,12-14].

Non-trivial element f € M(R") is called

(1) fixed-point-free if it has no fixed points in R" and f can be conjugate in

SL (2,T) to (j—jt’), N <1,7€ER,t#£0;

(2) loxodromic if it (and its Poincare extension f) has two fixed points in
R"(and Rnﬂ) and f can be conjugate in SL (2,T,) to (8‘ .9,/), where 7 > 0,
r#1, AeTy and |\ = 1;

(3) parabolic if it has only one fixed point in R" and its Poincaré extension
has infinitely many fixed points in R” and f can be conjugate in SL (2,T',,) to

(gf/), where a,b €Ty, |a|] =1, b # 0 and ab = ba';

(4) elliptic if it has at least two fixed points in R"*! and f can be conjugate
in SL(2,T,,) to (4 %), whereu €Ty, [u| =1 and u ¢ R.

Proof of Theorem 1.2. Case (a), using Theorem 1.1, f is conjugate to a real
Mobius transformation. Then corresponds to the usual classification for real
Moébius transformations.
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Case (b). We first prove that f is not parabolic. Suppose f is parabolic.
Let = 1(c7'd+ac™') and 0 = 1(ac™! + ¢~'d), we have

6 DE Y6 - )

f is parabolic < f has only one fixed point on M(R") < (e oco—c™") has only
one fixed point on V™. Suppose that v is the fixed point of (0CC UCUC;C_l ) Then
v is the fixed point of (7¢oco—c™") & v satisfies the condition c(v + o)c(v —
0) = —1 & v and —v are simultaneously fixed points. So A is parabolic
Sv=-v&0co—ct=0%& (c0)? =1

Since (co)? +|co|? = (co)(co +¢F) = 2, co + 0 is real, then co is real. This
is a contradiction since f is conjugate to a real Mobius transformation.

(i) If f is loxodromic, A is conjugate in SL(2,T,) to (TO)‘ T_q)\, ), where [A| =
1, r>0,r+#1, A € T'y,, the map satisfies:

=0 =r 22— (P +r ) Re2(N) > 2,

A 0 _(r O A0
o )" \o r—t)J\0o XN/

Let u, v be fixed points of A and we make the specific choice h:

"= ((U —1U)_1 —(u :Z)—lv) ’
hfh~t = <(“ —v)(ev+d)(u—v)"t 0 ) .

since

0 cu+d
Then

cutd=clut+c'd)=r7'N, r7t =|c(u+c )], N =N, AL Ay € VT,

rA 0 (T 0 )\1 0 )\2 0
0 )7 \0o rt 0 N 0 N,)°

Using Theorem 2.1, we have f is 2-simple or 3-simple.
(ii) If f is elliptic, f can be conjugate in SL (2,T,,) to (
|u =1 and u ¢ R.

v =62 = [uf* + |u/|* + 4Re(u)Re(u) — (Re(u + u'))? = 2.

u 0
0

), where u € T',,,

Similar discussions as above, f is conjugate to (>‘01 /\0/1> (A(f /\0/2), then f is 2-
simple.

(iii) If f is fixed point free, f can be conjugate in SL(2,T',) to (’t\ _gz,t,),
Al <1, reR, t#0.

v — 62 = 2(]A)° + r?Re(t't)) < 2. 0

Remark 3.1. Similarly, ¢ € V™ \ {0} can be replaced by b € V"™ \ {0}.
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