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A-TRANSITIVITY FOR SEMIGROUP ACTIONS

TIAOYING ZENG

ABSTRACT. In this paper, we study A-transitivity, A-weak mixing and A-
mixing for semigroup actions and give several characterizations of them,
which generalize related results in the literature.

1. Introduction

By a (topological) dynamical system, we mean a pair (X, g), where X is a
compact metric space and g : X — X is a continuous map.

The study of transitive systems and its classification plays a big role in
topological dynamics. Many authors have done much work in classifying tran-
sitive systems by their recurrence properties. A dynamical system (X, g) is
A-transitive if for every d > 2 there exists a residual subset Xy of X such that
for every € X, the diagonal d-tuple z(¥) =: (z,z,...,x) has a dense orbit
under the action g x g2 x - - - x g¢. In [9], Moothathu showed that A-transitivity
implies weakly mixing, but there exists some strongly mixing systems which
are not A-transitive. He also pointed out that multi-transitivity, weakly mix-
ing and A-transitivity were equivalent for a minimal homeomorphism. In [7],
Kwietniak and Oprocha extended this result to a non-invertible case. Using a
class of Furstenberg families introduced in [3], Chen, Li and Lii in [4] character-
ized the entering time sets of transitive points into open sets in multi-transitive
and A-transitive systems, answering several problems proposed in [7].

Recall that a dynamical system (X,g) is A-weakly mixing if the product
system (X x X, g X g) is A-transitive. In [5], the authors showed that this kind
of A-weakly mixing is in fact equivalent to A-transitivity, and then A-weakly
mixing shares similar properties of A-transitivity.

A dynamical system (X,g) is A-mixing if for every m € N and infinite
subset A C N, there exists a residual subset Xy of X such that for every
r € Xo, {(9"z,g*"x,...,g""x) : n € A} is dense in X™. In [9], Moothathu
gave some relations among multi-transitivity, A-transitivity and A-mixing.
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In the past years, much attention has been paid to the research of dynamical
systems under general semigroup actions, see [2,6,13-15] and references therein.
In [16], we studied multi-transitivity and A-transitivity for semigroup actions,
while giving several characterizations of them. In [16], by a G-system, we mean
a triple (X, G, m), where G is a discrete semigroup, X is a Polish space (i.e., a
complete metrizable space) and

7Gx X =X, (g9,2)— gz

is a continuous action on G x X with the property that w(g1,7(g2,2)) =
m(g192,x) for all z € X and g1,92 € G. Usually, we write the G-system as
a pair (X, G). We define A-transitivity for the system (X, G) in [16] as follows:
the system (X, G) is A-transitive if for every n € N, there exists a residual
subset X of X such that for each z € Xy, {(g7, g%z, ...,g"x) : g € G} is dense
in X".

In this paper we define a more powerful definition of A-transitivity under
semigroup actions and attain stronger consequences.

In [1], Blanchard and Huang defined a local version of weak mixing, so called
weakly mixing set, and proved that positive topological entropy implies the ex-
istence of weakly mixing sets. In [10-12], Oprocha and Zhang also discussed
local versions of weak mixing extensively. In [5], the authors studied the prop-
erty of A-weakly mixing and showed that a topological dynamical system with
positive topological entropy has many A-weakly mixing subsets. Recently in
[8], Liu extended the results in [5] to countable torsion-free discrete nilpotent
group actions.

Recall that a group is torsion-free if any element has infinite order except
the identity element. Liu defined A-transitivity in [8] as follows: Let (X, G) be
a G-system, where G is a countable torsion-free discrete group with the unit
e and |X| > 2. We say that (X,G) is A-transitive provided that there is a
residual subset A of X such that for any x € A, d > 1 and pairwise distinct
T1,Ts,...,T; € G\ {e}, the orbit closure of the d-tuple (z,z,...,z) under the
action T} X Ty X --- x T, contains X¢, i.e.,

{172, Ty, ..., Tjz) :n € N} = X%

Through the above ideas and results, we find that the definition of A-
transitivity in [8] is a more general characterization of this property. There
is a close connection between this definition of A-transitivity and other prop-
erties (such as topological entropy) in dynamical systems. In this paper, we
define A-transitivity in a similar way as in [8] for semigroup actions. Our aim
is to give characterizations of A-transitivity under semigroup actions of this
notion and find some relations among A-transitivity, A-weakly mixing and A-
mixing. Besides, we study local version of A-transitivity, and show that if G is
abelian, a G-system is A-transitive if and only if it is A-weakly mixing while
it is no longer true for A-transitive subsets and A-weakly mixing sets.
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This paper is organized as follows. In Section 2, we introduce some notions
and results which will be used later. In Section 3, we study A-transitivity
and A-mixing for semigroup actions. We give some characterizations of A-
transitivity and discuss some properties of A-mixing for general semigroup
actions.

2. Preliminaries

In this paper, let N, Z, and Z denote the set of all positive integers, non-
negative integers and integers, respectively. The cardinality of a set B is de-
noted by |B].

A subset P C N is thick if it contains arbitrarily long blocks of consecutive
positive integers, that is, for every n > 1 there is m,, € N such that {m,,, m, +
1,...,mp+n} C P. A subset P of N is syndetic if it has a bounded gap, that
is, there is N € N such that {n,n+1,....,n+ N} NP # { for every n € N. Let
A be a collection of N with A # () and § ¢ A. If for every Ay, As € A there
exists A € A such that A C A; N As, then we say A is a filter base.

Let G be a countable discrete semigroup with the identity e. By a G-system,
we mean a pair (X,G), where X is a compact metric space and there exists
a continuous map ¢ : G x X — X, (g,2) — g such that ¢(e,z) = x and
¢(h, p(gz)) = ¢(hg, ) for all g,h € G and = € X. For a G-system and m € N,
(X™,G) is also a G-system, where g(z1, 22, ..., Tm) := (921,922, ..., gTy) for
any (z1,2,...,T,m) € X™ and g € G. A semigroup G is abelian if g192 = g2g1
for all g1,g2 € G. For a point z € X, the orbit of x is the set Gx := {gx : g €
G}. For a point z € X and a subset U of X, we define the hitting time set of
x into U by

Nz, U)={ge G:gx e U}.
For two subsets U and V' of X, we define the hitting time set of U and V by
NUV)={geG:Ung 'V #0}.

When G is the semigroup (Zy,+), let g : X — X, x — ¢(1,2). Then ¢ can be
generated by g. In this case we denote the dynamical system by (X, g).

A dynamical system (X, G) is called transitive if for every non-empty open
subsets U and V' of X, there exists g € G such that

Ung 'V #0;
weakly mizing if (X x X, G) is transitive; strongly mizing if for every non-empty
open subsets U and V of X, there exists a finite subset I’ of G such that
UNng 'V #0, YgeG\F.

Let G be a semigroup and P denote the collection of all subsets of G. A
subset F of P is called a Furstenberg family over G (or just a family over G),
if it is hereditary upward, i.e., F} C Fo C G and F; € F imply F, € F.

Let (X,G) be a dynamical system and F be a Furstenberg family over
G. The system (X, G) is called F-transitive if for every two non-empty open
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subsets U and V of X, the hitting time set N(U,V) € F. We say that a point
x € X is F-transitive if for every non-empty open subset U C X, N(z,U) € F.
The collection of F-transitive points is denoted by Transz(X, G).

Convention. Unless otherwise specified, in the statement of our results we
will assume that X has no isolated point and G is infinite.

3. A-transitivity

In this section, we define A-transitivity for general semigroup actions and
derive some properties of A-transitivity.

Definition 3.1. Let A be a subset of N. We say that (X, G) is A-A-transitive
if for any d > 1 and pairwise distinct ¢1,...,94 € G \ {e}, there exists a dense
subset Y of X such that for any x € Y

{(91z, 932, gqx) : n € A}
is dense in X¢. If A = N, we say that (X, G) is A-transitive briefly.
Let (X,G) be a G-system. For any d € N, pairwise distinct ¢1,...,94 €
G \ {e}, non-empty open subsets Uy, Uy, ..., Uy, we set
N(Uo;Ul,...,Ud ‘gl,...,gd) :{nEN:Uoﬁgl_"Ulﬂ--oﬂg;"Ud#@}.
The following proposition give some equivalent conditions of A-A-transitivity,

which extends the result in [9] for semigroup actions.

Proposition 3.2. Let (X,G) be a G-system and A C N. Then the following
conditions are equivalent:

(1) (X,G) is A-A-transitive;
(2) for any d € N, pairwise distinct g1, ...,g4 € G\ {e} and non-empty open
subsets Uy, Uy, ..., Uy,
N(Uo;Ul,...,Ud | gl,...,gd)ﬂA#Q.

(3) for any d € N, pairwise distinct g1,...,94 € G\ {e}, there exists a
residual subset Y of X such that for any x € Y

{(gfz, g5,... . gqz) :n € A}
is dense in X7,

Proof. (1) = (2) Let d € N and gy,...,94 be pairwise distinct elements of
G\ {e}. Let Uy, Uy, ..., Uy be non-empty open subsets of X. Choose z € U
satisfying that

{(912,932,...,9q2) :n € A}
is dense in X<, Then there exists some n € A such that (g7, g5w, ..., ghx) €
Uy x Uy x --- x Uy, that is

d
zelon()g (U,

i=1
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and thus n € N(Up; Uy, ..., Uq| 91,.-.,94) N A.
(2) = (3) Let d € N and g1, ..., g4 be pairwise distinct elements of G \ {e}.
Let {By : k € N} be a countable base of open balls of X. Set

d
y=" 1 UN&"B).

(k1,k2,....kq)ENI neAi=1

The set J,,c 4 ﬂle g; "(By,) is clearly open, and it is dense by (2). So by Baire
category theorem, Y is a dense G subset of X. It is easy to see that for a
point x € X the set {(¢V'z, g8x,...,g%x) : n € A} is dense in X if and only if
zeY.

(3) = (1) It is obvious. O

When G is abelian, the equivalent condition for A-transitivity can be sim-
pler, see the following lemma.

Lemma 3.3. Let (X,G) be a G-system with G abelian. Then (X,G) is A-
transitive if and only if for any d € N and pairwise distinct g1, ..., 94 € G\{e},
there exists a point x € X such that

{(gtz, g5z, ..., gjx) :n e N}
is dense in X2,

Proof. The necessity is clear. Now we need to show the sufficiency. Fix d € N.
Let Uy, Us,...,Uy be non-empty open subsets of X. Choose h € G such that
y = hx € Up. Let g1,...,gq be pairwise distinct elements of G \ {e}. As G is
abelian, the set

{(dVy, 95y, ... 9qy) : n € N}

is dense in X?. Hence (¢}'y, 9%y,...,g%y) € Uy X --- x Uy for some n € N.
Thus, y € ﬂ;izl g; "(U;). Then by Proposition 3.2, (X, G) is A-transitive. 0O

Example 3.4. Let X = {0,1}? and G = {c" : n =0,1,2,...}. Then (X, G) is
the full shift ({0,1}%,0). Since there is a point € {0,1}% such that for every
d > 2, the diagonal d-tuple (x,z,...,z) has a dense orbit under the action
o x 02 x - x ol Hence (X,G) is A-transitive by Lemma 3.3.

We say that (X, G) is A-A-weakly mixing if for every n € N, (X", G) is A-
A-transitive. If A = N, then we say that (X, G) is A-weakly mixing. Now we
show that for a G-system and A C N, A-A-transitive and A-A-weakly mixing
are equivalent with G abelian by proving the following proposition.

Proposition 3.5. Let (X, Q) be a G-system with G abelian and A C N. Then
the following conditions are equivalent:

(1) (X,G) is A-A-transitive;
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(2) the collection of hitting time sets
w Z:{N(Uo;Ul,...,Ud ‘ gl,...,gd)ﬁA : dGN,
Up,Us,...,Uq are non-empty open subsets of X and

g1, -, 94 are pairwise distinct elements in G\ {e}}

1s a filter base;
(3) (X,G) is A-A-weakly mizing.

Proof. (1) = (2) By Proposition 3.2, for any d € N, pairwise distinct g1, ..., g4
€ G\ {e} and non-empty open subsets Uy, Uy, ..., Uy, the set

N(U(];Ul,...,Ud|gl,...,gd)ﬁA7é(Z).

For anyN(UO; Ula R Ud | g1, - agd)mA and N(%?‘/la s a‘/r‘gd-i-h s 7gd+7")m
Ain W, choose gg € G\{e} such that ¢1,...,9d,90,9d+190; - - - , d+rgo are pair-
wise distinct elements in G \ {e}.

Then for any n € N<U0;U17'"aUd,VO7‘/17"'a‘/T | g1,---,9d,90,9d+190; - - -

gd-‘r’l‘go)mAa

UoNgy "UiN---Ng"UaNgg"Vonge "gasVin--Ngg"ga Ve #0.
Thus UpNg, "UiN---Ng; "Ug # 0 and Vong, " Vin---Ng, . Ve # 0, which im-
plies that n € N(Uo; Us,...,Udlg1, -, 94) DN (Vo; Vi, oo o, Vilgasts -« s Gasr) N
A. Then we have

N(UO;Ula-"aUd5V07‘/17"'7‘/7’ | glv'"7gdagﬂagd+1903"'7gd+7“g()) nA

C N(Uo;Ul,...,Ud | gl,...,gd)ﬂN(VO;Vl,...,W\ngrh...,ng)ﬁA.

(2) = (3) Let myn > 1, g1,92,...,9m be pairwise distinct elements of
G\{e} and Uy 0,Uz0,-..,Upn0,U11,U21,-.. . Upn1s ..., Urms U2y - -, Uy be
non-empty open subsets of X. It is easy to check that

N(Uio x - xUpno;Upn X - X Upyeo o, Ut X oo X Unim|915 92,5 -+ -5 9m)

NA
= NU1,0;U11,- -, Utjm | 91,925y Gm) N -+

mN(Un,O;Un,lw"vUn,m | 915927"'agm)mA~

Since the collection of hitting time sets is a filter base, we know that the
intersection above is not empty. By Proposition 3.2, (X", G) is A-A-transitive.
(3) = (1) It is obvious. O

We immediately have the following.

Corollary 3.6. Let (X, G) be a G-system with G abelian and A C N. (X, G) is
A-A-weakly mizing if and only if (X", G) is A-A-weakly mizing for all m € N.

We have the following observations about the hitting time sets of A-transitive
systems for abelian semigroup actions.
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Proposition 3.7. Let (X, G) be a G-system with G abelian. Then the following
conditions are equivalent:
(1) (X,G) is A-transitive;
(2) for any d € N, non-empty open subsets Uy, Uy, ...,Uq of X and pairwise
distinct g1,...,94 € G\{e}, N(Up;U1,...,Ua | g1,--.,94) is thick of N;
(3) for any syndetic subset A of N, (X, G) is A-A-transitive.

Proof. (3) = (1) It is obvious.

(1) = (2) Let d € N. Let Uy, Uy, Us,...,Us be non-empty open subsets
of X and g1,...,94 be pairwise distinct elements of G \ {e}. By Proposi-
tion 3.5(2)with A =N, for any n € N

N(Uo;U,...,Ua | g1,---,94) N\ N(Uo; 97 'Ut,....97'Ua | 91, ... 9a)
N NNUo; 97" Uty 9, "Ua | g1, 9a) # 0.

Thus N(Up; Uy, ..., Ug| g1,---,9a) is thick of N.

(2) = (3) Let A be a syndetic subset of N. Let d € N, Uy, Uy,...,Uq be
non-empty open subsets of X and g1,...,gq be pairwise distinct elements of
G\ {e}. Since the intersection of any thick set and a syndetic set is not empty,
then N(Up;Uy,...,Uq | g1,---,94) N A # 0. By Proposition 3.2, this implies
that (X, G) is A-A-transitive. O

For n > 2, we say that a non-empty subset F' C G is an independent
set for (Uy,Us,...,U,) if for every non-empty finite subset J C F and o €
{17 2’ A 7n}J?

ﬂ g_on(g) 7& [Z)

geJ
We have the following characterization of A-transitivity by independent sets of
open sets.

Proposition 3.8. Let (X,G) be a G-system with G abelian. If (X,G) is
A-transitive, then for any d > 2, non-empty open subsets Uy,..., Uy of X
and pairwise distinct g1, ...,9q4 of G\ {e}, there exists n € N such that J :=
{97,..., 97} is an independent set for (Ur,...,Uq).

Proof. Fix d > 2, non-empty open subsets V,Uy,..., Uy of X and pairwise
distinct g1,...,gq4 of G\ {e}, by Proposition 3.5(2) with A = N, there exists
n € N such that

nem{N(V;USI,...,USd lg1,...,94):si€{1,...,d},i=1,...,d}.

Now we show that J := {g7,...,g7} is an independent set for (Us,...,Uy). It
is clear that for any o € {1,2,...,d}”’,

ﬂ (g?)ilUU(g?) 7£ ®a
i€{1,...,d}
which implies that J is an independent set for (Uy, ..., Uy). O
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Let (X, G) be a G-system and a = (as,...,a,) be a vector in N". We say
that the system (X,G) is A-a-transitive if there exists a dense subset Xg of
X such that for each z € Xo, {(¢"*z,...,g%z) : g € G} is dense in X". In
[16], we defined a different A-transitivity and characterized A-a-transitivity
by Fla]-transitive points under semigroup actions. Here we obtain a similar
result.

Let d € N and ¢y, ..., g4 be pairwise distinct elements of G\ {e}. We define
the family generated by g = {g1, ..., 94}, denoted by Flg] as

{F CG:Yhy,ha,...,hqg € G,3In € N st. hig, hagy,..., hagy € F}.

Theorem 3.9. Let (X, G) be a G-system with G a group. Then (X,G) is A-
transitive if and only if for any d € N and pairwise distinct elements g1,...,94
of G\ {e}, Trans g (X, G) is residual in X, where g := {g1,..., 94}

Proof. Necessity. Let {By, : k € N} be a countable base of open balls of X. For
any d € N and pairwise distinct elements g, ..., gq of G\ {e}, set

d
y=" (1 UNa"B).

(kl,kg ..... kd)GNd neNi=1
Since (X, @) is A-transitive, by Proposition 3.2 we obtain that Y is a dense
Gs subset of X. Now we only need to show that Y C Transr(g (X, G). Choose

x € Y and a non-empty open subset U of X. Let H = {hy,ha,...,hq} be a
finite subset of G. Then there exists (ki, ka2, ..., kq) € N? such that

By, X By, X -+ X B, Ch{'U x hy'U x -+ x h;'U.
By the construction of Y, there exists n € N such that x € ﬂ?zl g; "(Bg, ), then
gilx € By, C h;lU for i = 1,2,...,d. Hence we obtain that {h1g}, hagh, ...,
hagi} C N(x,U) and 2 € Trans g (X, G).

Sufficiency. Let d € N. For any non-empty open subsets Uy, Uy, Us, ..., Uy
of X and pairwise distinct elements ¢1,...,g4 of G\ {e}, there exists x € Uy
which is a F[g]-transitive point where g = {g1,...,94}. Thus there exist
hi,...,hq such that h;x € U;, i = 1,...,d. By the continuity of h;, there is
a neighborhood U of x such that h;U C U;, i = 1,...,d. By the definition of
F|g]-transitive point, there is n € N such that

(hitgta, hytgta, ... htghx) €U x -+ x U.
Thus ¢g'x C U;, t =1,...,d. Therefore

N(Uo;Ut,....Ua | g1;---,94) # 0
and by Proposition 3.2 (X, G) is A-transitive. O

A factor map 7 : (X,G) — (Y,G) between two G-systems is a continuous
onto map satisfying that gm = wg for every g € G. We have the following.

Proposition 3.10. Let 7 : (X,G) — (Y,G) be a factor map between two
G-systems. If (X,G) is A-transitive, then so is (Y, G).
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Proof. Assume that (X,G) is A-transitive. Let d € N. Let Uy, Uy,...,Uy
be non-empty open subsets of Y and g1, ..., g4 be pairwise distinct elements
of G\ {e}. Since (X,G) is A-transitive, N(7~1(Up); 7= (U1),..., 7 1 (Uy) |
g1s---594) # 0. Hence N(Ug;Uy,...,Uq | ¢1,---,94) # 0. That is, (Y,G) is
A-transitive. O

In [8], the author studied some properties of A-transitive subsets and A-
weakly mixing subsets for countable torsion-free discrete group actions. If G
is abelian, then by Proposition 3.5(2) with A = N we know that a G-system
is A-transitive if and only if it is A-weakly mixing. But this is no longer true
for A-transitive subsets and A-weakly mixing sets, as the authors proved that
they are not equivalent for Z-system in [5]. Here we define the local notions
of A-transitivity and A-weakly mixing for G-systems and obtain some similar
results.

Definition 3.11. Let (X, G) be a G-system and B be a closed subset of X
with |B| > 2.

(1) we say that B is a A-transitive subset of (X, G) if there is a residual
subset By of B such that for any x € By, d > 1 and pairwise distinct
g1,---,94 € G\ {e}, the orbit closure of the d-tuple (z,z,...,z) under
the action g1 X ga X - - X ggq contains B?, i.e.,

{(g7x, g3x,...,g7x) :n € N} D B

(2) we say that B is a A-weakly mixing subset of (X,G) if B™ is a A-
transitive subset of (X™, Q) for any m € N.

We can easily see that X is a A-transitive (resp. A-weakly mixing) subset
of (X,G) if and only if the G-system (X, G) is A-transitive (resp. A-weakly
mixing).

The proof of the following two lemmas are similar with Lemma 3.3 and
Proposition 3.4 of [8], we present the results without proof here.

Lemma 3.12. Let (X,G) be a G-system and B be a closed subset of X with
|B| > 2. Then B is A-transitive if and only if for any d € N, pairwise distinct
g1s---,94 € G\ {e} and non-empty open subsets Uy, Uy,..., Uy of X with
UNB#0,i=0,...,d,

N(UOHB;Ul,...,Ud|gl,...,gd) #Qj
Lemma 3.13. Let (X,G) be a G-system and B be a closed subset of X with
|B| > 2. Then B is a A-weakly mizing subset of X if and only if for any d € N,

pairwise distinct g1, ...,9q4 € G\ {e}, non-empty open subsets Uy, ..., Uy and
Vi,ooowVagof X withU;NB#Q and V;NB # 0 fori=1,...,d, we have

m N(Voy N B;Usays - -, Usasry | 915+ -5 9a) # 0.
oefl,...,dyd+1
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We say that (X, G) is A-mixing if it is A-A-transitive for any infinite subset
A of N. We have the following equivalent condition about A-mixing.

Corollary 3.14. Let (X,G) be a G-system. Then (X,G) is A-mizing if and
only if for any d € N, pairwise distinct g1,...,9q4 € G \ {e}, non-empty open
subsets Uy, U, ...,Uyq,

N\ N(Uo; Uy, ...,Ua| g1,---,94)
is finite.

Proof. Necessity. Assume that there exist d € N, pairwise distinct ¢1,...,9q4 €
G \ {e} and non-empty open subsets Up,Ui,...,Uy such that the set N\
N@Uo;Ury...,Uq | g1,..-,94) is infinite. Then there exists an infinite sub-
set A := N\ NWUp;Ur,...,Uq | ¢1,--.,94) such that AN NUy;Ux,...,Uq |
g1,---,94) = 0, which implies that (X, G) is not A-A-transitive by Proposi-
tion 3.2, contradiction.

Sufficiency. If there exists an infinite subset A such that (X,G) is not A-
A-transitive, then by Proposition 3.2, there exist d € N, pairwise distinct
g1s---,94 € G\ {e} and non-empty open subsets Uy, Uy, ...,U; such that
ANN(Uo; Uy, ..., Ug | g15---594) = 0, then N\ N(Uo; U1, ...,Uq | g1,---,94) D
A is an infinite set, contradiction. O

We immediately have the following statements.
Corollary 3.15. If (X,G) is A-mizing, then it is strongly mixing.

Example 3.16. Let X = R"/Z" (n > 2) and G = SL(n,Z). Then it is the
linear action of SL(n,Z) on the torus R™/Z", see Example 8 in [2]. Since
the action is not strongly mixing, we obtain that (X, &) is not A-mixing by
Corollary 3.15.

Corollary 3.17. (X,G) is A-mizing if and only if (X™,G) is A-mizing for
alln € N.

Corollary 3.18. If (X, Q) is A-mizing, then it is A-A-weakly mixing for any
infinite subset A.

Proof. Suppose (X, G) is A-mixing, then (X", G) is A-mixing for all n € N by
Corollary 3.17. Hence (X", G) is A-A-transitive for any infinite subset A of N.
Then (X, G) is A-A-weakly mixing for any infinite subset A. d
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