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HANKEL DETERMINANTS FOR STARLIKE FUNCTIONS
WITH RESPECT TO SYMMETRICAL POINTS

Nak Eun CHO, YOUNG JAE SiM, AND DEREK K. THOMAS

ABSTRACT. We prove sharp bounds for Hankel determinants for starlike
functions f with respect to symmetrical points, i.e., f given by f(z) =
Z+ 3.0 5 anz™ for z € D satisfying
Re 2I'(&)
f(z) = f(=2)
We also give sharp upper and lower bounds when the coefficients of f are
real.

0, zeD.

1. Introduction

Let H be the class of all analytic functions in D := {z € C: |z| < 1} and let
A denote the subclass of H with functions f € A having Taylor series

(1) fR) =24 anz".

Let S be the subclass of A, consisting of univalent functions, and S&* denote
the class of starlike functions. Then it is well-known that a function f € A
belongs to S* if and only if

2f'(2)
f(z)

A function f € A belongs to I, the class of close-to-convex functions if and
only if there exists g € S* such that Re[e'™ (zf/(2)/g(2))] > 0 for z € D, and
T € (—m/2,7/2). The class K was first formally introduced by Kaplan in 1952
[8], who showed that KL C S, so that S* C K C S.

In 1959, Sakaguchi [17] introduced the class S of starlike functions with
respect to symmetrical points S¢ satisfy the condition

Re

>0, ze€D.

() .
(2) Re 7 = F(=2) > 0, e D,
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noting that S§ forms a subclass of K.
For ¢,n € N, the Hankel determinant H, ,(f) of functions f € A given by
(1) is defined as

Qp apy1 - Un+q—1
Ap+1 Ap42 et an+q
Hq,n(f) =
Antq—1 Qntq " An42(g—1)

General results for Hankel determinants with applications can be found in
[2], [14], [15] and [18]. For subclasses of A, finding bounds of |H, ,(f)| for
g,n € N, is an interesting and significant area of study. Hayman [7] examined
the second Hankel determinant Hs o(f) = azaq — a3 for really mean univalent
functions, and recently many other authors have also examined the second
Hankel determinant for a variety of subclasses of A, (see e.g., [3,4] for further
references), often obtaining sharp bounds for |Hs 2(f)|. The problem of finding
sharp bounds for the third Hankel determinant

1 as asg
(3) |Hs1(f)| = |az a3 as| = |as(azas — a3) — as(as — azas) + as(as — a3)|
az Q4 as

is technically much more difficult.

However, sharp bounds for |H3 1(f)| have been found e.g. for convex func-
tions [9], and recently for starlike functions, [10].

In this paper, we give the sharp bound for |Hs 1(f)| when f € S%, and sharp
upper and lower bounds for Hs 1(f) when the coefficients of f are real, noting
that the sharp inequality |Hz2(f)| < 1 was obtained in [12]. We also find the
sharp bound for |Hs 3(f)| = |asas —aj|, and when the coefficients of f are real,
give sharp upper and lower bounds for Hs 5(f), and find sharp upper and lower
bounds for Hj 2(f), showing that the bound |Hz2(f)| <1 can be improved.

Since functions in S& can be represented using the Carathéodory class P [1],
i.e., the class of functions p € ‘H of the form

(4) p(z) =1+ Z enz", z €D,
n=1

having a positive real part in I), the coefficients of functions in S§ can be
expressed in terms of the coefficients of functions in P. We base our analysis on
the following lemmas [11] and [16], and the lemma of Sugawa et al. [5] below.

Lemma 1.1 ([11)). If p € P and is given by (4) with ¢; > 0, then
c1 = 2(y,
c2 =207 +2(1 - ¢f)Ca,
cg =207 +4(1 = 1)1 — 2(1 = (F)G1G5 +2(1 = () (1 — [¢2*)Gs
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and
ea=20{ +2(1 = ¢7)¢a (¢F63 = 3¢7Ca + 3¢ + ()
+2(1 = ¢ (1 = [¢l*)G (26 — 2G1¢ — (G3)
+2(1 = )1 = [Gl*)(1 = [¢s]*)Ca
for some ¢; € [0,1] and (s, (3,4 € D.
Lemma 1.2 ([16]). Let p € P and be given by (4). Then

2 0<pu<l,

CnCm — C < 7
|pencm mn| < {2|2M— 1], elsewhere,

for allm, m € N. If 0 < p < 1, then equality holds for the function p(z) =
(1 4+ 2"t™) /(1 — z™T™). In all other cases, equality holds for the function

p(z) = (1+2)/(1 = 2).

The next lemma is a special case of more general results due to Choi, Kim
and Sugawa [5] (see also [13]). Define

Y(A,B,C):=max (|[A+ Bz+ C2*|+1—|z|*), A,B,C€R.
z€D

Lemma 1.3 ([5]). If AC >0, then

|A|+|B|+\C|72 |B| >2(1—|CY),
Y(A,B,C) = B
T 144+ ———~, |B|<2(1-|C).
If AC <0, then
Y(A, B,C)
B2 9
_ - _ -2 __ < 2 _
1M+4O§}W’( 1a0(c2-1) < B*) A (1B] < 201-[C))),
1+ A - B2 in{4(1 C)2, —4AC(C~2 -1
+1 |+4(1+|C|)’ <m1n{(—|—| %, ( )}a
R(A,B,C), otherwise,
where
|Al +[B| —|C], ICI(I1B| +4|A|) < |AB|,
(5)  R(A,B,C)= —|A[ +[B| +C], i |AB| < |C|(|B] — 4|A]),
B )
(IC]+ 1Ay /1 = TAC” otherwise.

2. Main results
Theorem 2.1. If f € §¢ and is given by (1), then
(6) [H31(f)] < o
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where

1 / /
a:=qTo (3879 — 2218V/3 — 13561/ 15 + 41/3 4 7831/45 + 12\/§> ~ 0.26547.

The inequality is sharp.

Proof. Let f € 8§ and be given by (1). Then by (2),
22f'(z)

7 — = p(z2),

" OV eI

for some function p € P given by (4). Since the class P and the functional

Hj31(f) are rotationally invariant, we may assume that ¢; € [0,2] ([1], see also

[6, Vol. I, p. 80, Theorem 3]), i.e., in view of Lemma 1.1 that ¢; € [0,1].
Substituting (1) and (4) into (7) and equating coefficients we obtain

C1 C2 16102
az =, a3=—, 4= _|— +c3),

(®) L ?

z €D,

Hence from (3),

1
Hs1(f) = 61 (Cfcg — 4¢3 + 4ereacy — 4cs — 4(cf — 262)04)-

From Lemma 1.1 a straightforward algebraic computation gives
1
Hsa(f) = 1(1 - ¢)? [412(22(1 —(2)* +2(1 — [G)¢1G(1 = ¢2)¢s
— (1= 1GI)E + 201 = &)1 = (6]

for some ¢; € [0,1] and (o, 3, ¢4 € D. Since (4] < 1, using the triangle
inequality in (9) we obtain

(10) [Hza(f)] < i(l—Cf)zﬂA%JerAzCs—AgC§\+2(1—ICz\Q)(l—|43|2)|C2|],

where

(9)

AL =GG(=G), Ar=1-¢, As=1-|¢"
When (; =1, (9) gives Hs 1(f) =0, and when (3 = 0, we have

|Hs 1 (f)] <
When |(3] = 1, (9) gives

4
Hoa(Dl < 130 -0 -1 < G- < o2 <a

~—

(- @RIl < g <a

A~ =

- 27
Now we assume that 0 < ¢; < 1 and (; € D* := D\ {0}. A suitable rotation
for (3 € D (¢3 +— (3e" with § = arg A1) in (10) gives

Hsa (] < 301~ G x 206l ~ [GI)¥(By, By, Bs),
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where
U(By, By, By) = | By + BaCs + BsG3| +1 — |¢s?
and Bj, By, B3 € R are defined by

Gléall = Gf? —(1+1¢P)
B = 5 B = ]_ — 5 B _ .
L —jep o Poaltmel Bem g
Then the following inequalities hold for all ¢; € (0,1] and ¢ € D*,
(a) BiB; <0,
(b) B?+4B1B3(B;* 1) >0,
(c) [Ba = 2(1 —[Bs]|).
Thus by Lemma 1.3 we have
max \I/(Bl, BQ, Bg) = R(Bl, B27 BS)v
(3€D
where R is given in (5). Moreover, since
|B1Ba| < [Bs|(|Bz| + 4|Bil)
holds for ¢; € (0,1] and (> € D*, Lemma 1.3 gives
\I’(BI)BQaB3)
(1) —|B1| + | Bz| + | Bs], when | By Ba| < [Bs|(|Bz| — 4|Bs]),
BQ
(|IBs| + |B1])4/1 — 431233, otherwise.

A. We assume that
|B1B2| < |Bs|(|Bz2| — 4|Bs).
Then

|Hs 1 |(f)] < 51 = ¢)I¢l(1 = [Gf?) (=] Bi] + | B2| + | Bsl)

(1=¢D)*Fi(C2),

=N

where

Fi(G) = =GlGL = G +2G1¢GI(1 — 16T — G +1— 6"
Setting (2 = re? and t = cos@ € [—1, 1] we obtain
Fi(G) = —CGri(1+r2 —2rt) + 207(1 — )V 1+ 72 = 2rt + 1 — r? =: Fy(t),
and F5 has its unique critical point at ¢ = g, where

1 (1—r?)?
to=— |1 +7r% - ————
07 9 tr C3r2
We consider the following three cases:
(i) Fa(t) < Fp(-1) for t € [-1,1],
(ii) Fy(t) < Fy(1) for t € [-1,1],
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(i) Fa(t), t € [-1,1], has its maximum at a point in (—1,1).
When condition (i) is satisfied we have

(12) Hsa (D] < 101 - GPFa(-1) = L(G,7),
where
L(z,y) = i(l — 2?2 (1 +y)* + 20y(1 - ) (1 +y) + 1 - 3],

Differentiating L with respect to z and y gives

O = S04 9)(1 =) (o),
and oL )
) = —5 (1 2P La(a,y),
where

Li(z,y) = =2z +y3(1 4+ 2)%(—1 + 3z) + y(1 + 2z — 522) + 32z (-1 + z?),
and
Lo(z,y) = =z +y(=2+ x)z + 3y*z(1 + ) + 2y° (1 + 2)*.
The system Li(x,y) = La(x,y) = 0 has the unique solution (xg,yo) in (0,1) x
(0,1), where

_ 1 3/2
T0 = o ( 5880 4 3528v/3 + 37411/ 15 4 4v/3 + 77(15 + 4v/3)
— 114V3(15 + 4V3)*/? — 5584/3(15 + 4v3)),

15 443
15 43
49 49

and

1
= | -4
o =1 +3V3+7

Substituting gives

1
L(zo,y0) = T (3879 — 2218v/3 — 13561/ 15 + 4v/3 + 7831/45 + 12\/3) =a

in (0,1) x (0,1).
It is easy to see that L(z,y) < 1/4 holds on the boundary of [0,1] x [0, 1],
since

Y L(17y) EO?

|

L(0y) = (1) <

1 1
L(z,0) = 1(1 —2%)* < 1 L(z,1) = —2*(1 —2%)2 <0

for z € [0,1] and y € [0,1]. Thus we have shown that if condition (i) is satisfied,
then

max L T, — L Zo, —a,
(2,y)€[0,1]x[0,1] (z,y) (70, o)

and so by (12) we have |H3 1(f)| < L((1,7) < a.
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We next assume that condition (ii) is satisfied, then

1
(13) [Hs 1 (H] < (1= ) Fa(1) = M (G,
where
1
M(z,y) = (1 =2 [=2®y*(1 = 9)” + 209(1 = y*) (1 =) + 1 = ¢/'].
A similar analysis to that in case (i) gives
14 M(z,y) = M(z1, 1) ~ 0.25274 . ..
(14) g Mlzy) = M(z1,m)

where the approximate values of z; and y; are given by
r1~0.0835... and y; ~0.2490....

Thus by (13) and (14), we obtain |Hs1(f)| < M((1,7) < a.
When condition (iii) is satisfied, we have —1 < ¢y < 1, which implies r >
1/(1 4+ ¢1). Therefore

1 1
[Hs 1 ()] < 70— QP Falto) = 5 (1 = )21~ +?)
1 3
< §C1(1 — Q)2+ G) < g(—3 +2V3) < a.
B. Next we consider the condition

(15) |B1B2| > |Bs|(|B2| — 4| Bs]),

which is equivalent to

Gl = Gl + 261Gl = Gl (L +1¢I) — (1 —¢l*) = 0.
Let
o 12014 6%)
G = :
Gl = G|
Then ¢} <1 holds for ¢, € D satisfying
(16) Gal*[1 = Gaf? + 2|¢a|11 = Go| = 2|¢2* — 1 > 0.
On the other hand, under the condition (15), by (11), we have
[H31(f)] < l(1—C2)2|C (1= [G*)(IBs| + [Bi])y /1 ~ b
3,1 <3 1)71C2 2 3 1 1B, B;

1 2
= (1= =[G+ Flen - <2|2>m

=: F3(C1, G2).
We now show that )
F3(¢1,¢2) < 1
holds for ¢; € [(F, 1] under the constraint (16).
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Let (o = ret® with r € (0,1], and t = cos§ € [~1, 1], and let 7 ~ 0.37081 . ..
be a root of the equation r* + 2r3 412 +2r — 1 =0, and

. =324+t +2./2(1+1r2)
0= .
2r3

Then it is easy to see that (16) holds only when

ro<r<1l and —1<t<t.

Also let
—2ky + k3
T =—5——,
3k3

where

ki=1—|Gl" and k2 =[G[1 -Gl
and, let 1 =~ 0.919585. .. be a root of the equation

—2(1 =)+ 2 (172 =3 [1- 2200+ 2) + 201 +7%)| = 0.

Then we have the following:

(i) (¢;)? >y holds for r <7y, t € [-1,1] orr <7 <1, t€ [ty,1];
(i) (¢)? < @ holds for r; <r <1andte€ [-1,t],

where
=11 -5 4 3t 4+ 64/2(1 4 12)
B 2r3 '

Also note that tg > ¢; holds for all r € [0, 1].

We now define hy : [((7)%,1] — R by hi(z) = (1 — 2)?(k; + k3z). Then
Ri(z) = 0 occurs at = 1 or = x1. Since 21 < 1 and the leading coeflicient
of hy is nonnegative, we have

ha () < {hl(xl), when ((7)? < 2y,

ty

i
hi((¢1)?), when (¢f)? > @1,

for z € [(¢})?,1].
B(i) For a fixed r € [rg, 1], we consider hy : [—1,t9] — R defined by
c 2
= 1 B —
hat) { r2(1+7r2—=2rt)] ’
where C' =1 — 24/2(1 + 72) 4+ 2(1 + r?). Then

w) — —AChs()

r3(1+r2 — 2rt)3’
where h3(t) = C — r2(1 +r% — 2rt). It is easy to see that h3(t) < 0 for all
t € [—1,10]. Therefore the function hsy is monotonically decreasing in [—1, ¢o].
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Consider now the case g < 7 < 7 and t € [—1,t0]. Then hy(¢?) < hi((¢F)?),
and ha(t) < ha(—1) for t € [-1,%0]. So

Hoa ()] < glch 2y
< TG
_ ihg(t)(/ﬂ + kS(Cf)Q)fTQ
< ihg(—l)(k’l + k%(Ci*)Q)V%

(1 1 2,/2(1+r2)+2(1+r2)>2

r2(1+r)?

P

x (2—7"4—2\/m+2(1+r2)) %

A numerical calculation shows that the last expression is less than 1/4 pro-
vided 0.274 ... < r <1 and so for r € [rg, r1].

Next we consider the case r1 < r <1 and ¢ € [t1,t]. Then ha(t) < ha(t1)
for ¢ € [t1,to]. Therefore we have

_V2
itre

V2 (44202 =t - 2\/m)3
(11 +6r2 — 2rh — 6,/2(1 + r2))2 VT

A similar numerical calculation shows that the last expression is less than 1/4
provided 0.718... < r <1 and so for r € [ry,1].

B(ii) Next we consider the case 11 < r < 1 and ¢t € [—1,¢;]. Define hy :
1+7r2—2rt;,1+7%+2r] > R by

ha(s) = s72(1 — r* +125)3.

[Hy 1 (D) < Jhalt) (ks + R3(G)?)

Then

Ry(s) = s73(1 —r* +125)2 (=2 + 2t + r2s).
Since —2 +2r* + 125 > 0 for s € [1 +72 — 2rty, 1+ r% + 2r], hy is increasing on
(1472 —=2rt1, 14+7242r], and hy(s) < ha((147)?) for s € [1+r2—2rty, 1+r2+2r].
Thus we obtain

1 V2
Hs (] < gh(en) ==
V2

_ 2 _
= 27T4 g T,2 h4(1 +r 2Tt)
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< i (0477)

V2=t 4)?)]

2T (1) 2
Then as above we obtain |Hs 1(f)| < 1/4 for r € [ry, 1].

We end the proof of Theorem 2.1 by showing that (6) is sharp. Define p; € P
by

(1+2)[1 + (xo — yo — Toyo — 1) + 2%
(1= 2)[1+ (1 -0 —yo — woyo)z + 27|
Then p; is of the form (4) with

pi(z) =

c1 = 2xg,

ca = 2{~yo +5(1 +y0)},

ez = 2{1 — y5 + 25 (1 +y0)* — 2oyo(2 + yo) + z5(—1 +v3)},

ca = 2{2(yo + y5 — v — 45yo(1 + o) — 2x0(—1 + yo) (1 + yo)*

+ 225 (=1 +yo) (1 +v0)® + 25(1 + 10)*}.
Now consider f; € 8§ defined by
22f1(z
e e
Equating coefficients we obtain
az = Ty,

az = —yo + 22(1 + o),
— 1 a2 2(_ 2 3 2
ag = 2{1 Yo — Zoyo(3 4+ yo) + x5(=1 + yg) + 25(2 + 3yo + ¥5) },

1
a5 = 5{vo + 2y3 — o — 625y0(1 + yo) — 220(—1 + yo) (1 + yo)*

+ 223 (=1 +y0) (1 +y0)? — 24 (1 + 10)*(2 + o)}
Then

1
Hs1(f) = 1(1—$8)2(1+y0){—1+y0—2xoyo+(—1+$3)y3+(1+$0)2yg = —a.
O

We next show that the inequality |Hs1(f)| < « can be improved when the
coefficients of f(z) are real.

Theorem 2.2. If f € 8§ and is given by (1), and the coefficients of f are real,
then

(17) —a < Hs1(f) < %

The inequalities are sharp.
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Proof. Since the terms in (9) are real, we write (; = ¢, (o = z, (3 = y, and
¢4 = w, so that t € [0,1] and z,y,w € [—1,1] and obtain
1
H3a(f) = (1= ) (1 = 2){t*(1 — 2)2”
(18) +2te(1— 22y — (14 2)(1 + 22)52 + 22(1 + 2)(1 — 12w}
=: A(t,z,y,w).
Since the coefficients of the extreme function for the lower bound in Theorem

2.1 are real, it is enough to establish the upper bound in (17).
(a) First assume that z > 0 and for fixed ¢ € [0, 1] and « € [0, 1], define

Gi(y) =22+ 2+ t)x — t22?) — 2tx(—1 + %)y — (1 + z)%y°.

Let

tx(l —x)

(1+x)2°

Then 0 < y; <1, and G; has its unique critical point at y = y1, and so

_22{1+(2+ t2)x + (1 — t?)2?}

Y1 =

(19) Gi(y) < Gi(y1) T+ y € [0,1].
Therefore by (18) and (19), we have
Alt,z,y,w) < At,x,y,1)
= 20— - 2)Gi()
(20) _ 20(1- 20— ) {1+ 2+ )+ (1 - )%
- 41+ x)
=: Fl(f,,l‘)

It is easy to see that F is decreasing with respect to ¢ € [0, 1], and so

Fi(t,z) < F1(0,2) = %w(l —2%) < % (t,x) € [0,1] x [0,1].

3
< 1

3 )
Thus from (18) and (20), we obtain Hz1(f) < 5=
(b) We next assume that z < 0.

For fixed t € [0,1] and z € [—1, 0], define

S

3

Ga(y) = —x(2+ (2 — D)z + t22?) + 2(1 — 2®)tey — (1 — 2)2(1 + 2)y>
Let

_tz
Y2 = 11—z
Then —1 <y, < 0 and G4 has its unique critical point at y = y2. Therefore

(21) Ga(y) < Ga(y2) = —2z[1+ (1 = t*)a], ye[-1,1].
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Since z < 0, from (18) and (21) we have
At

A(Lx,y,w) > y Ly Y, _1)
- i“ 12)2(1 - 2)Gal(y)
< Lo epa-onsa- e
=: Fg(t,$)

It is easy to see that F5 does not have any critical points in (0,1) x (—1,0),
and also the following hold for ¢ € [0,1] and z € [—1,0].

1 1
FQ(va):_ix(l_IQ)ST\/gv Fy(1,z) =0,

Fy(t,—1) =t*(1 - t*)?* < 247 < 3;5 Fy(t,0) = 0.
Thus Fy(t,z) < 3\[ holds for all (¢,z) € [0,1] x [-1,0].
Hence from (a) and (b) we have Hs 1(f) < ﬁ, which establishes the upper
bound in (17).
To see that the upper bound is sharp consider fo € Sg defined by

falz) = - . €D
(1+22)"%7 (1 22)"%
Then f; is given by
I 5 25
= —_— — cee c ]D)7
fa(z) z+\/§z +3z + z
which gives Hz 1(f2) = ﬁ, and so the proof of Theorem 2.2 is complete. [

We next consider Hs 3(f), and first prove the following.

Theorem 2.3. If f € 8§ and is given by (1), then
(22) [H23(f) < 1.
The inequality is sharp.
Proof. First note from (8) that
Hy3(f) = azas — ai = 614[ (cocy — 3) +4ea(cq — crc3) + ca(4ea — c1)].
So, we have

1
(23)  |Ha3(f) < a[4|0204 — c3| + 4lealles — eres| + |ea|*[4er — a].

Also, as in the proof of Theorem 2.1, since Hj 3(f) is rotationally invariant, we
can assume that ¢; = ¢ € [0,2]. Then Lemma 1.1 implies that

(24) ez — ] = |47 +8(1 — (7)Ca| < 4 +8(1 - (F) <8,
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since ¢; € [0,1] and ¢, € D. And Lemma 1.2 gives us the inequalities

(25) |0204—c§| < |0204—06|+\06—c§| <4
and
(26) |C4 — 0103| S 2.

Thus it follows from |co| < 2, (23), (24), (25) and (26) that the inequality
|H2_’3(f)| < 1 holds.
Finally consider f3 € 8% defined by

2zf4(z) _ 14 22

, z¢€D.
fs(z) = f3(=2)  1-22
Then f3 is given by
f3(z)=2z+23+25+---, zeD.
Then Hj3(fs) = 1, which shows the inequality (22) is sharp, and completes
the proof of Theorem 2.3. O
Let f4 € S be defined by
2 / 1— 2
Zf4(Z) — 22, z € D.
fa(z) = fa(=2)  1+2z
Then Hy3(fs) = —1. Since both f3 and fi are functions in S¢ with real

coeflicients, we deduce the following.

Theorem 2.4. If f € S and is given by (1), then if the coefficients of f are
real

—1<Hy3(f) <1

The inequalities are sharp.

Remark 2.5. As was pointed out above, the sharp inequality |H2 2(f)| < 1 was
proved in [12]. Using the same method as in the proof of Theorem 2.2, the
following improvement can easily be proved when the coefficients of f(z) are
real. We note that the lower bound is still —1.

Theorem 2.6. If f € S and is given by (1), then if the coefficients of f are
real

(27) —1 < Haa(f) < 8.
Here,
to(1 —to)(8 + 4tg — 463 + £
g ol —t)B+dto — 4t +15) 96715
8(2 — tp)
where ty = 0.5900527 ... is a zero of a polynomial
(28) q(t) = 4t° — 25t* + 561> — 441> — 16t + 16.

The inequalities are sharp.
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Proof. Tt is enough to establish the upper bound in (27). As in the proof
of Theorem 2.2, we write {; = ¢, (s = z, (3 = y, so that ¢ € [0,1] and =z,
€ [-1,1], and obtain

%(1 2 (—1 4 2)a — 2% + (1 — 2y} = F(t,7,y).

(29)  Hapo(f) =
Then
Fit,2,y) < Flt,a,1) = 5(1— 2)g(t,2),
where
gt,x) =t —t2z + (=2 — t + t*)z?

Let t € [0, 1] be fixed, and h(z) = ¢(t, z). Since h has a unique critical point
at r = xg, where

t2
T ety
it follows from h”(xp) < 0 and —1 < xy < 1 that
t4
< = _ —1,1].
h(z) < h(zg) t+8+4t—4t2’ x € [-1,1]
Hence
t(1 — ) (8 + 4t — 412 +13)
30 F(t < =:1(1).
(30) (t.2.9) < P (0
Also I'(t) = q(t)/(8(2 — t)?), where q is the polynomial defined by (28). More-
over, in (0,1), ¢(t) = 0 has the unique root tg ~ 0.590053... and 1" (ty) =~
—1.73247... < 0. Therefore we obtain
(31) I(t) <(to) = B,

and the upper bound in (27) follows from (29), (30) and (31).
Finally note that equality holds in the upper bound in (27) for f; € S§
defined by

2z fL(2) (14 2)(1+ k2 + 2?) R
fs(2) = fs(=2)  (1=2)(1+koz + 22)’
with
32 —6to +4 —t2 + 6tp — 4
=20 2~ - d ky— _0TP0O—2
LT (21t MY T oty
which completes the proof. ([
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