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PRIMARY DECOMPOSITION OF SUBMODULES OF A FREE
MODULE OF FINITE RANK OVER A BEZOUT DOMAIN

FATEMEH MIRZAEI AND REZA NEKOOEI

ABSTRACT. Let R be a commutative ring with identity. In this paper,
we characterize the prime submodules of a free R-module F of finite rank
with at most n generators, when R is a GCD domain. Also, we show that
if R is a Bézout domain, then every prime submodule with n generators
is the row space of a prime matrix. Finally, we study the existence of
primary decomposition of a submodule of F' over a Bézout domain and
characterize the minimal primary decomposition of this submodule.

1. Introduction

Throughout this article, all rings are assumed to be commutative with iden-
tity and F' denotes a free R-module of finite rank n (n > 2). Let M be an
R-module. A proper submodule N of M is called a prime submodule if, for
r € R, meée Mand rm € N, we have m € N or r € (N : M), where
(N :M):={reR|rM C N}. Note that, if N is a prime submodule of an
R-module M, then (N : M) is a prime ideal of R. We use the notation R("™)
for R@--- B R.

n-times

Let R be a commutative domain and K be the quotient field of R. The
integral domain R is a valuation domain if for every 0 # x € K, either z € R
or z—! € R. Equivalently, the set of all ideals of R is totally ordered by
inclusion. An integral domain R is a Prifer domain if each non-zero finitely
generated ideal of R is invertible. It can be shown that an integral domain R
is a Priifer domain if and only if Rp is a valuation domain for every maximal
ideal P of R, see [2]. An integral domain R is a GCD domain if any two
elements of R have a greatest common divisor. A Bézout domain is an integral
domain in which the sum of two principal ideals is again principal. Note that
a Bézout domain is a GCD domain, see [6,7]. Any PID is a Bézout domain
but a Bézout domain need not be a PID or a UFD. For example, let R be the

Received March 26, 2022; Revised August 22, 2022; Accepted October 11, 2022.

2020 Mathematics Subject Classification. 13C10, 13C99, 13G99, 13F30.

Key words and phrases. Primary decompositions, prime submodules, free modules, GCD
domains, Bézout domains, valuation domains.

This work was financially supported by the Iran National Science Foundation: INSF.

©2023 Korean Mathematical Society
475



476 F. MIRZAEI AND R. NEKOOEI

ring of entire complex valued functions. Then R is a Bézout domain and so is
a GCD domain. Since the irreducible elements of R are linear polynomials and
there are functions with infinitely many roots, R is not a UFD, see [8, Fact
2.3]. Also, note that a GCD domain is not necessarily a UFD. For example,
suppose that R is the ring of algebraic integers. Then, R is a Bézout domain
and hence is a GCD domain. For every non-zero and non-unit element a € R,
we have a = v/ay/a. But v/a is a non-unit in R and hence R is not a UFD.
Moreover, dim(R) = dim(Z) = 1, see [6, Theorem 102].

Prime submodules of a module over a commutative ring have been studied
in [1,9,10,13,14] and prime submodules of a finitely generated free module over
a PID have been studied in [3,5]. The authors in [3,5] have described prime
submodules of a free module F = R(™ (n > 2) with at most n generators over
a UFD. They have characterized the prime submodules of ' = R (n > 2),
over a PID. In [11,12], we have extended some of these results to Dedekind,
Priifer and valuation domains.

In this paper, we extend some results obtained in [3-5] to a Bézout domain
and a GCD domain. Also, we study the existence of primary decomposition of
a submodule of F', where R is a Bézout domain and characterize its minimal
primary decomposition.

2. Prime submodules of F = R(™ with at most n generators over a
Bézout domain R

In this section, we characterize the prime submodules of F' = R(") with at
most n generators, when R is a Bézout domain. Also, we show that when R is
a Bézout domain, every prime submodule with n generators is the row space
of a prime matrix.

The following notations and results obtained from [11], will be frequently
used in this article. Let F := R™ and X := (x1,...,%i,) € F for some
z; €R(1<i<m,1<j<n,1<m<n). Weput

i1 T2 ot Tin
T21 T22 Tan

Bmxn = [Xle} = . Gmen(R)
Tml Tm2 e Tmn

Thus the jth row of the matrix [X; - - - X, consists the components of X;. We
use N := (B) to denote the non-zero submodule of F' generated by the rows of
B. Also B(j1,..,jk) € Mmxk(R) to denote the submatrix of B consisting of
the columns ji,...,Jx € {1,...,n}. Setting ¥ := {X; = (x41,...,Zin) € F|i €
0}, where Q(C N) is an index set, we have:

Lemma 2.1. Let R be a GCD domain, F = R™ and B = [X;---X,,] €
Mysn(R) (m < n) with rankB = m. Let d be a GCD of determinants of all
m x m submatrices of B. Let X € A ={X" = (z1,...,2,) € F| det (i1, ..

)
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im+1) = 0 for every iy,...,ime1 € {1,...,n}}, where 8 = [X'X1... X}n].
Then X = é(rl,...,rm)B for somer; € R (1 <i<m).

Proof. Suppose that {B;(ji1, - - -, jim)}¥_, is the family of all m x m submatri-
ces of B with det B;(ji1,--.,Jim) # 0. Since rankB =m, k > 1. Let k = 1.
Then d = det B; and by [3, Lemma 2.2] other columns of B are zero. If X =
(1,...,2y) € A, then by [11, Lemma 1.5] (det B1)(z1,...,2y) = (r1,...,7m)B

for some r; € R (1 < i < m). So det Bi(zj,,,-..,%j,,,) = (r1,...,mm)B1
and hence det By(zj,,,. .., %, )Bi = (r1,...,7rm) det By, where Bj is the ad-
joint matrix of By. It follows that (xj,,...,2;,.)Bl = (r1,...,7n) and so
(lel’ . ,lem) det Bl = (Tl, e ,Tm)Bl.

Thus (zj,,,...,2j,,) = 5(r1,...,mm)B1. Since z; = 0 for 1 < i < m,

i # jix (1 <k < m), we have X = é(rl,...,rm)B. Now assume that
kE > 1 and let dy = det By and d;11 = ged(d;,det Biyq) (1 < i < k—1).
Then di, = d. Suppose that X = (z1,...,2,) € A. Then by [11, Lemma
2.5] (det By)(z1,...,2,) = (r1,...,7m)B for some r; € R (1 < i < m). By

induction on ¢t (1 < ¢ < k — 1), we show that there exist r41,...,74m € R
such that (zj,,,...,2j,.) = rlﬂ(rtl, ceoyTem)B; for all 1 <4 < ¢4 1. Since
(det B1)(z1,. .- 2n) = (r1,...,7m)B for some r; € R (1 < i < m), we have

(det Bi)(xjyys -y 2j,,,) = (r1,...,rm)B; for all @ (1 < i < k). It follows
that (det B1)(%jyys---»Tjpn, )Bs = (r1,...,7m)Ba2. Since (xj,,,...,%j,,,)B] =
(’/‘17 SN ,’I“m), SO (det Bl)(szl, N ,ijm)Bé = (xju? RPN ,a:jlm)B{ det BQ. We

know that dy = ged (det By, det By) and (d%fl, %) =1.

Then (xj,,,...,%j,,)Bl = (rll,...,rlm)de;fl for some r; € R (1 <i <
m). Hence (zj,,,...,2;,,) = (11—2(7’11, ...y T1m)B1. With substituting (z,,,...,
xj,,.) in (det B1)(zjy,, - ., %j,,, ) By = (zj,,, ..., 2}, ) B} det By, we have (z;,,,
ces @y, )BY=(r1, ... ,rm)defifz and hence (zj,,,...,%j,, )= é(rl, ooy Tm)Ba.

Therefore the assertion is true for ¢t = 1. Now suppose that the assertion
is true for some t (1 <t < k —1). With similar to the way of t = 1, we
have (det Bl)(zj(t+2>1a ‘e ,Ij(t+2)m)B£+2 = (‘lel yooe 7Z‘j1m)B£ det Bt+2. Since

det By #0 and by induction hypothesis, we have d1(Zj, 515+ Tjgyy0)m ) Bito
. det Biys d
= (Tt1, .-+, Ttm) det Bito. Since gcd(%7 a%) =1, we have
det Bt
/ +2
('rj(t+2)17 ce 7xj(t+2)m)Bt+2 = (T(t-i-l)l’ s ’T(t-i-l)m) d .
42
1
It follows that (T, Tigpam) = m(r(tﬂ)l, <oy T(¢41)m) Biyo for some
T(t+1)i €ER (1 S ) S m)
With substituting (@, )15+ Tjiraym) I Dt 1Ty s Tigrparm ) Bisa =
d
(Pe1, ..oy ") det Bigo, we have (reg, ..., ren) = ﬁ(r(tﬂ)l, o T(41)m) -

(rt17 o ,Ttm)Bi =
dig1

ﬁ(r(tﬂ)l,...,r(tﬂ)m)Bi for all 1 < i < t+ 2. Hence by induction, the
assertion is true for all t (1 <t < k—1). Let t = k—1. Then (zj,,,...,zj,,) =

So by the induction hypothesis, (xj,,,...,2;,.) =
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i(r(k,l)l, ooy T(e—1ym)Bi for all i (1 <4 < k). Therefore by [3, Lemma 2.2],
X = i(r(k,l)l, ooy T(e—1ym) B for some r,_qy; € R (1 <i <m). O

Theorem 2.2. Suppose that R is a GCD domain and F = R™ (n > 2).
Let B = [X1---Xn] € Mpxn(R) for some X; € F (1 <i<m,m < n) and
rankB = m. Then N := (B) is a prime submodule of F' if and only if a GCD
of the determinants of all m x m submatrices of B is unit.

Proof. Let the GCD of the determinants of all m x m submatrices of B be unit.
Put M = {X = (2z1,...,2,) € F|detB(i1,...,im+1) = 0 for every i1,...,
im+1 € {1,...,n}}, where 8 = [XX;---X,;]. Since X; € M (1 < i < m),
we have N C M. Now suppose that X € M. Then by Lemma 2.1, X €
N = (B). Thus N = M and by [11, Corollary 1.9], N is a prime submod-
ule of F. Now let N = (B) be a prime submodule of F' and d be a GCD
of all m x m submatrices of B. Let d be a non-unit. Since d is a GCD
of all m x m submatrices of B and by [3, Lemma 2.2], there exists a sub-
matrix B(j1,...,Jm) of B with j; < jo < -++ < g, of {1,...,n} such that
det B(j1,--.,jm) = dr and ged(r,d) = u for some r € R and unit v € R. Now
let B(j1,...,Jm) = (tij) and let B'(j1,...,jm) = (ti;) be the adjoint matrix of
B(j1,---,Jm). Fixi (1 <i<m) and consider (z1,...,2,) = (t}y,...,t;,,)B €
N. Since B'(ji,...,Jjm)B(1,-..,jm) = det B(j1,...,Jm)Im, we have x;, =
det B(j1,...,jm) and 2, =0 (1 < k < m,k # i). Also x; = IdetC;, where
Cj = B(jl, R aji—lajvji+1a Ce ,]m) for all jE {1, R ,’I’L} \ {jh - ,jm} Since
det C; € (det B(j1,...,Jm)), we have j € {1,...,n}\{j1,...,Jm}. Thend | z;

and hence (%,..., %) € F. Note that d(%,...,%) € N. Since N is prime,
dF C Nor (%,...,%) € N.

If dFF C N, then (0,...,0,d,0,...,0) € N with d as the joth component
for some jo € {1,...,n}\ {j1,...,5m}- Hence there are r; € R (1 < j <
m) such that (0,...,0,d,0,...,0) = (r1,...,7m)B{1,.-.,Jm). It follows that
rjdet B(j1,...,jm) =0 (1 < j < m) and hence r; = 0 (1 < j < m). Thus
det B(j1,...,jm) = 0, which is a contradiction. So (% Ln) € N. Hence

F,«.., d
there are s; € R (1 < j <m) such that (%-,..., %) =(s1,...,5m)B(j1,. -, Jm)-
It follows that (ty,...,t,,.)B(1,- -y Jm) = (1,.-.,2s) = d(81,--.,8m)

B(1, -5 Jm)- S0 (thyy -t ) Bty -y dm) = d(S1,+ -y Sm) B, - s Jm)-
Thus t;J det B(jl, . 7]m) = de det B(jl, . ,jm) and t;j = de (1 < ] <
m). Therefore det B'(j1,...,jm) = d™s for some 0 # s € R. But det B'(jy,. ..,
Jm) = (det B(j1,...,jm))™ ! = (dr)™ 1. Hence d™ 1r™~! = d™s and
ged(d, ) = u. It follows that d | 7™~ which is a contradiction. O

Theorem 2.3. Let R be a GCD domain and F = R™ (n > 2). Let B €
M, xn(R) and rankB = n. Suppose that det B has a decomposition into distinct
prime elements of R. Then N = (B) is prime in F if and only if there exist
an irreducible element p € R, a unit u € R and a positive integer a < n such
that det B = up® and a GCD of entries of B’ is p®~ 1.
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Proof. Since det B has a prime decomposition and by [12, Lemma 1.1] and
[11, Lemma 1.1], the proof is similar to [3, Theorem 2.5(ii)]. O

Proposition 2.4. Let R be a Bézout domain and 0 # P = (p) be a prime ideal
of R. Then P is a mazimal ideal of R.

Proof. Let x € R — P and d := ged(p,z). Then p = ad and x = bd for some
a,be R. Sincep=ad € P,de Pora€ P. If de€ P, then x € P, which is a
contradiction. If a € P, then we have a = ps for some s € R. So p = ad = psd
and hence 1 = sd. Therefore d is a unit. So there exist m,n € R such that
1 = pm + 2n and hence 1 + P = zn + P. Thus R/P is a field and P is
maximal. (]

Theorem 2.5. Suppose R is a Bézout domain and F = R™ (n > 2). Let
B € Myx,(R) with rankB = n. Then N = (B) is prime in F if and only if
there exist a mazimal ideal P = (p) of R and a positive integer o < n such that
(det B) = P and the ideal J' of R generated by entries of B’ is P*~1, where
B’ is the adjoint matriz of B.

Proof. Since R is a Bézout domain, R is a Priifer domain [6, Theorem 62].
Hence by [12, Theorem 3.2], [12, Proposition 2.2] and Proposition 2.4, the
proof is complete. O

The notion of prime matrix is introduced in [4]. Now we show that for a
Bézout domain R every finitely generated prime submodule of R(™ (n > 2),
with n generators is the row space of a prime matrix.

Definition. Suppose R is a domain. Let m = (p) be a principal maximal ideal
of R for some p € R. Let J = {j1,...,ja} be a subset of {1,...,n}. A matrix
B = (b;j) € My,,xn(R) is said to be a p-prime matrix if it satisfies the following
conditions:

(i) B is upper triangular.

(ii) Forall i, 1 <i<n,ay=pifiec Janda; =1if i & J.

(iii) For all 4,5 € {1,...,n}, a;; = 0 except possibly when i ¢ J and j € J.
Sometimes we call J the set of integers associated with B and denote it by Jp.
By (i) and (ii), it is clear that det B = p*.

We recall that for A € M,,«s(R) and Y € M,,x1(R), the augmented matrix
[A:Y] is a matrix whose first n columns are the columns of the matrix A and
its last column is Y.

Lemma 2.6. Suppose R is a Bézout domain and m = (p) is a principal mazi-
mal ideal of R. Let s and n be positive integers such that s < n. Also, suppose
that A € Muxs(R), Y € Myux1(R) and X = [x1---x5)7 € Myyx1(R). Let
C € Myy(s+1)(R) be the augmented matriz [A : Y]. If p does not divide the
determinant of at least one s X s submatrix of A, then the system of equations
AX =Y (mod p) has a solution if and only if p divides the determinants of all
(s+1) x (s + 1) submatrices of C.
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Proof. Suppose AX =Y (mod p) has a solution and Cj is an (s +1) x (s + 1)
submatrix of C'. The proof is similar to [12, Lemma 2.6].

Now let p f det AT (iy,...,is). By [11, Lemma 1.5(ii)], (det AT (iy, ..., is))YT
€ (p)F + (AT). Since det AT (iy,...,is) € m, 1 = s(det AT (iy,...,is)) +rp for
some 7,5 € R. Then YT = s(det AT (iy,...,i5))YT +rpYT € (p)F + (AT) and
so the system of equations AX = Y (mod p) has a solution. O

Theorem 2.7. Suppose R is a Bézout domain and m = (p) is a principal
mazimal ideal of R. Let s,n and o be positive integers such that s < n (1 <
a <n)and A € Msxn(R). Then (A) C (B) for some p-prime matriz B €
M, wn(R) with det B = p® if and only if p divides the determinants of all
(n—a+1) x(n—a+1) submatrices of A.

Proof. See [12, Theorem 2.7]. O

Proposition 2.8. Suppose R is a Bézout domain, n is a positive integer and
m = (p) is a principal mazimal ideal of R. Let A € My xn(R) and 1 < a <n
be the greatest integer such that p* | det A and p®~' divides all entries of A’,
where A’ is the adjoint matriz of A. Then p divides the determinants of all
(n—a+1)x (n—a+1) submatrices of A.

Proof. Let C = (¢;;) be an (n —a+ 1) x (n — a+ 1) submatrix of A. Since R

is a Bézout domain, R,, is a valuation domain and p | det Cy,, [12, Proposition

2.8], where (), is a matrix with entries (C,)i; = Cij € R,,. So % =r.L

and s(det C) = pr for some r € R, s € R\'m. Since s € m, 1 = xs+ py for some
x,y € R. Then det C' = xzs(det C') + py(det C). Tt follows that p | det(C). O

Theorem 2.9. Suppose R is a Bézout domain and F = R™ (n > 2). Let
A€ Mpxn(R). Then N = (A) is a prime submodule of F' if and only if (N : F)
is a principal mazimal ideal of R and N is the row space of a prime matriz.

Proof. Let N be a prime submodule of F. By Theorem 2.5, m = (N : F) =
(p) is a principal maximal ideal of R, (det A) = (p®*) and the ideal J' of R
generated by entries of A’ is (p®~1!), where A’ is the adjoint matrix of A.
So by Proposition 2.8 and Theorem 2.7, N C (B) for some prime matrix
B with det B = p®. Thus A = CB for some C € M,x,(R) and therefore
up® = det A = (det C)(det B) = (det C)p®. Thus det(C) = u and so C is
invertible. Hence C1B = A. Tt follows that (B) C N = (A). Therefore
N = (B). Conversely by Theorem 2.5, the row space of every prime matrix is
a prime submodule. ([

3. Primary Decomposition of submodules of a free module of finite
rank over a Bézout domain

In this section, we describe primary decomposition of submodules of a free
module of finite rank over a Bézout domain.
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Lemma 3.1. Suppose R is a Bézout domain and m = (p) is a principal max-
imal ideal of R. Let n,s and « be positive integers such that s < n. Also,
suppose that A € M,ys(R), Y € Myx1(R) and X = [z1---24]T € Myx1(R).
Let C € My, (s+1)(R) be the augmented matriz [A :Y]. If p does not divide the
determinant of at least one s X s submatriz of A, then the system of equations
AX =Y (mod p%) has a solution if and only if p© divides the determinants of
all (s+1) x (s + 1) submatrices of C.

Proof. The proof is similar to Lemma 2.6. O

Proposition 3.2. Let R be a domain, n be a positive integer and F' = R"
(n > 2). Suppose that B € M, «»(R) and 0 # det B has a decomposition into
distinct prime elements of R. Then (B) is a primary submodule of F if and
only if det B = up® for some unit u € R, a prime element p € R and a positive
integer o.

Proof. Suppose that det B = up®. Let r(z1,...,2,) € (B) for some r € R
and z; € R (1 <4 < n). By [11, Lemma 2.1], up® | r 21" x;b}; for every j
(1 <j<mn). Ifpfr, then we have up® | 371 x;bj; for every j (1 < j < n)
and again by [11, Lemma 2.1], (z1,...,2z,) € (B).

Ifp | 7, then up® | r%b;; for every i and j (1 <4, < n). Again by [11, Lemma
2.1, (0,...,0,7%,0,...,0) € (B) with r* as the ith component (1 < i < n).
Then r*F C (B). Thus (B) is a primary submodule of F. Conversely, let
(B) be primary. Assume that det B = rs for some non-unit relatively prime
elements r, s € R. By [11, Lemma 2.1], r(0,...,0,s,0,...,0) € (B) with s as
the ith component (1 < i <mn). Since (B) is primary, sF' C (B) or v F C (B)
for some positive integer m. If sF° C (B), then (det B) | sbj; for every i
and j (1 <i,5 <n). Thus (det B)" | s"det(B’) = s™(det B)"~!. It follows
that (det B) | s™, i.e., rs | s" and thus r | s, which contradicts the fact
that r and s are relatively prime. Similarly, the case r™F C (B) implies that
(det B) | ™. So s | r™"~1 which is a contradiction. We conclude that
det B = up® for some unit u € R, a prime element p € R and a positive integer
o. t

Let m < n be positive integers and B € M,,,x,(R). Suppose that ¢ (1 <t <
m), 1 <ip <---<i<mandl<yj <. -+ <j <n are some integers. Then
B [;i N ;j] denotes the determinant of the ¢ x ¢ submatrix of B consisting of
rows i1, ...,4; and columns ji, ..., j:.

Theorem 3.3. Suppose R is a Bézout domain. Let m < n be positive integers
and B € M,,xn(R). Also, suppose that p € R is a prime element and let «
be the greatest integer such that p® | B[} ™. Then there exists an upper

triangular matric A € My xn(R) with det A = p® such that (B) C (A).

Proof. By Lemma 3.1, the proof is similar to [4, Theorem 2.4]. O
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Theorem 3.4. Let R be a Bézout domain and F = R, Let B € M, xn(R)

such that det B is non-unit and non-zero. Suppose that det B = pi' ---pft

is a decomposition of det B into distinct prime elements of R and §8; € N
(1 <i,j<t). Let Ay with det Ay = pg"' (1 <k <t) be the triangular matriz
in Theorem 3.3. Then (_,(Ax) is a minimal primary decomposition of (B).

Proof. Since (B) C (Ay) for all k (1 < k < t), (B) C (i_;(Ax). Take
an element (z1,...,2,) € (Ny_;(Ar). Then for all k (1 < k < t), we have
(1, %) € (Ag). So (x1,...,2n)A] :pf"'(rl,. ..,Tp) for some r; € R (1 <
i < n). Since B = Cy Ay, for some Cy € My, x,(R), we have pf’“ (ri,...,m)C, =
(x1,...,20)A,C, = (21,...,2,)B". So pf’“ | > z;bj; for every j and k
(1<j<n 1<k<t). Thus det B = p*...p/" | Yoy bl for every j
(1 <j <n)and hence (z1,...,7,) € (B). It follows that _, (Ax) C (B). So
(B) = ﬂZ:1<A;€>. Note that by Proposition 3.2, (Aj) is (pg)-primary. Suppose
that (.1 (Ax)  (A;) for some i (1 < < ¢). Then \/(mj L (Ai) F) C

({A;) : F) and so ﬂ;&k:l V((Ag) 1 F) € \/((4;) : F). Since every (Ay) is a
(pg)-primary submodule, hence ﬂ;ék:l(pk) C (p;). It follows that (p,;) C (p;),
which is a contradiction. O

Example 3.5. Let R be the ring of entire complex valued functions. By [8,
Fact 2.3], R is a Bézout domain and so is a GCD domain. Since the irreducible
elements of R are linear polynomials and there are functions with infinitely
many roots, R is not a UF'D.
x+2 x+2 0
Let e+2 243 z | € M3, 3(R). We shall find a minimal primary decom-
z2(z4+2) =z a2
position of (B). Since det B = x3(x + 2)?, by Theorem 3.3, there exist upper
triangular matrices

1 a2z a3 T+2 ajy ajg
0 1 ass | , 0 1 0/23
0 0 2 0 0 z+2
such that
(x4 2)a;3 =0 (mod 2?)
(x + 2)ai3 + azz = x (mod z3)
2%(z +2)a1z + (=23 — 222 + x)as3 = 23 (mod z3)
and

als + (z+ 1)aby =0 (mod x + 2)
ais + (z+2)aby =z (mod = + 2)
2?aly + (z — 2%)aby = 2% (mod = + 2).
A solution for the above systems is

a3 =23, agz3 = —a* —a2¥ +x, djy3=3r+4 and apy = 2.
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Hence
10 8 r+2 0 3z+4
Ai=10 1 —2*—2342|, Ay = 0 1 -2
0 0 3 0 0 z=z+2

By Theorem 3.4, (B) = (A1) ({Az2) is a minimal primary decomposition.
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