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SOME ESTIMATES FOR GENERALIZED COMMUTATORS
OF MULTILINEAR CALDERON-ZYGMUND OPERATORS

HONGHAI L1U, ZENGYAN SI, AND LING WANG

ABSTRACT. Let T be an m-linear Calderén-Zygmund operator. TE,S is
the generalized commutator of 7' with a class of measurable functions
{b:}32,. In this paper, we will give some new estimates for T; s when
{b:}32, belongs to Orlicz-type space and Lipschitz space, respectively.

1. Introduction and main results

Let T be a multilinear operator initially defined on the m-fold product of
Schwartz spaces and taking values in the space of tempered distributions,

T:S([R™) x - x S(R™) — S'(R").

We say that T is an m-linear Calderén-Zygmund operator if it can be extended

to a bounded multilinear operator from L' x --- x L! to L=, and if there
exists a function K, defined off the diagonal * = y; = --- = y,,, in (R?)™*+L,
satisfying
TR = [ ) [
Rn)m :
Jj=1

for all z ¢ ﬂ;n:l suppf;; and there exists, for some € > 0, a constant A. such
that

Aclx —2'|¢
(1.1) K (2,91, ym) — K@ 91, ym)| < | |

(5 |z —ys)mmte

whenever |z — 2/| < %maXlgjgm |z — y;[, and
Ae
> oma=o [y —wl)mn

(1.2) IK (40, Y1, - Ym)| < (
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Define, whenever it makes sense, the generalized commutator of T with a
class of measurable functions {b;}$2; by

Tro(H@) = [ T i) = b)) K @y, ym) [ £ ()
R X

" (ig)es

where S is any finite subset of Z* x {1,...,m}. If S = ), we simply denote
TE,@ =T. These commutators are reflexible enough to generalize the following
three kinds of commutators which were firstly introduced and studied in [10],
[19] and [18], respectively.

Commutators of singular integral operators have been the subject of many
recent articles, see [4,14-17] and the references therein. Boundedness esti-
mates for commutators of singular integral operators with Lipschitz functions
on Lebesgue space, homogenous Triebel-Lizorkin space and Lipschitz spaces
respectively can be found in [12,22,24]. The vector-valued extensions can be
found in [20,21,23]. For surveys and historical details about this subject, we
refer to [1,2,5,6,8,9,11] and references therein. The main purpose of this article
is to prove the strong and endpoint estimates for TZ; s

In order to state our main results, let us give some notations first. Following
[25], let R be a map from S to the set of positive numbers that are bigger than

one. |S| denotes the cardinal number of S. We denote r;; = R(i,j), + =

7]
Yuiises = and Rs = (£, 1), For k€ N+, |[K[x = inf{% : (1.1) and
(1.2) hold} and ||T||x = ”THle»uxLl—w%“” + inf{% : (1.1) and (1.2) hold}.
Denote ||T'||; by ||T||. The main results of this paper are as follows.
When {b;}5°, belongs to Orlicz-type space, we get:

Theorem 1.1. Let & € Ay with % = Z;nzl i,l < p; < 00. Suppose that
J
bi € OsCexprrii for riy > 1 (j = 1,...,m). Then, there exists a constant C

depending on & such that

1T5.5(Dllerwsy < CINT st TT Mbillose,, e TTIillzes o))
(i,5)€S j=1

for any bounded and compactly supported functions f; (7 =1,...,m).
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Theorem 1.2. Let (t) = (1 + log* t)z’"= T, ®;(t) = t(1+ logT )7 with

Z(lj)ESr for rij > 1 (5 = 1,...,m). Suppose that & € A; and
b € O8Cexp 17is - Then, there ezists a constant C depending on & and T such
that for any t > 0

(1.3) vs{z €R™: |T; 4(f)(2)] > t™}
‘fa (@) 11 i5)€ 164 SCorp L7iJ &
<CH(/ () : ‘ )wj(x)dx>

for any bounded and compactly supported functions f; (j=1,...,m).
Moreover, when r;j = 1, for any (i,7) € S, this result is sharp in the sense
that it doesn’t hold for ®(t) = t(1 + log™ t)® with o < 3.

glrj

When {b;}$2, belongs to Lipschitz-type space, we get:

Theorem 1.3. Let%:qil_k..._,_%_w ..... Mfor
1 <g; <ocoandf= Z(M)Eg Bi1+ -+ Z(z m)es Bim such that

1 ZanesPn 1 2mesPim

q1 n dm n

Suppose that b; € Lip(f;;) with 0 < B;; < 1 for any (i,j) € S. Then there exists
a constant C' depending on & such that

|| <C H ||szHszBLJ H||fJ||L‘1J

(2,7)€S8

for any bounded and compactly supported functions f; (j =1,...,m).

2. Some preliminaries
2.1. Weights

We first recall the definition of multiple weight Ay . Let 1 < p1,...,pm <
00, and l = i + o+ i, P = (p1,.-yPm). Given & = (w1,...,wn), set

Vg = H;” 1 w . We say that a weight & belongs to the class Ay if there is a
constant C such that

(e 15) (g f=7)" <o

1-p, . &
When p; =1, (ﬁ fQ w; P1Y?5 is understood as (infqw;)~'. When m = 1, this

coincides with the classical A, weight defined in the following way.
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Let w(z) > 0 and w(z) € Li, . (R"). We say that w belongs to A, for
1<p<oo,if

ol = sup e (a1 / w(x)l-p’dx)pl <0,

where % + ; =1.
We say that w belongs to Ay, if there is a constant C' > 0 such that

Mw(z) < Cw(z), a.e. z € R™.
2.2. Maximal functions

Throughout the paper, M denotes the Hardy-Littlewood maximal operator.
For § > 0, M is defined by

Ms(f)(@) = (228 ol /Q If(y)l‘sdy)};

The Fefferman and Stein sharp maximal function M* is defined by

ﬁ X su ln — C .
ME(f)(x) = sup f|Q/Q|f(y) dy

zeQ c€R

—

The new multilinear maximal function M and M,.(f)(x) are defined by

SUPH |Q\/ |fi (y5)|dy;

ZL’GQ

1 N7
M. ( zlelgH (m/QIfj(yj) dyg> :

where the supremum is taken over all cubes @) containing .
In a similar way, M 4 ) is defined by

and

m
—

ML(IogL ( ) - bup H ||f]||L(logL

—

where & = (a1,...,am). When @ = (0,...,0), we write M . 1)5(f)(2) =
M(f) ().
2.3. Orlicz space

Let @ : [0,00) — [0, 00) be a Young function, it is convex, increasing, ®(0) =
0 and ®(t) — oo as t — oo, the ®-norm of a function f over a cube @ is defined
by || flle,q. That is

||f||@,Q:inf{ |Q|/ |f(; dx<1}
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Let ®; and @ be two Young functions with ®;(t) < ®4(t), for ¢ > 0, we have

1fller.@<Cllflle e
The maximal operator Mg (f)(z) is defined by

Mg (f)(x) = sup [|flle.q
T€Q

where the supremum is take over all cubes containing x.

When ®(t) = tlog®(e +t)(s > 0), we denote ||flle,q = [|fllLogz),@ and
My = Mpuogrys- If ®(t) = et” — 1, we denote ||flle.g = ||fllexprr.o and
My = Mexp 17

It was shown in [19] that the following generalized Holder’s inequality holds,

1 m
@1 g 15 sl < G TL ey 01910112

i=1
1 _vm 1
where r1,...,7, > 1 and © = ijl ok

For a Young function ®, the oscillation Oscq (f, @) of a function f is defined
by Osce(f,Q) = ||f — folle.q- Also, we define

”fHOs&b = Sgp{OSC‘I’(ﬂ Q)}7
where the supremum is taken over all cubes @ in R™.
For r > 1, we define the space Oscexp - by
Oscexprr = {f € Ligo(R") : | fl0sceny r < 00},
where

Hf”OscCXer = Sgp ”f - fQ”cxpL",Q = Sgp Hf - fQ”e”fl,Qa

and the supremum is taken over all cubes in R™. It is easy to see that the
space Oscexp 1~ is properly contained in BMO(R™) with the norm ||b||gapo <
C”bHOscexer-

3. Proof of Theorem 1.1 and Theorem 1.2

3.1. Some auxiliary lemmas

Lemma 3.1 ([7]). For any0 < p < q < oo, there exists a constant C' depending
on p,q such that for any measurable function f

s < Ollfll eyt )

1 llzr e,

Lemma 3.2 ([13]). (a) Let 0 < p < 00,0 < § < 1, and let w € As. Then
there exists a constant C,, only depending on n,

M5 fll 2o (w) < Crmax{L, p}Hewla M) Low)
for any function f such that the left-hand side is finite.
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(b) Let ¢ : (0,00) — (0,00) doubling (see p. 550). Then, there exists a

constant C depending upon the Ao, constant of w and the doubling condition
of p such that

supp(\wly € R : Msf(y) > \) < Csupp(Nwly € R" s Mif(y) > )
> >

for any function such that the left-hand side is finite.

Lemma 3.3. Let 0 < § < % Then for any number dy, 6 < §y < oo, there

exists a constant C such that for any bounded and compactly supported functions
fiGG=1 m), one can obtain

—

ME(T; (F)(@) < CIT 101 Mo, yas (D@ TT Ibillose,, ,

(2,7)€8
+CZ M5o bD( _3)( ) H ||biHBMO-
DcCs (i,5)€S\D

Proof. For a fixed point z € R", let ) be a cube containing x. Below cq
denotes a positive constant which will be choosen later. We just need to show

that
I

§C||T|||S|+1ML(1OE;L)ES( )(1’) H ”biHOSchpLTU

(i,7)€8
+C Y Msy(Ty (D)@ T IIbillsao,
DcCS (¢,7)€S\D

where C' is independent of x and Q.

Observe that |a|® — |B]° < |a — B|° for 0 < § < 1. We need to verify now
that

(IQI/' ()2 — ol d'z)é

§C||T|||S|+1ML(1OgL)I§s( )(‘T) H ||biHOSCexpL'ij

(i,7)€8
+C Y Ms(Ty (D)) T Ibsllsaro-
DcS (,7)€S\D

Next, we shall use the following identity in [25, Lemma 3.2]:

II @i — )

(i,5)€S
= [T Qi=zip)+ D )P T @io—a)  [] (0 — M)
(i,7)€8 DcCS

(4,7)eD (i,7)€S\D
holds for any constants A;, where z;; is a sequence of real numbers for (i, j)

€s.
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By viewing b;(z) as x;0 and b;(y;) as x;; and letting A; = (b;)g be the
average of b; on @, we get

I ®i(2) = biw;))

(1,7)€8
= II (®)q—bily))
(1,7)€8
+ Y (EDEPEE T (bi(2) = bilyy)) [T 0i(2) = (Bi)e)-
DcsS (i,5)€D (,7)€S\D

Then, we have

—

1(2) = |T; 5 ()(2) — cql
K(z3) [T ®i(z) = biy) T fi(w5)di — cq

’ Rnm

(1,7)€S8 j=1
=/ Ko T (e - b))
R (4,7)€8
+ 0P T (i)~ (bi)e)
Dcs (i,5)€S\D
< 11 (bz‘(z)—bi(yj))Hfj(yj)dﬂ—CQ‘
(i,5)€D Jj=1
<| [ KD T e b)) TLm)dr - co
(i,5)€S j=1
[ KE) 0P T (ti2) - (bi)e)
Rnm DCS (i,j)€S\D
< T i) = bitw) TT £ (w7
(i,5)€D j=1
<[ K TT e b)) I w:)di - cq
R (i.d)es j=1

+> 0 I Ibix) = )l

DcCS (i,j)eS\D

X ‘
Rnm (i,j)ED =1
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In order to control I(z), we set

Z Kg) T (Ge —bitw) IT £ di

R (i,5)€S

Tip(DE) = [ KGg) TT 06 =) T] o)

e (i.)€D
We next split each f; as f; = fjxq + fixge = fJQ + f7° and write

m

[THw) =7+ > 7
j=1

a,a#0

where @ = (ay,..., ), o = 0 or oo, f& = [T £ (vy)-
Then, we have

+Z H |<bi<z>—<bi>Q>|~\Kg,D<”><z>|

77777

+ 30 T 1®iz) = 6ol - K5 o ()(2)]
DCS (i,j)eS\D

m

[ K T (e - bitw) [T £ ()

e (i.)es j=1

+ 3 | [ e -k TT @e-n) 15 6)
&,68#0 (i,)€s j=1

=3 T 10i2) = 60l - T3 5 (P

DcCS (i,5)€S\D
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Let
I5(z) = K(z9) [[ (@)e—biw)) [] £ w)di
R (,5)es j=1
and
15 = [ @n) - K T] (0o~ bitw) [L£7 wis
(i,9)€8 Jj=1

Hence, we have

1(2) < I5(2) + L)+ T 10iz) = G)a)l - 1T (H()].

a,a£0 DcCS (i,5)eS\D

It yields that

(3.1) <|Ql|/Q|1r(z)|6dz>é

<3y / |fa(z>|5<z>dz)é+c (& / |Ia<:<:>5<z>dz)é

a,a#0
1
1 - 5
+C o (bi(2) = (0)Q)I° - T p ()(2)|°dz
Q) ’
DCS Q (i,j)eS\D
- C(Iﬁ+ o+ Y ID).
&,3#0 Dcs
Since d;; > 1, §p > 0 and o he == + & =1 by Hélder’s inequalit
J (4,5)€ED® &5 So B Y
(3.2) Ip
1 5571 %
. ij i 0
< T (g [mer-ooerva)” (5 [ 15pe0a:)
(4,5)€S\D Q@ Q@
<C I IbillsmoMs, (T (£)(2)).
(i,j)€S\D

Observe that T is bounded from L' x --- x L' to L7 and 0 < § < %,
then, by Lemma 3.1 and the generalized Holder’s inequality (2.1), we get

(3.3) Iy
— (i L1700 TT @ =tm)..cfn TT (e = b))
|Q| o s i)Q i ) ) m(i"m)es i)Q i\Ym

<oz I e =t du TT (®e =0l sm g s

(i,1)es (i,m)€S

1
B}
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AT, ae H ol / 51 T 1600 = bitw)ldy,
(4,7) GS
< CHT”ML(logL Rs( )( ) H Hbi||OSCeXpL"'1:j‘
(,7)€8

We are now in a position to estimate Iy with @ # 0. Without loss of generality,
we assume that oj, = =a; =0and o =00 if j & ji,...,5, 0 <l <m.
By (1.1), we obtain

mea I1 [ 156 T 1o~ by

J=J1s--5d1 (i,5)€S
= Q|~
> __lor = 501 TT 1600 = bts
(3 @) 3kQJ¢{J1 (i,5)€S
13 5 gy [, 150 H ()0 = bl
k=1 j=1 (i,5)€S

Applying the generalized Holder’s inequality (2.1), and noting that

 pSI e gl 5 * (Iny)ls
S < 2/0 = (sln3)5+1/1 Yy < oo,

T 1bit) = Gidellesp s 540

(1,7)€8

H Hbl(yj) - (bi)3kQHexpLTi-7',3kQ
(4,7)€8

o0 1 m
3.4) Iz <A — j a1
(3.4) In < @Ske[[nfjnL(lngQ
kIS
SAZ HH;H
j=

C
< E|S|+1A€ML(10gL)Rs( )(z) H [6illose
(2,7)€S8

By (3.1), (3.2), (3.3) and (3.4), Lemma 3.3 is proved. O

1
og L)' ,3kQ

exp LT3 "

By using the arguments in the proof of Theorem 1.1 and Theorem 1.3 in
[25], we get the following two lemmas.

Lemma 3.4. Let 0 < p < 00, w € As. Then, for any bounded and compactly

supported functions f; (j =1,...,m), we have
I 75,5 (f) Lo (w)
s S
< C(||T||[ 5L+ 1K s) lae TT 1billose, e 1M pogy s (Ol )-
(i,9)€S

We say that ¢ is doubling if ¢(2t) < Cp(t) for any t > 0.
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Lemma 3.5. Suppose p > 0 and w € Aw. Let ¢ : (0,00) — (0,00) be
doubling and ¢(t) < Cit for any t > 0. Suppose that b; € OsCexp prii, Tij >
1(j=1,...,m). Then, there exists a constant C > 0 depending on the A
constant of w, such that

sup go()\)w{x ER™: |T; o(f)(@)] > Am}

A>0
~ A
< Csu MNwiz eR": M A ) >
- A>po¢( ) { zaos 1y (D7) ITNysi+1 116 j)es IbiIIOscexpwj}

for any bounded and compactly supported functions f; (j=1,...,m).
3.2. Proof of Theorem 1.1 and Theorem 1.2

Proof of Theorem 1.1. Now, by Lemma 3.4 and the fact vz is also in A, we
get

1T 5 ()| 2o
S
< C(ITNw5. + 1K sie0)Wlaw TT billose, v
(i,9)€8
S|+1 S|+1 S
< OOl + K s als el

Ao

—

x H [[; HOscexme, ||ML(1Og LRS( )HLP(uw)
(i,5)€S

CUITI+ 1K si+1) TT I1bellose
(i.j)€S

ris IM L ogy £ ()l L2 (1) -

exp L

Thus, we just have to prove
M ogy 5= (Dllze sy < C T #0225 -
j=1

1
Let r > 1, ®(t) = tlog™ (e +¢) < t", where ¢ > 1. By Generalized Jensen’s
inequality

/1 L <C|f
L(lo

Q-
(log L) "7 ,Q @

It is easy to check that

0 =iy >0 o [ () ay <1y

1
v

inf{A> 0 (@2 /Q If(y)rdy> <)

1

(@ / swrdr)
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Therefore, we have
1 1
91,2 o =C (i [ 1rwra)
L(log L) 7 ,Q 1Ql Jq

||ML(1Og LEs (J?) HL"(VL;)

S|+1
<ol + 1K s+ sl T billose,, -
(i,7)€S

Thus

P @) )
We need to verify now that

M () (@) o) < CH 1f3ll27s ()

Jj=1

It is equivalent to prove
£ p < 1w
M) < C LTI %,
By Theorem 3.7 in [10], this is equivalent to show that & € Ay and we already

know that this is true for some r > 1 because of Lemma 6.1 in [10]. O

Proof of Theorem 1.2. By homogeneity, we only need to prove (1.3) when ¢t =

1. It is easy to see that q)( ) is doubling, and ( < Ct for some C' > 0.
t

By Lemma 3.5 and Theorem 1.5 in [25], we have

Vg{x eR™: |T; o()(z)] > 1}

1 = tm
< Csup —— V(;{yéR”:M s (f)(y) > }
t>0 (I’(%) L(IOgL)RS H(i,j)eS ||biHOsc

exp L"iJ
1

i [billose i fi(z)] m
Fi ([ o Tesslonlbion
Rﬂ.

1
/n‘l’(;)q’( II Willose,,

R (i.5)€S

< C’supH (/ H ||biHOSCeXPL7‘ij

>0 ; (i.§)€S

3=

(el e)ic )

Bl i)

The sharpness of Theorem 1.2 follows from the celebrated example due to Pérez
[18]: take m = 2, n =1, f; = X(0,1), and b;(x) = log|1 + z|. The general case
follows in a similar way. (I
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4. Proof of Theorem 1.3
4.1. Auxiliary results

For 0 < 8 < %, we define

Mr,ﬁf()sp(@ll - [ o )

When 8 = 0, we denote M, g simply by M, and if r < ¢ < oo, then we get
(4.1) IM:-fllra < CllflLa-

Lemma 4.1 ([3]). For0< B <n,0<r<p<j and%: —%, we have

M flLa < Cllflzo-
Lemma 4.2 ([15]). (1) For0 < <1, 1< g < 00, we have

s =00 [V ol ~

(2) For0<ﬁ<1,1§p<oo, we have

1
Il s /Q 7= fal s

Lemma 4.3 ([15]). Let b € Lipg, 0 < 8 < 1. For any cubes Q, Q' in R™ and
Q' C Q, we have

1
p

1

|Q|/|f fal®)e.

lbey
4.2. A key lemma
Lemma 4.4. Let 0 < § < % and 1 < p1,p2,...,Ppm < 00. Suppose that
§ <dgp <00 and 0 < f;; <1 for any (i,5) € S. Then there exists a constant C
such that

M{(Ty (M) < C I b HLwﬂuH S es B (fi) (@)

(i,5)€S
+C Z H ”biHLiiﬁﬁi]’ Mtso,Z(i,j)Es\D Bij (TE’D( ))({E)
DCS (4,j)€S\D
for any bounded and compactly supported functions f; (7 =1,...,m).

Proof. We will adopt the idea in Lemma 3.3. We only give the different parts.
Lemma 4.4 will be proved if we can show that

)

<C H ||bi||LiP5ij Hijyz“yj)esﬁij(fj)(x)

(.5)€s J=1
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+OY 0 I Ibillziws, Msys, o 80 (T p (D) (@),

DCS (i,j)€S\D

where, I(z) = \Tg,s(f)(z) —cql-

Let
i) = | Kn J] G)e=blu) ] 5 )dd
(i,5)€S j=1
and
s = [ ep - K@p) [T o b)) [] 17wz
(1.5)€s j=1

We can control T (z) as

<=+ Y L@+ Y T ) - 6al- 11,

a oz#O DCS (4,5)€S\D

Then, we derive that

(4.2) (|Q1|/QII(2)|‘5dZ>}S
sc(@ /Q |fa<z>|6<z>dz) <|Q| / Ha(z )

1
20X (i [ I 10 = Gl 73 ><z>5dz)
DCS @ (i,j)es\D
= C<15+ S Iat+ ) ID>.
a,a#0 DcCS
Since 035 > 1, §p > 0 and Z(i,j)eD” 51] L= %7 by Holder’s inequality
(4.3) Ip
o+ =
ij 0
< / 1b; (= ud,z> ( / |T; |50dz>
ik \IQ] @
)8 %
<C I Ibilleips, @ <|Q| / T 2)| Odz)
(4,5)€S\D

(i,5)€S\D

1 < 50
<C H ”biHLipﬁij (|Q1502(i,j)es\D Bij /QTB"D( )(Z)| dZ)

S C H ||b7HL1p57J MéO;E(i,j)gs\D ﬂij (TRD( ))(I)
(4,5)€S\D
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Using the fact 0 < 8 < 1/m, and T is bounded from L' x --- x L to L#>®
together with Lemma 3.1, we get

1

I3 = <|Q|/ |T(f1 ((bi)g = bi(y1))s - fm H ((bi)g bi(ym)))|6dz>6
(4, 1)€S (i,m)€eS
<CIT(fr T] (e =bi(w)s- s fm [1 ((bi)Q_bi(ym)))HL%,oo(Q da )
(i,1)es (i,m)es Bkl
<O, . 5l L 160e - bitus)dy,
L L'SL H |Q|/ j g 5)14Y;
1
<C|| ] Al [(bi)q — bily;)|dy;.
Mg /5 11 i

Set i + Z(i,j)es i =1for j =1,...,m. By Holder’s inequality, we have

(4.4) Hﬁ /Q 5 TT 1ta — bity;)ldy;

7=1 (i.4)es
s 1
1 L

< CH <Q|/ | £ dyj) <Q| / |(b; bi(y;)|P dy; ) 7

=1 @ (i,5)€S

s pj Bij
< CH < / f]|p1dy]) H Hbi”LipB,;j Q nj

i @l L

m 1
=¢ H ( Zu Ztpes P Bij / £l dy]) H ||bi||Lip5ij

j:1 ‘Qll P (17]')65'

1Bill Lips,, H b3 S spres iy (i) (@)

(w)
It remain to estimate Iz with & # 0. Without loss of generality, we assume
that o, = - =a; =0and o;j =00 if j ¢ ji1,...,75, 0 < 1 < m. We have
that
<A ] / il TT 100a — bilu)lds
J=J1se-e5d1 Q@ (i,5)€S
Yt |, (536w TT 1) — biCus) ey
i1 | 8 Qae{h, it} (i.)€S
1 1
<.y o g [ 10 TT 1000 - bt
3he LL3RQ] Jsrg iy
k=1 j=1 (i,5)€S
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Let
S1={(,j)eS|i=1},...,9 ={(,J4) € S|j=m}.
And let
1 1 1 1 1 1
—+ — 4+ =1,...,—+—+-+ =1.
P1 pPn Pisin Pm  Pim P|S,|m

Then, by Lemma 4.3 and Hoélder’s inequality, we have

(45) Iz < A, 3k5<‘3kQ| [ 151 TT o) = G + G = (i)

(i,1)es
\fm Ym)| [6i(ym) — (bi)greq + (bi)srg — (bi)gldym
| (i,m) ES
< A i = / AP )
- ke ‘3kQ| 1(y1) [P dya
X (BkQ‘ b1 3AQ + (bl)ng (bl)le“dy1>
\311\1
<|3le/ 1b15,1 (1) = (O, )3rq + (bys,)srq — (b|5|)Q|"‘51“(1y1>
m (Ym) [P dym "
(g [ g o)
(1 [, 1 0) = (B + (g = Gr)a P
1 P\slwn
N AT 1015, (Ym) = (Bys,.)38q + (b5, )3rq = (b5, )@ P15 ™ Ay,
[3*Q] J3x:q
> 1 1 o o
<A T Ibellzs, Zde s, [ AlPdun
(i,1)es k=1 ‘3kQ|1—pl% Q@
1 - o
Il [ 1)
(z‘,ges " |3kQ[1=Pm Zemestin Jq
< CA. H Hszszﬁ 1_[]L X ,iyes Big (fi)(z).
(i,4)€S
By (4.2), (4.3), (4.4) and (4.5), Lemma 4.4 is proved. O

4.3. Proof of Theorem 1.3

Proof of Theorem 1.3. We can choose 1 < p; < ¢g; for j = 1,...,m. Let
bi € L* and f1,..., f;n € L°(R™). Modifying the argument in [10], one can
obtain that ||M5(TES(]?))(x)||Lq < oo. Then, by Lemma 3.2, Lemma 4.4, we
have

—

1T5,5(£)) ()| o
< C\\Ma(T s(MN@)]a

b,
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< C|M{(T;,5())(@)]| o
<C T billips, 1My, 55, o g (F) @) My s () (@) 20
(,7)€8

+ O T Willeims, IMsy 52 oo (T p (P (@)
DCS (i,j)eDe

Let

1 2 yes Bin 11 2 (i,myes Pim
1 ¢ n T m n
and

11, 2Zagepfa 11 Xagenfi

¢ q n q 4m n
By Lemma 4.1, we have

IM(T; 6 (5)) (@)l o

<C H ”biHLin*u‘ ||Mp1"z(i,l)65 Bi1 (fl)('r)”Ltl T ”Mpva(z,m)es Bim (fm)(m)HLtm
(i,5)€s
+C> 0 I Ibilleips, 155 (F) @) o
DCS (i,5)€S\D

—

< C T Woillzims, Ifillzo - fmllzom +C >0 1T Wbillzaps, 1755 ()) @) -

(i,7)€S DCS (i,j)eS\D
Let
11 2 ,nep Bin 1 1 2 (i;myep Bim
@ n Ut m n

and
1 1 n Z(i,j)eD; Bij _ 1 I 1 Z(i,j)eDl 51‘3"

¢ q n a0 Im n
Regarding set D, we can discuss two cases. One case is that set D contains
some j but not all j, and the other case is that set D contains all j. If set D
contains all j, the same method can be repeated above.
For the first case, D does not contain some j, we have Z(i,j)eD Bij = 0 and

t’ = q;. Thus
1M, 55, e B (T @ e = 1My, (f5) ()] Los -
Since p; < gj, by (4.1), we have
[ My, (f5) @)l Los < CI(f5) ()] pas -
Then, we have
|23(T (D) (@)l

< C TT Wil M, 52 oo (F)@) My o (o) @)
(i,5)€D
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+C S T Wil 15,52, e 0 (T o, (D @)

D,CD (i,j)eDs

<C H ”b Hsz5 H P12 (5, 1)ep Bit (fl)(z)HLt’l "'|‘A1PTYL,E(1M)ED ﬂun(fm)(x)HLt’m
(i,j)€D

+C Y IT 1billzivs, IT5 5, (5) @)l o

D1CD (i,j)€DS

<C T Ibilzips, Wfilzo W fmllzan+C Y- TT Ibillzips,, T3 5, (F) @)l

(i,5)€D D.CD (i,j)eD$§

We obtain
IME(T; () (@)]| e

<C H 16ill Lips,, 11l o - - [ fon |l Lam
(@,4)es
+CO Y IT Wbillziws, TT M0illzips, 1filze - 1L fmll po
DCS (i,j)eDe (4,5)eD

+C > T 10illmims, 1(T5 5, (D) (@) o

D.CD (i,j)eD§

<C I Ibillzips,, Ifllze - ol am

(3,5)€S
+OY > IL Willeims, TI Woillzis, 1(Z5 o, (P @)l Lo
DCS D1CD (i,j)eD$ (i,5)€De
<C IT 1oillzips, Ifillza - 1l fnll o
(3,5)€S

+CY> > I Wbillzis, 1T 5, (D)@ o

DCS D1CD (i,5)eS\D1

Let D = Dy for every family of subsets D C S, every family of subsets Dy C
Dy, 0 < k < |S] — 1, we continue with the above to decompose these subsets
until |Dg| = 0. We get a strictly proper subset.

Then we will obtain

IME(T; 5 (5) (@) o
<C I 1billzims,

(4,)€S

ANy IT il 1T o, (PD @) s

DCS D|s|-1CD)s|—2 (i,§)€S\D|s| -1

<C II Willzis,ll filla - 1 fomll am
(i,)€S

lzar -« | fmllam

since | D)g|— 1\—0and%:q%+~~+qim.
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Thus, Theorem 1.3 is proved. (I
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