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(inf, sup)-HESITANT FUZZY BI-IDEALS OF SEMIGROUPS†

PONGPUN JULATHA AND AIYARED IAMPAN∗

Abstract. In this paper, we introduce the concepts of (inf, sup)-hesitant

fuzzy subsemigroups and (inf, sup)-hesitant fuzzy (generalized) bi-ideals
of semigroups, and investigate their properties. The concepts are estab-

lished in terms of sets, fuzzy sets, negative fuzzy sets, interval-valued fuzzy

sets, Pythagorean fuzzy sets, hesitant fuzzy sets, and bipolar fuzzy sets.
Moreover, some characterizations of bi-ideals, fuzzy bi-ideals, anti-fuzzy

bi-ideals, negative fuzzy bi-ideals, Pythagorean fuzzy bi-ideals, and bipolar

fuzzy bi-ideals of semigroups are given in terms of the (inf, sup)-type of
hesitant fuzzy sets. Also, we characterize a semigroup which is completely

regular, a group and a semilattice of groups by (inf, sup)-hesitant fuzzy

bi-ideals.
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1. Introduction

The concept of fuzzy sets introduced by Zadeh [48] laid the foundation for the
development of fuzzy mathematics and has been successfully applied in many
branches such as logic theory, real analysis, topology, group theory, graph theory,
semigroup theory, computer science, finite state machine, control engineering,
automata theory and robotics. Moreover, in the literature, a number of types
of fuzzy sets and their generalizations and extensions have been introduced and
studied, for instance, anti-type of fuzzy sets [29, 39], negative fuzzy sets [23],
intuitionistic fuzzy sets [3, 11, 12], interval-valued fuzzy sets [49], Pythagorean
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fuzzy sets [45, 46], bipolar fuzzy sets [13, 10, 31, 50], hesitant fuzzy sets [1, 43,
44, 47], cubic sets [24, 25] and hybrid sets [2, 28].

The concept of interval-valued fuzzy sets was first introduced by Zadeh [49]
as an extension of fuzzy sets, and has been shown to be a useful tool to describe
situations in which the data are imprecise or vague. Narayanan and Manikantan
[35], and Thillaigovindan and Chinnadurai [42] applied interval-valued fuzzy sets
to semigroups. Cheong and Hur [4] studied some properties of interval-valued
fuzzy bi-ideals of semigroups and characterized a semigroup which is completely
regular, a group and a semilattice of groups in terms of interval-valued fuzzy
bi-ideals. Lee et al. [32] introduced interval-valued fuzzy generalized bi-ideals
of semigroups and characterized semigroups by interval-valued fuzzy generalized
bi-ideals. As an extension of fuzzy sets and a generalization of interval-valued
fuzzy sets, Torra [43] introduced the concept of hesitant fuzzy sets. Jun et al.
[26] introduced hesitant fuzzy (generalized) bi-ideals of semigroups and discussed
their properties. In general, an interval-valued fuzzy (generalized) bi-ideal of
a semigroup is not a hesitant fuzzy (generalized) bi-ideal and a hesitant fuzzy
(generalized) bi-ideal of a semigroup is not an interval-valued fuzzy (generalized)
bi-ideal. Julatha et al. [17] introduced a sup-hesitant fuzzy (generalized) bi-
ideal which is a generalization of an interval-valued fuzzy (generalized) bi-ideal
of a semigroup and studied its characterizations in terms of sets, fuzzy sets,
Pythagorean fuzzy sets, interval-valued fuzzy sets, hesitant fuzzy sets, cubic sets
and hybrid sets. Many researchers have studied hesitant fuzzy sets on semigroups
and algebraic structures (see [2, 9, 16, 18, 20, 34, 37, 40, 41, 47]).

Recently, Ratchakhwan et al. [38] introduced an (inf, sup)-hesitant fuzzy
ideal, which is a generalization of an interval-valued fuzzy ideal, of a BCK/BCI-
algebra and investigated its related properties via sets, fuzzy sets, negative fuzzy
sets, interval-valued fuzzy sets, Pythagorean fuzzy sets, bipolar fuzzy sets and
hesitant fuzzy sets. Chunsee et al. [6] introduced an (inf, sup)-hesitant fuzzy
subalgebra, which is a general concept of an interval-valued fuzzy subalgebra,
of a BCK/BCI-algebra and characterized it in terms of sets, fuzzy sets, hesitant
fuzzy sets, interval-valued fuzzy sets, Pythagorean fuzzy sets, negative fuzzy sets
and bipolar fuzzy sets. Abbasi et al. [1] introduced the notions of hesitant fuzzy
left (resp., right and two-sided) ideals, hesitant fuzzy bi-ideals, and hesitant
fuzzy interior ideals in Γ-semigroups and characterized simple Γ-semigroups by
means of hesitant fuzzy simple Γ-semigroups. In this year, Yiarayong [47] in-
troduced the notions of (α, β)-hesitant fuzzy subsemigroups and (α, β)-hesitant
fuzzy ideals in semigroups.

As previously stated, it motivated us to study the (inf, sup)-type of hesitant
fuzzy sets on semigroups. We introduce (inf, sup)-hesitant fuzzy subsemigroups,
(inf, sup)-hesitant fuzzy generalized bi-ideals and (inf, sup)-hesitant fuzzy bi-
ideals of semigroups and look into their associated characteristics. It is shown
that every interval-valued fuzzy bi-ideal (resp., subsemigroup, generalized bi-
ideal) of a semigroup is an (inf, sup)-hesitant fuzzy bi-ideal (resp., subsemi-
group, generalized bi-ideal), but the converse is not true. Characterizations of
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(inf, sup)-hesitant fuzzy bi-ideals (resp., subsemigroups, generalized bi-ideals)
of semigroups are established in terms of sets, fuzzy sets, negative fuzzy sets,
interval-valued fuzzy sets, Pythagorean fuzzy sets, hesitant fuzzy sets and bipolar
fuzzy sets. Also, we characterize bi-ideals (resp., subsemigroups, generalized bi-
ideals), fuzzy bi-ideals (resp., subsemigroups, generalized bi-ideals), anti-fuzzy
bi-ideals (resp., subsemigroups, generalized bi-ideals), negative fuzzy bi-ideals
(resp., subsemigroups, generalized bi-ideals), Pythagorean fuzzy bi-ideals (resp.,
subsemigroups, generalized bi-ideals) and bipolar fuzzy bi-ideals (resp., subsemi-
groups, generalized bi-ideals) of semigroups by (inf, sup)-type of hesitant fuzzy
sets. Finally, we characterize a semigroup which is completely regular, a group
and a semilattice of groups in terms of (inf, sup)-hesitant fuzzy bi-ideals.

2. Preliminaries

We begin by providing some fundamental concepts and results that will be
applied throughout this study.

In what follows, unless otherwise specified, letR be the set of all real numbers,
N be the set of all positive integers, A be a semigroup, X be a nonempty set,
℘(X ) be the power set of X and Π,Ψ ∈ ℘([0, 1]). For an arbitrary element r of
R and arbitrary functions φ and δ from X into R, we define

rφ : X → R, p 7→ rφ(p), (1)

r + φ : X → R, p 7→ r + φ(p), (2)

φ− r : X → R, p 7→ φ(p)− r, (3)

φ ≤ δ ⇔ (∀p ∈ X )(φ(p) ≤ δ(p)). (4)

We denote −φ, r − φ and φ
r for (−1)φ, r + (−φ) and ( 1r )φ (when r ̸= 0),

respectively.
A nonempty subset X of A is called a subsemigroup (SS) (resp., generalized

bi-ideal (GBI)) of A if XX ⊆ X (resp., XAX ⊆ X ) and a bi-ideal (BI) of A if
X is both a SS and a GBI of A. A fuzzy subset (FS) [48] of X is defined to be
a mapping φ : X → [0, 1]. A FS φ of A is called

(1) a fuzzy subsemigroup (FSS) [33] of A if min{φ(p), φ(q)} ≤ φ(pq) for all
p, q ∈ A,

(2) a fuzzy generalized bi-ideal (FGBI) [33] of A if min{φ(p), φ(q)} ≤ φ(pzq)
for all p, q, z ∈ A,

(3) a fuzzy bi-ideal (FBI) [33] of A if it is both a FSS and a FGBI of A,
(4) an anti-fuzzy subsemigroup (AFSS) [22, 39] of A if φ(pq) ≤

max{φ(p), φ(q)} for all p, q ∈ A,
(5) an anti-fuzzy generalized bi-ideal (AFGBI) [22, 39] of A if φ(pzq) ≤

max{φ(p), φ(q)} for all p, q, z ∈ A,
(6) an anti-fuzzy bi-ideal (AFBI) [22, 39] of A if it is both an AFSS and an

AFGBI of A.
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A Pythagorean fuzzy set (PFS) [45, 46] in X is an object having the form P =
{(p, φ(p), δ(p)) | p ∈ X } when the functions φ : X → [0, 1] denote the degree of
membership and δ : X → [0, 1] denote the degree of nonmembership, and 0 ≤
(φ(p))2+(δ(p))2 ≤ 1 for all p ∈ X . We denote (φ, δ) for the PFS {(p, φ(p), δ(p)) |
p ∈ X}. Note that the concept of PFSs is an extension of the concept of FSs. A
PFS (φ, δ) in A is called

(1) a Pythagorean fuzzy subsemigroup (PFSS) [5, 17] of A if φ is a FSS and
δ is an AFSS of A,

(2) a Pythagorean fuzzy generalized bi-ideal (PFGBI) [17] of A if φ is a FGBI
and δ is an AFGBI of A,

(3) a Pythagorean fuzzy bi-ideal (PFBI) [5, 17] of A if it is both a PFSS and
a PFGBI of A, that is, φ is a FBI and δ is an AFBI of A.

By an interval number ă we mean an interval [a−, a+], where 0 ≤ a− ≤ a+ ≤ 1.

We denote D[0, 1] for the set of all interval numbers. For ă = [a−, a+], b̆ =
[b−, b+] ∈ D[0, 1], define the operations ⪯, =, ≺ and rmin as follows:

(1) ă ⪯ b̆ ⇔ a− ≤ b− and a+ ≤ b+,

(2) ă = b̆ ⇔ a− = b− and a+ = b+,

(3) ă ≺ b̆ ⇔ ă ⪯ b̆ and ă ̸= b̆,

(4) rmin{ă, b̆} = [min{a−, b−},min{a+, b+}].
An interval-valued fuzzy set (IvFS) [49] on X is defined to be a mapping ϖ̆ :
X → D[0, 1], where ϖ̆(p) = [ϖ̆−(p), ϖ̆+(p)] for all p ∈ X , ϖ̆− and ϖ̆+ are FSs
of X such that ϖ̆− ≤ ϖ̆+. Thus the concept of IvFSs is an extension of the
concept of FSs. An IvFS ϖ̆ = [ϖ̆−, ϖ̆+] on A is called

(1) an interval-valued fuzzy subsemigroup (IvFSS) [42] of A if
rmin{ϖ̆(p), ϖ̆(q)} ⪯ ϖ̆(pq) for all p, q ∈ A, that is, ϖ̆− and ϖ̆+ are
FSSs of A,

(2) an interval-valued fuzzy generalized bi-ideal (IvFGBI) [42] of A if
rmin{ϖ̆(p), ϖ̆(q)} ⪯ ϖ̆(pzq) for all p, q, z ∈ A, that is, ϖ̆− and ϖ̆+ are
FGBIs of A,

(3) an interval-valued fuzzy bi-ideal (IvFBI) [42] of A if it is both an IvFSS
and an IvFGBI of A, that is, ϖ̆− and ϖ̆+ are FBIs of A.

A negative fuzzy subset (NFS)[27] of X is a mapping from X into [−1, 0]. A NFS
φ of A is called

(1) a negative fuzzy subsemigroup (NFSS) of A if φ(pq) ≤ max{φ(p), φ(q)}
for all p, q ∈ A,

(2) a negative fuzzy generalized bi-ideal (NFGBI) of A if
φ(pzq) ≤ max{φ(p), φ(q)} for all p, q, z ∈ A,

(3) a negative fuzzy bi-ideal (NFBI) of A if it is both a NFSS and a NFGBI
of A.

A bipolar fuzzy set (BFS) [50] in X is an object having the form {(p, φ(p),
δ(p)) | p ∈ X}, where φ is a NFS and δ is a FS of X . We denote ⟨φ, δ⟩ for the
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BFS {(p, φ(p), δ(p)) | p ∈ X}. Note that the concept of BFSs is an extension of
the concepts of FSs and NFSs. A BFS ⟨φ, δ⟩ in A is called

(1) a bipolar fuzzy subsemigroup (BFSS) [30] of A if φ is a NFSS and δ is a
FSS of A,

(2) a bipolar fuzzy generalized bi-ideal (BFGBI) [30] of A if φ is a NFGBI
and δ is a FGBI of A,

(3) a bipolar fuzzy bi-ideal (BFBI) [30] of A if it is both a BFSS and a
BFGBI of A.

A hesitant fuzzy set (HFS) [43, 44] on X is defined to be a mapping ε̃ : X →
℘([0, 1]). Note that every IvFS on X is a HFS on X . A HFS ε̃ on A is called

(1) a hesitant fuzzy subsemigroup (HFSS) [26] of A if ε̃(p)∩ ε̃(q) ⊆ ε̃(pq) for
all p, q ∈ A,

(2) a hesitant fuzzy generalized bi-ideal (HFGBI)[26] of A if ε̃(p) ∩ ε̃(q) ⊆
ε̃(pzq) for all p, q, z ∈ A,

(3) a hesitant fuzzy bi-ideal (HFBI) [26] of A if it is both a HFSS and a
HFGBI of A.

Remark 2.1. The following conditions are true.

(1) If φ is a FS of X , then φ− 1 and −φ are NFSs of X .
(2) If φ is a NFS of X , then φ+ 1 and −φ are FSs of X .
(3) ⟨φ− 1, φ⟩ is a BFS in X for all FS φ of X .
(4) ⟨φ− 1, δ⟩ and ⟨δ − 1, φ⟩ are BFSs in X for all PFS (φ, δ) in X .
(5) ( 1+φ

1+n ,
δ

1+n ) and ( δ
1+n ,

1+φ
1+n ) are PFSs in X for all BFS ⟨φ, δ⟩ in X and

n ∈ N .
(6) (φ, 1− φ), ( φ

1+n ,
δ

1+n ), (
n+φ
1+2m , n+δ

1+2m ) and ( φ
1+n ,

φ
1+n ) are PFSs in X for

each FSs φ and δ of X and n,m ∈ N such that n ≤ m.

3. (inf, sup)-hesitant fuzzy bi-ideals

In this section, we introduce concepts of (inf, sup)-hesitant fuzzy subsemi-
groups, (inf, sup)-hesitant fuzzy generalized bi-ideals and (inf, sup)-hesitant fuzzy
bi-ideals of semigroups and investigate some of their properties via sets, FSs,
NFSs, IvFSs, PFSs, HFSs and BFSs.

For each element Π ∈ ℘([0, 1]) and HFS ε̃ on X , define the elements SUPΠ
[16, 21] and INFΠ [14, 15] of [0, 1] and the subset [X , ε̃,Π] [6, 38] of X as follows:

SUPΠ =

{
supΠ
0

if Π ̸= ∅,
otherwise,

INFΠ =

{
inf Π
0

if Π ̸= ∅,
otherwise,

and

[X , ε̃,Π] = {p ∈ X | SUP ε̃(p) ≥ SUPΠ, INF ε̃(p) ≥ INFΠ}.

Definition 3.1. A HFS ε̃ on A is said to be
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(1) an (inf, sup)-hesitant fuzzy subsemigroup ((inf, sup)-HFSS) of A if
[A, ε̃,Π] is an empty set or a SS of A for all Π ∈ ℘([0, 1]).

(2) an (inf, sup)-hesitant fuzzy generalized bi-ideal ((inf, sup)-HFGBI) of A
if [A, ε̃,Π] is an empty set or a GBI of A for all Π ∈ ℘([0, 1]).

(3) an (inf, sup)-hesitant fuzzy bi-ideal ((inf, sup)-HFBI) of A if it is both
an (inf, sup)-HFSS and an (inf, sup)-HFGBI of A.

For any HFS ε̃ on X , define the FSs Fε̃ and Fε̃ of X by Fε̃(p) = SUP ε̃(p),
and Fε̃(p) = INF ε̃(p) for all p ∈ X . A HFS κ̃ on X is called a supremum
complement [6, 38] of ε̃ on X if SUP κ̃(p) = (1− Fε̃)(p) for all p ∈ X and called
an infimum complement [15, 20] of ε̃ on X if INF κ̃(p) = (1 − Fε̃)(p) for all
p ∈ X . The set of all supremum complements of ε̃ is denoted by SC(ε̃) and
the set of all infimum complements of ε̃ is denoted by IC(ε̃). Define the HFSs
ε̃± and ε̃∓ on X by ε̃±(p) = {(1 − Fε̃)(p)} and ε̃∓(p) = {(1 − Fε̃)(p)} for all
p ∈ X . Then ε̃± ∈ IC(ε̃) and ε̃∓ ∈ SC(ε̃). Moreover, Fε̃± = Fκ̃ = 1−Fε̃ for each

κ̃ ∈ IC(ε̃) and Fε̃∓ = Fτ̃ = 1 − Fε̃ for each τ̃ ∈ SC(ε̃). Next, characterizations
of (inf, sup)-HFSSs, (inf, sup)-HFGBIs and (inf, sup)-HFBIs of semigroups are
discussed via sets, FSs, NFSs and anti-type of FSs.

Lemma 3.2. Let ε̃ be a HFS on A. The following conditions are equivalent.

(1) ε̃ is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of A.
(2) Fε̃ and Fε̃ are FGBIs (resp., FSSs, FBIs) of A.
(3) −Fε̃ and −Fε̃ are NFGBIs (resp., NFSSs, NFBIs) of A.

(4) Fε̃∓ and Fε̃± are AFGBIs (resp., AFSSs, AFBIs) of A.

(5) Fε̃∓ − 1 and Fε̃± − 1 are NFGBIs (resp., NFSSs, NFBIs) of A.
(6) [A, ε̃, ă] is an empty set or a GBI (resp., SS, BI) of A for each ă ∈

D([0, 1]).
(7) Fτ̃ and Fκ̃ are AFGBIs (resp., AFSSs, AFBIs) of A for each κ̃ ∈ IC(ε̃)

and τ̃ ∈ SC(ε̃).
(8) Fτ̃ − 1 and Fκ̃ − 1 are NFGBIs (resp., NFSSs, NFBIs) of A for each

κ̃ ∈ IC(ε̃) and τ̃ ∈ SC(ε̃).

Proof. (5) ⇔ (3), (1) ⇒ (6), (7) ⇒ (4) and (8) ⇒ (5). They are clear.
(3) ⇒ (2). Assume that−Fε̃ and−Fε̃ are NFGBIs ofA. Let p, q, z ∈ A. Then

−Fε̃(pzq) ≤ max{−Fε̃(p),−Fε̃(q)} and−Fε̃(pzq) ≤ max{−Fε̃(p),−Fε̃(q)}. Thus,
we have

min{Fε̃(p),Fε̃(q)} = min{−(−Fε̃(p)),−(−Fε̃(q))}
= −(max{−Fε̃(p),−Fε̃(q)})
≤ −(−Fε̃(pzq))

= Fε̃(pzq),

min{Fε̃(p),Fε̃(q)} = min{−(−Fε̃(p)),−(−Fε̃(q))}

= −(max{−Fε̃(p),−Fε̃(q)})
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≤ −(−Fε̃(pzq))

= Fε̃(pzq).

Hence Fε̃ and Fε̃ are FGBIs of A.
(2) ⇒ (7). Assume that Fε̃ and Fε̃ are FGBIs of A. Let τ̃ ∈ SC(ε̃), κ̃ ∈ IC(ε̃)

and p, q, z ∈ A. Then min{Fε̃(p),Fε̃(q)} ≤ Fε̃(pzq) and min{Fε̃(p),Fε̃(q)} ≤
Fε̃(pzq). Thus

max{Fκ̃(p),Fκ̃(q)} = max{1− Fε̃(p), 1− Fε̃(q)}
= 1−min{Fε̃(p),Fε̃(q)}
≥ 1− Fε̃(pzq)

= Fκ̃(pzq),

max{Fτ̃ (p),Fτ̃ (q)} = max{1− Fε̃(p), 1− Fε̃(q)}

= 1−min{Fε̃(p),Fε̃(q)}

≥ 1− Fε̃(pzq)

= Fτ̃ (pzq).

Therefore, we obtain that Fτ̃ and Fκ̃ are AFGBIs of A.
(7) ⇒ (8). Assume that Fτ̃ and Fκ̃ are AFGBIs of A for each κ̃ ∈ IC(ε̃) and

τ̃ ∈ SC(ε̃). Then Fκ̃(pzq)≤ max{Fκ̃(p),Fκ̃(q)} and Fτ̃ (pzq) ≤ max{Fτ̃ (p),Fτ̃ (q)}
for all p, q, z ∈ A, κ̃ ∈ IC(ε̃) and τ̃ ∈ SC(ε̃). Thus

max{(Fκ̃ − 1)(p), (Fκ̃ − 1)(q)} = max{Fκ̃(p)− 1,Fκ̃(q)− 1}
= max{Fκ̃(p),Fκ̃(q)} − 1

≥ Fκ̃(pzq)− 1

= (Fκ̃ − 1)(pzq),

max{(Fτ̃ − 1)(p), (Fτ̃ − 1)(q)} = max{Fτ̃ (p)− 1,Fτ̃ (q)− 1}

= max{Fτ̃ (p),Fτ̃ (q)} − 1

≥ Fτ̃ (pzq)− 1

= (Fτ̃ − 1)(pzq),

for all p, q, z ∈ A, κ̃ ∈ IC(ε̃) and τ̃ ∈ SC(ε̃). Therefore, we get that Fτ̃ − 1 and
Fκ̃ − 1 are NFGBIs of A for all κ̃ ∈ IC(ε̃) and τ̃ ∈ SC(ε̃).

(4) ⇒ (5). It is similar to prove (7) ⇒ (8) and we omit the details.
(6) ⇒ (2). Assume that [A, ε̃, ă] is an empty set or a GBI of A for each

ă ∈ D([0, 1]). Let p, q, z ∈ A and choose

ă := [min{INF ε̃(p), INF ε̃(q)},min{SUP ε̃(p),SUP ε̃(q)}].
Then, we have p, q ∈ [A, ε̃, ă] and ă ∈ D([0, 1]). Thus the set [A, ε̃, ă] is a GBI
of A which implies that pzq ∈ [A, ε̃, ă]. Hence

min{Fε̃(p),Fε̃(q)} = min{INF ε̃(p), INF ε̃(q)} ≤ INF ε̃(pzq) = Fε̃(pzq),
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min{Fε̃(p),Fε̃(q)} = min{SUP ε̃(p),SUP ε̃(q)} ≤ SUP ε̃(pzq) = Fε̃(pzq).

Therefore, we conclude that Fε̃ and Fε̃ are FGBIs of A.
(2) ⇒ (1). Assume that Fε̃ and Fε̃ are FGBIs of A and Π ∈ ℘([0, 1]).

Let z ∈ A and p, q ∈ [A, ε̃,Π]. Then SUPΠ ≤ min{SUP ε̃(p),SUP ε̃(q)} and
INFΠ ≤ min{INF ε̃(p), INF ε̃(q)}. By the assumption, we get

INFΠ ≤ min{INF ε̃(p), INF ε̃(q)} = min{Fε̃(p),Fε̃(q)} ≤ Fε̃(pzq) = INF ε̃(pzq),

SUPΠ ≤ min{SUP ε̃(p),SUP ε̃(q)} = min{Fε̃(p),Fε̃(q)} ≤ Fε̃(pzq) = SUP ε̃(pzq).

Thus pzq ∈ [A, ε̃,Π]. Hence [A, ε̃,Π] is a GBI of A. □

Example 3.3. Let A = {p, q, z} and define a binary operation · on A by

· p q z
p p p p
q p q q
z p q z

Then A is a semigroup under the binary operation · [33]. We define a HFS ε̃ on
A by

ε̃(p) = ∅, ε̃(q) = {0.2, 0.4, 0.6, 0.8} and ε̃(z) = [0.5, 0.9].

Thus the following conditions are true.

(1) ε̃ is an (inf, sup)-HFSS of A.
(2) ε̃ is not an IvFSS of A because it is not an IvFS.
(3) ε̃ is not a HFSS of A because ε̃(q) ∩ ε̃(z) = {0.6, 0.8} ⊈ ∅ = ε̃(q · p · z).
(4) ε̃ is not an (inf, sup)-HFGBI ofA because the nonempty subset [A, ε̃, ε̃(q)]

of A is not a GBI of A.

Example 3.4. Let A = {w, p, q, z} and define a binary operation ∗ on A by

∗ w p q z
w w w w w
p w w w w
q w w p w
z w w p p

Then A is a semigroup under the binary operation ∗ [33]. We define a HFS ε̃ on
A by

ε̃(w) = {0.6, 0.8, 1}, ε̃(p) = {0}, ε̃(q) = [0.3, 0.5], and ε̃(z) = ∅.
The following conditions are true.

(1) ε̃ is an (inf, sup)-HFGBI of A.
(2) ε̃ is not an IvFGBI of A because it is not an IvFS.
(3) ε̃ is not a HFGBI of A because ε̃(q) ∩ ε̃(q) = [0.3, 0.5] ⊈ {0} = ε̃(q ∗ q).
(4) ε̃ is not an (inf, sup)-HFSS of A because the nonempty subset [A, ε̃, ε̃(q)]

of A is not a SS of A.
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Example 3.5. Let A = {w, p, q, z} and define a binary operation ◦ on A by

◦ w p q z
w w w w w
p w p q w
q w w w w
z w z w w

Then A is a semigroup under the binary operation ◦ [33]. We define a HFS ε̃ on
A by

ε̃(w) = (0.6, 0.9), ε̃(p) = {0.6, 0.9}, ε̃(q) = ∅ and ε̃(z) = {0}.
It is routine to verify that Fε̃ and Fε̃ are FBIs of A. By using Lemma 3.2, we
get that ε̃ is an (inf, sup)-HFBI of A. However, ε̃ is not a HFBI of A because
ε̃(z) ∩ ε̃(z) = {0} ⊈ (0.6, 0.9) = ε̃(z ◦ z), and ε̃ is not an IvFBI of A because it
is not an IvFS.

Proposition 3.6. Every IvFGBI (resp., IvFSS, IvFBI) of A is an (inf, sup)-
HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of A.

Proof. Assume that ϖ̆ is an IvFGBI of A. Then ϖ̆+ and ϖ̆− are FGBIs of A.
Thus, it follows from Lemma 3.2 that ϖ̆ is an (inf, sup)-HFGBI of A. □

The converse of the above proposition is not true, generally, as we see in
Examples 3.3, 3.4 and 3.5. Then by Proposition 3.6 and Examples 3.3, 3.4 and
3.5, we have that an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI)
of a semigroup A is a general concept of an IvFGBI (resp., IvFSS, IvFBI) of A.

Theorem 3.7. Let ϖ̆ be an IvFS on A. The following conditions are equivalent.

(1) ϖ̆ is an IvFGBI (resp., IvFSS, IvFBI) of A.
(2) ϖ̆ is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of

A.
(3) [A, ϖ̆, ă] is an empty set or a GBI (resp., SS, BI) of A for each ă ∈

D([0, 1]).

Proof. It follows from Lemma 3.2 and Proposition 3.6. □

Theorem 3.8. Let ε̃ be a HFS on A. The following conditions are equivalent.

(1) ε̃ is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of A.
(2) If ϖ̆ is an IvFS on A such that ϖ̆− = Fε̃ and ϖ̆+ = Fε̃, then ϖ̆ is an

IvFGBI (resp., IvFSS, IvFBI) of A.
(3) κ̃ is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of A

for each HFS κ̃ on A such that Fκ̃ = Fε̃ and Fκ̃ = Fε̃.

Proof. It follows from Lemma 3.2 and Theorem 3.7. □

For each HFS ε̃ on X and element Π ∈ ℘([0, 1]), define the HFS Hε̃
Π [6, 38]

on X by

Hε̃
Π : X → ℘([0, 1]), p 7→ {m ∈ Π | Fε̃±

2 (p) ≤ m ≤ 1+Fε̃

2 (p)}.
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We denote Hε̃ for Hε̃
[0,1]. Then, we obtain that Hε̃(p) ̸= ∅ and Hε̃

Π(p) ⊆ Hε̃
Ψ(p) ⊆

Hε̃(p) when p ∈ X and Π ⊆ Ψ ⊆ [0, 1]. Next, we characterize (inf, sup)-HFGBIs,
(inf, sup)-HFSSs and (inf, sup)-HFBIs of semigroups via HFSs.

Theorem 3.9. Let ε̃ be a HFS on A. The following conditions are equivalent.

(1) ε̃ is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of A.
(2) Hε̃ is a HFGBI (resp., HFSS, HFBI) of A.
(3) Hε̃

Π is a HFGBI (resp., HFSS, HFBI) of A for all Π ∈ ℘([0, 1]).

Proof. (2) ⇒ (1). Assume that Hε̃ is a HFGBI of A and p, q, z ∈ A. Then

max{Fε̃±
2 (p),

Fε̃±
2 (q)} ∈ Hε̃(p) ∩ Hε̃(q) and min{ 1+Fε̃

2 (p), 1+Fε̃

2 (q)} ∈ Hε̃(p) ∩
Hε̃(q). Since Hε̃ is a HFGBI of A, we get

max{Fε̃±
2 (p),

Fε̃±
2 (q)},min{ 1+Fε̃

2 (p), 1+Fε̃

2 (q)} ∈ Hε̃(p) ∩Hε̃(q) ⊆ Hε̃(pzq).

Thus
Fε̃±
2 (pzq) ≤ max{Fε̃±

2 (p),
Fε̃±
2 (q)} and min{ 1+Fε̃

2 (p), 1+Fε̃

2 (q)} ≤ 1+Fε̃

2 (pzq).

Since Fε̃ = 1− 2(
Fε̃±
2 ) and Fε̃ = 2( 1+Fε̃

2 )− 1, we obtain that

Fε̃(pzq) = 1− 2(
Fε̃±

2
(pzq))

≥ 1− 2(max{Fε̃±

2
(p),

Fε̃±

2
(q)})

= min{1− 2(
Fε̃±

2
(p)), 1− 2(

Fε̃±

2
(q))}

= min{Fε̃(p),Fε̃(q)},

Fε̃(pzq) = 2(
1 + Fε̃

2
(pzq))− 1

≥ 2(min{1 + Fε̃

2
(p),

1 + Fε̃

2
(q)})− 1

= min{2(1 + Fε̃

2
(p))− 1, 2(

1 + Fε̃

2
(q))− 1}

= min{Fε̃(p),Fε̃(q)}.

Hence Fε̃ and Fε̃ are FGBIs of A. Therefore, it follows from Lemma 3.2 that ε̃
is an (inf, sup)-HFGBI of A.

(1) ⇒ (3). Assume that ε̃ is an (inf, sup)-HFGBI of A. Let m ∈ [0, 1],
Π ∈ ℘([0, 1]) and p, q, z ∈ A such that m ∈ Hε̃

Π(p) ∩Hε̃
Π(q). Then

Fε̃±
2 (p) ≤ m ≤ 1+Fε̃

2 (p),
Fε̃±
2 (q) ≤ m ≤ 1+Fε̃

2 (q) and m ∈ Π.

By ε̃ is an (inf, sup)-HFGBI ofA and Lemma 3.2, we have Fε̃±(pzq) ≤ max{Fε̃±(p),
Fε̃±(q)} and min{Fε̃(p),Fε̃(q)} ≤ Fε̃(pzq). Thus

Fε̃±

2
(pzq) ≤ max{Fε̃±

2
(p),

Fε̃±

2
(q)} ≤ m ≤ min{1 + Fε̃

2
(p),

1 + Fε̃

2
(q)} ≤ 1 + Fε̃

2
(pzq)
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and so m ∈ Hε̃
Π(pzq). Hence Hε̃

Π(p) ∩ Hε̃
Π(q) ⊆ Hε̃

Π(pzq). Therefore, we obtain
that Hε̃

Π is a HFGBI of A for each Π ∈ ℘([0, 1]).
(3) ⇒ (2). It is clear. □

Lemma 3.10. Let φ be a FS of A. Then φ is an AFGBI (resp., AFSS, AFBI)
of A if and only if 1− φ is a FGBI (resp., FSS, FBI) of A.

Proof. Assume that φ is an AFGBI of A and p, q, z ∈ A. Then

min{1− φ(p), 1− φ(q)} = 1−max{φ(p), φ(q)} ≤ 1− φ(pzq).

Hence 1−φ is a FGBI of A. Conversely, assume that 1−φ is a FGBI of A and
p, q, z ∈ A. Then

max{φ(p), φ(q)} = max{1− (1− φ)(p), 1− (1− φ)(q)}
= 1−min{(1− φ)(p), (1− φ)(q)}
≥ 1− (1− φ)(pzq)

= φ(pzq).

Thus φ is an AFGBI of A. □

Next, we characterize (inf, sup)-HFGBIs, (inf, sup)-HFSSs and (inf, sup)-HFBIs
of semigroups via PFSs.

Theorem 3.11. Let ε̃ be a HFS on A. The following conditions are equivalent.

(1) ε̃ is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of A.

(2) (Fε̃,F
ε̃∓) is a PFGBI (resp., PFSS, PFBI) of A.

(3) (Fε̃,F
τ̃ ) is a PFGBI (resp., PFSS, PFBI) of A for all τ̃ ∈ SC(ε̃).

(4) ( n+Fε̃

1+2m ,
n+Fε̃±
1+2m ) is a PFGBI (resp., PFSS, PFBI) of A for all n,m ∈ N

such that n ≤ m.

(5) ( n+Fε̃

1+2m , n+Fκ̃

1+2m ) is a PFGBI (resp., PFSS, PFBI) of A for all κ̃ ∈ IC(ε̃)
and n,m ∈ N such that n ≤ m.

Proof. (1) ⇒ (3). It follows from Lemma 3.2.
(3) ⇒ (2) and (5) ⇒ (4). They are obvious.

(2) ⇒ (1). Assume that (Fε̃,F
ε̃∓) is a PFGBI of A. Then Fε̃∓ is an AFGBI

and Fε̃ is a FGBI of A. By Lemma 3.10, we get that Fε̃ = 1−Fε̃∓ is a FGBI of
A. Thus Fε̃ and Fε̃ are FGBIs of A. By Lemma 3.2, we have ε̃ is an (inf, sup)-
HFGBI of A.

(1) ⇒ (5). Assume that ε̃ is an (inf, sup)-HFGBI of A. Let κ̃ ∈ IC(ε̃)
and n,m ∈ N such that n ≤ m. Then, it follows Lemma 3.2 that Fε̃ is a
FGBI and Fκ̃ is an AFGBI of A. Thus Fκ̃(pzq) ≤ max{Fκ̃(p),Fκ̃(q)} and
min{Fε̃(p),Fε̃(q)} ≤ Fε̃(pzq) for all p, q, z ∈ A. Hence

min{n+ Fε̃(p)

1 + 2m
,
n+ Fε̃(q)

1 + 2m
} =

n+min{Fε̃(p),Fε̃(q)}
1 + 2m

≤ n+ Fε̃(pzq)

1 + 2m
,

max{n+ Fκ̃(p)

1 + 2m
,
n+ Fκ̃(q)

1 + 2m
} =

n+max{Fκ̃(p),Fκ̃(q)}
1 + 2m

≥ n+ Fκ̃(pzq)

1 + 2m
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for all p, q, z ∈ A. Thus n+Fε̃

1+2m is a FGBI and n+Fκ̃

1+2m is an AFGBI of A. Therefore,

we obtain that the PFS ( n+Fε̃

1+2m , n+Fκ̃

1+2m ) is a PFGBI of A.

(4) ⇒ (1). Assume that ( n+Fε̃

1+2m ,
n+Fε̃±
1+2m ) is a PFGBI of A for all n,m ∈ N

such that n ≤ m. Then the PFS ( 1+Fε̃

3 ,
1+Fε̃±

3 ) is a PFGBI of A which implies

that 1+Fε̃

3 is a FGBI and
1+Fε̃±

3 is an AFGBI of A. Since Fε̃ = 3( 1+Fε̃

3 )− 1 and

Fε̃± = 3(
1+Fε̃±

3 )− 1, we have

max{Fε̃±(p),Fε̃±(q)} = max{3(1 + Fε̃±

3
(p))− 1, 3(

1 + Fε̃±

3
(q))− 1}

= 3(max{1 + Fε̃±

3
(p),

1 + Fε̃±

3
(q)})− 1

≥ 3(
1 + Fε̃±

3
(pzq))− 1

= Fε̃±(pzq),

min{Fε̃(p),Fε̃(q)} = min{3(1 + Fε̃

3
(p))− 1, 3(

1 + Fε̃

3
(q))− 1}

= 3(min{1 + Fε̃

3
(p),

1 + Fε̃

3
(q)})− 1

≤ 3(
1 + Fε̃

3
(pzq))− 1

= Fε̃(pzq)

for all p, q, z ∈ A. Thus Fε̃ is a FGBI and Fε̃± is an AFGBI of A. By using
Lemma 3.10, we obtain that Fε̃ = 1− Fε̃± is a FGBI of A. Therefore, it follows
from Lemma 3.2 that ε̃ is an (inf, sup)-HFGBI of A. □

Lemma 3.12. Let φ be a NFS of A. Then φ is a NFGBI (resp., NFSS, NFBI)
of A if and only if −φ is a FGBI (resp., FSS, FBI) of A.

Proof. Let φ be a NFGBI of A and p, q, z ∈ A. Then φ(pzq) ≤ max{φ(p), φ(q)}
and thus

−φ(pzq) ≥ −(max{φ(p), φ(q)}) = min{−φ(p),−φ(q)}.

Therefore, we conclude that −φ is a FGBI of A. Conversely, let −φ be a FGBI of
A and p, q, z ∈ A. Then, we have max{φ(p), φ(q)} = max{−(−φ(p)),−(−φ(q))}
= −(min{−φ(p),−φ(q)}) ≥ −(−φ(pzq)) = φ(pzq). Thus φ is a NFGBI of
A. □

In the following theorem, characterizations of (inf, sup)-HFGBIs, (inf, sup)-
HFSSs and (inf, sup)-HFBIs of semigroups are discussed via BFSs.

Theorem 3.13. Let ε̃ be a HFS on A. The following conditions are equivalent.

(1) ε̃ is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of A.
(2) ⟨−Fε̃,F

ε̃⟩ is a BFGBI (resp., BFSS, BFBI) of A.
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(3) ⟨−Fε̃,Fε̃⟩ is a BFGBI (resp., BFSS, BFBI) of A.
(4) ⟨Fκ̃ − 1,Fε̃⟩ is a BFGBI (resp., BFSS, BFBI) of A for all κ̃ ∈ IC(ε̃).
(5) ⟨Fτ̃ − 1,Fε̃⟩ is a BFGBI (resp., BFSS, BFBI) of A for all τ̃ ∈ SC(ε̃).

Proof. (4) ⇒ (2) and (5) ⇒ (3). They are obvious.
(1) ⇒ (4) and (1) ⇒ (5). They follow from Lemma 3.2.
(2) ⇒ (1). Assume that ⟨−Fε̃,F

ε̃⟩ is a BFGBI of A. Then −Fε̃ is a NFGBI
and Fε̃ is a FGBI of A. By using Lemma 3.12, we have Fε̃ = −(−Fε̃) is a FGBI
of A. Thus Fε̃ and Fε̃ are FGBIs of A and by Lemma 3.2, we obtain that ε̃ is
an (inf, sup)-HFGBI of A.

(3) ⇒ (1). It is similar to prove that (2) ⇒ (1) and we omit the details. □

4. Characterizing BIs, FBIs, AFBIs, NFBIs, PFBIs and BFBIs

In this section, we characterize BIs, FBIs, AFBIs, NFBIs, PFBIs and BFBIs
of semigroups by (inf, sup)-type of HFSs.

For any subset Y of X and Π,Ψ ∈ ℘([0, 1]), define a map C(Y,Π,Ψ) [19, 20]
as follows:

C(Y,Π,Ψ): X → ℘([0, 1]), p 7→
{
Ψ
Π

if p ∈ Y,
otherwise.

We denote CI(Y) for C(Y, [0, 0], [1, 1]) and is called the characteristic interval-
valued fuzzy set of Y on X , and denote CH(Y) for C(Y, ∅, [0, 1]) and is called the
characteristic hesitant fuzzy set of Y on X .

Lemma 4.1. If X is a GBI (resp., SS, BI) of A, then C(X ,Π,Ψ) is an (inf, sup)-
HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of A for each Π,Ψ ∈ ℘([0, 1])
with INFΠ ≤ INFΨ and SUPΠ ≤ SUPΨ.

Proof. Assume that X is a GBI of A and Π,Ψ ∈ ℘([0, 1]) such that INFΠ ≤
INFΨ and SUPΠ ≤ SUPΨ. Let p, q, z ∈ A. In case that p /∈ X or q /∈ X , then
C(X ,Π,Ψ)(p) = Π or C(X ,Π,Ψ)(q) = Π. Thus

FC(X ,Π,Ψ)(pzq) ≥ INFΠ = min{INF C(X ,Π,Ψ)(p), INF C(X ,Π,Ψ)(q)}
= min{FC(X ,Π,Ψ)(p),FC(X ,Π,Ψ)(q)},

FC(X ,Π,Ψ)(pzq) ≥ SUPΠ = min{SUP C(X ,Π,Ψ)(p),SUP C(X ,Π,Ψ)(q)}

= min{FC(X ,Π,Ψ)(p),FC(X ,Π,Ψ)(q)}.
On the other hand, let p, q ∈ X . Since X is a GBI of A, we have pzq ∈ X . Then

C(X ,Π,Ψ)(pzq) = C(X ,Π,Ψ)(p) = C(X ,Π,Ψ)(q) = Ψ.

Thus

FC(X ,Π,Ψ)(pzq) = min{FC(X ,Π,Ψ)(p),FC(X ,Π,Ψ)(q)} and

FC(X ,Π,Ψ)(pzq) = min{FC(X ,Π,Ψ)(p),FC(X ,Π,Ψ)(q)}.

Hence FC(X ,Π,Ψ) and FC(X ,Π,Ψ) are FGBIs of A. Therefore, it follows from
Lemma 3.2 that C(X ,Π,Ψ) is an (inf, sup)-HFGBI of A. □
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Theorem 4.2. Let X be a nonempty subset of A and Π,Ψ ∈ ℘([0, 1]) with one
of the following two conditions are true:

(1) INFΠ ≤ INFΨ and SUPΠ < SUPΨ,
(2) INFΠ < INFΨ and SUPΠ ≤ SUPΨ.

Then X is a GBI (resp., SS, BI) of A if and only if C(X ,Π,Ψ) is an (inf, sup)-
HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of A.

Proof. (⇒). It follows from Lemma 4.1.
(⇐). Assume that C(X ,Π,Ψ) is an (inf, sup)-HFGBI of A. Let p, q ∈ X and

z ∈ A. Then C(X ,Π,Ψ)(p) = Ψ = C(X ,Π,Ψ)(q). In the case that INFΠ <
INFΨ and SUPΠ ≤ SUPΨ, then by Lemma 3.2, we have FC(X ,Π,Ψ) is a GBI of
A. Thus

FC(X ,Π,Ψ)(pzq) ≥ min{FC(X ,Π,Ψ)(p),FC(X ,Π,Ψ)(q)} = INFΨ > INFΠ.

Hence C(X ,Π,Ψ)(pzq) = Ψ and so we get pzq ∈ X . In the case that INFΠ ≤
INFΨ and SUPΠ < SUPΨ, then by Lemma 3.2, we obtain that FC(X ,Π,Ψ) is a
GBI of A. Thus

FC(X ,Π,Ψ)(pzq) ≥ min{FC(X ,Π,Ψ)(p),FC(X ,Π,Ψ)(q)} = SUPΨ > SUPΠ.

Hence C(X ,Π,Ψ)(pzq) = Ψ and so we have pzq ∈ X . Therefore, we conclude
that X is a GBI of A. □

Theorem 4.3. Let X be a nonempty subset of A. The following conditions are
equivalent.

(1) X is a GBI (resp., SS, BI) of A.
(2) CI(X ) is an IvFGBI (resp., IvFSS, IvFBI) of A.
(3) CH(X ) is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI)

of A.
(4) CI(X ) is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI)

of A.

(5) C(X , ă, b̆) is an IvFGBI (resp., IvFSS, IvFBI) of A for all ă, b̆ ∈ D[0, 1]

such that ă ⪯ b̆.

Proof. It follows from Lemma 4.1 and Theorems 3.8 and 4.2. □

For each FS φ of X and n ∈ N , we define the IvFS I(φ, n) and the HFS
H(φ, n) on X [6, 38] as follows:

I(φ, n) : X → D[0, 1], p 7→ [
φ

1 + n
(p),

n+ φ

1 + n
(p)]

and

H(φ, n) : X → ℘([0, 1]), p 7→ { φ

1 + n
(p),

n+ φ

1 + n
(p)}.

Then the following are true.

(1) For all p ∈ X , we have H(φ, n)(p) ⊆ I(φ, n)(p).
(2) FI(φ,n) =

φ
1+n = FH(φ,n) and FI(φ,n) = n+φ

1+n = FH(φ,n).



(inf, sup)-hesitant fuzzy bi-ideals of semigroups 427

(3) If δ is a NFS of X , then I(−δ, n) is an IvFS and H(−δ, n) is a HFS on
X .

Theorem 4.4. Let φ be a FS of A. The following conditions are equivalent.

(1) φ is a FGBI (resp., FSS, FBI) of A.
(2) I(φ, n) is an IvFGBI (resp., IvFSS, IvFBI) of A for all n ∈ N .
(3) H(φ, n) is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI)

of A for all n ∈ N .
(4) I(φ, n) is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI)

of A for all n ∈ N .
(5) ε̃ is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of A

for each HFS ε̃ on A and n ∈ N such that Fε̃ =
φ

1+n and Fε̃ = n+φ
1+n .

Proof. It follows from Theorems 3.7 and 3.8 that the conditions (2) − (5) are
equivalent.

(1) ⇒ (5). Assume that φ is a FGBI of A, ε̃ is a HFS on A and n ∈
N such that Fε̃ = φ

1+n and Fε̃ = n+φ
1+n . Then, for all p, q, z ∈ A, we have

min{φ(p), φ(q)} ≤ φ(pzq). Thus

min{Fε̃(p),Fε̃(q)} = min{ φ(p)

1 + n
,
φ(q)

1 + n
} =

min{φ(p), φ(q)}
1 + n

≤ φ(pzq)

1 + n
= Fε̃(pzq),

min{Fε̃(p),Fε̃(q)} = min{n+ φ(p)

1 + n
,
n+ φ(q)

1 + n
} =

n+min{φ(p), φ(q)}
1 + n

≤ n+ φ(pzq)

1 + n
= Fε̃(pzq)

for all p, q, z ∈ A. Hence Fε̃ and Fε̃ are FGBIs of A and by Lemma 3.2, we
conclude that ε̃ is an (inf, sup)-HFGBI of A.

(5) ⇒ (1). Assume that ε̃ is an (inf, sup)-HFGBI of A for each HFS ε̃ on A
and n ∈ N such that Fε̃ =

φ
1+n and Fε̃ = n+φ

1+n . Let ε̃ be a HFS on A such that

Fε̃ = φ
2 and Fε̃ = 1+φ

2 . Then ε̃ is an (inf, sup)-HFGBI of A. By using Lemma
3.2, we obtain that φ

2 = Fε̃ is a FGBI of A. Hence

min{φ(p), φ(q)} = 2(min{φ
2
(p),

φ

2
(q)}) ≤ 2(

φ

2
(pzq)) = φ(pzq)

for all p, q, z ∈ A. Consequently, φ is a FGBI of A. □

Theorem 4.5. Let δ be a NFS of A. The following conditions are equivalent.

(1) δ is a NFGBI (resp., NFSS, NFBI) of A.
(2) I(−δ, n) is an IvFGBI (resp., IvFSS, IvFBI) of A for all n ∈ N .
(3) I(−δ, n) is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI)

of A for all n ∈ N .
(4) H(−δ, n) is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI)

of A for all n ∈ N .
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(5) ε̃ is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of A
for each HFS ε̃ on A and n ∈ N such that Fε̃ =

−δ
1+n and Fε̃ = n−δ

1+n .

Proof. It follows from Lemma 3.12 and Theorem 4.4. □

Theorem 4.6. Let φ be a FS of A. The following conditions are equivalent.

(1) φ is an AFGBI (resp., AFSS, AFBI) of A.
(2) H(1 − φ, n) is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-

HFBI) of A for all n ∈ N .
(3) I(1 − φ, n) is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-

HFBI) of A for all n ∈ N .
(4) I(1− φ, n) is an IvFGBI (resp., IvFSS, IvFBI) of A for all n ∈ N .
(5) ε̃ is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of A

for each HFS ε̃ on A and n ∈ N such that Fε̃ =
1−φ
1+n and Fε̃ = 1+ −φ

1+n .

Proof. It follows from Lemma 3.10 and Theorem 4.4. □

For each PFS P = (φ, δ) in X and n ∈ N , define the HFS H(P, n) and the
IvFS I(P, n) on X [6, 38] as follows:

H(P, n) : X → ℘([0, 1]), p 7→ { φ

1 + n
(p), 1− δ

1 + n
(p)}

and

I(P, n) : X → D[0, 1], p 7→ [
φ

1 + n
(p), 1− δ

1 + n
(p)]

Note that FH(P,n) = φ
1+n = FI(P,n) and FH(P,n) = 1 − δ

1+n = FI(P,n). In the
following theorem, we characterize PFGBIs, PFSSs and PFBIs of semigroups
via IvFSs and the (inf, sup)-type of HFSs.

Theorem 4.7. Let P = (φ, δ) be a PFS in A. The following conditions are
equivalent.

(1) P is a PFGBI (resp., PFSS, PFBI) of A.
(2) H(P, n) is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI)

of A for all n ∈ N .
(3) I(P, n) is an IvFGBI (resp., IvFSS, IvFBI) of A for all n ∈ N .
(4) I(P, n) is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI)

of A for all n ∈ N .
(5) ε̃ is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of A

for each HFS ε̃ on A and n ∈ N such that Fε̃ =
φ

1+n and Fε̃ = 1− δ
1+n .

Proof. It follows from Theorems 3.7 and 3.8 that the conditions (2) − (5) are
equivalent.

(1) ⇒ (2). Assume that P is a PFGBI of A. Then φ is a FGBI and δ is an
AFGBI of A. By using Lemma 3.10, we get that 1 − δ is a FGBI of A. Thus,
for each p, q, z ∈ A and n ∈ N , we have

min{ φ(p)

1 + n
,
φ(q)

1 + n
} =

min{φ(p), φ(q)}
1 + n
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≤ φ(pzq)

1 + n
,

min{1− δ(p)

1 + n
, 1− δ(q)

1 + n
} = min{n+ (1− δ)(p)

1 + n
,
n+ (1− δ)(q)

1 + n
}

=
n+min{(1− δ)(p), (1− δ)(q)}

1 + n

≤ n+ (1− δ)(pzq)

1 + n

= 1− δ(pzq)

1 + n
.

Hence FH(P,n) = 1− δ
1+n and FH(P,n) =

φ
1+n are FGBIs of A for all n ∈ N . By

using Lemma 3.2, we conclude that H(P, n) is an (inf, sup)-HFGBI of A for all
n ∈ N .

(2) ⇒ (1). Assume that H(P, n) is an (inf, sup)-HFGBI of A for all n ∈ N .
Then the HFS H(P, 1) is an (inf, sup)-HFGBI of A. By Lemma 3.2, we obtain
that 2−δ

2 = FH(P,1) and φ
2 = FH(P,1) are FGBIs of A. Note that δ = 2− 2( 2−δ

2 )
and φ = 2(φ2 ). Thus, for each p, q, z ∈ A, we get

min{φ(p), φ(q)} = min{2(φ(p)
2

), 2(
φ(q)

2
)}

≤ 2(
φ(pzq)

2
)

= φ(pzq),

max{δ(p), δ(q)} = max{2− 2(
2− δ(p)

2
), 2− 2(

2− δ(q)

2
)}

= 2− 2(min{2− δ(p)

2
,
2− δ(q)

2
})

≥ 2− 2(
2− δ(pzq)

2
)

= δ(pzq).

Hence φ is a FGBI and δ is an AFGBI of A. Therefore P is a PFGBI of A. □

For each BFS B = ⟨φ, δ⟩ on X and n ∈ N , define the IvFS I⟨B,n⟩ and the
HFS H⟨B,n⟩ on X [6, 38] as follows:

I⟨B,n⟩(p) = [−φ(p)
1+n , n+δ(p)

1+n ] and H⟨B,n⟩(p) = {−φ(p)
1+n , n+δ(p)

1+n } for all p ∈ X .

Note that FH⟨B,n⟩ =
−φ
1+n = FI⟨B,n⟩ and FH⟨B,n⟩ = n+δ

1+n = FI⟨B,n⟩. In Theorem
4.8, we characterize BFGBIs, BFSSs and BFBIs of semigroups via IvFSs and
the (inf, sup)-type of HFSs .

Theorem 4.8. Let B = ⟨φ, δ⟩ be a BFS in A. The following conditions are
equivalent.

(1) B is a BFGBI (resp., BFSS, BFBI) of A.
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(2) H⟨B,n⟩ is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI)
of A for all n ∈ N .

(3) I⟨B,n⟩ is an IvFGBI (resp., IvFSS, IvFBI) of A for all n ∈ N .
(4) I⟨B,n⟩is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI)

of A for all n ∈ N .
(5) ε̃ is an (inf, sup)-HFGBI (resp., (inf, sup)-HFSS, (inf, sup)-HFBI) of A

for each HFS ε̃ on A and n ∈ N such that Fε̃ =
−φ
1+n and Fε̃ = n+δ

1+n .

Proof. By Theorems 3.7 and 3.8, the conditions (2)− (5) are equivalent.
(1) ⇒ (2). Assume that B is a BFGBI of A. Then φ is a NFGBI and δ is a

FGBI of A. Thus −φ is a FGBI of A because using Lemma 3.12. Hence, for all
p, q, z ∈ A and n ∈ N , we have

FH⟨B,n⟩(pzq) =
−φ(pzq)

1 + n
≥ min{−φ(p)

1 + n
,
−φ(q)

1 + n
}

= min{FH⟨B,n⟩(p),FH⟨B,n⟩(q)},

FH⟨B,n⟩(pzq) =
n+ δ(pzq)

1 + n
≥ min{n+ δ(p)

1 + n
,
n+ δ(q)

1 + n
}

= min{FH⟨B,n⟩(p),FH⟨B,n⟩(q)}.

Hence FH⟨B,n⟩ and FH⟨B,n⟩ are FGBIs of A for all n ∈ N . Therefore, it follows
from Lemma 3.2 that H⟨B,n⟩ is an (inf, sup)-HFGBI of A for all n ∈ N .

(2) ⇒ (1). Assume that H⟨B,n⟩ is an (inf, sup)-HFGBI of A for all n ∈ N .
Then the BFS H⟨B, 1⟩ is an (inf, sup)-HFGBI of A. By using Lemma 3.2, we
obtain that 1+δ

2 = FH⟨B,1⟩ is a FGBI and φ
2 = −FH⟨B,1⟩ is a NFGBI of A. Thus,

for each p, q, z ∈ A, we get

φ(pzq) = 2(
φ(pzq)

2
) ≤ 2(max{φ(p)

2
,
φ(q)

2
}) = max{φ(p), φ(q)},

δ(pzq) = 2(
1 + δ(pzq)

2
)− 1 ≥ min{2(1 + δ(p)

2
)− 1, 2(

1 + δ(q)

2
)− 1}

= min{δ(p), δ(q)}.

Hence φ is a NFGBI and δ is a FGBI of A. Therefore, we conclude that B is a
BFGBI of A. □

5. Characterizing semigroups in terms of (inf, sup)-HFBIs

In this section, we characterize a completely regular semigroup, a group and
a semigroup which is a semilattice of groups via (inf, sup)-HFBIs.

We recall that a semigroup A is said to be

• regular [33] if for each p ∈ A there exists q ∈ A such that p = pqp,
• intra-regular [33] if for each z ∈ A, there exist p, q ∈ A such that z =

pz2q,
• completely regular [33] if for each p ∈ A there exists q ∈ A such that

p = pqp and pq = qp,
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• right (left) regular [33] if for each p ∈ A there exists q ∈ A such that
p = p2q (p = qp2),

• normal [33] if pA = Ap for all p ∈ A,
• a band [7] if p = p2 for all p ∈ A,
• commutative [7] if pq = qp for all p, q ∈ A,
• a semilattice of groups [33] if it is the set-theoretical union of a fam-
ily of mutually disjoint subgroups Gi(i ∈ I) such that for all i, j ∈ I
the products GiGj and GjGi are both contained in the same subgroup
Gk(k ∈ I),

• a group [33] if an identity element exists and every element has an inverse.

Theorem 5.1. In a regular semigroup A, every (inf, sup)-HFGBI of A is an
(inf, sup)-HFSS of A, and so an (inf, sup)-HFBI of A.

Proof. Let ε̃ be an (inf, sup)-HFGBI of A and p, q ∈ A. There exists z ∈
A such that p = pzp. Thus min{Fε̃(p),Fε̃(q)} ≤ Fε̃(p(zp)q) = Fε̃(pq) and
min{Fε̃(p),Fε̃(q)} ≤ Fε̃(p(zp)q) = Fε̃(pq). Hence Fε̃ and Fε̃ are FSSs of A.
Therefore, it follows from Lemma 3.2 that ε̃ is an (inf, sup)-HFSS of A. □

Lemma 5.2. [8] A semigroup A is a group if and only if it contains no proper
bi-ideal.

For elements Π,Ψ ∈ ℘([0, 1]), we define Π ≊ Ψ if and only if SUPΠ = SUPΨ
and INFΠ = INFΨ. A HFS ε̃ on X is called constant if ε̃(p) = ε̃(q) for all
p, q ∈ X , and called (inf, sup)-constant if ε̃(p) ≊ ε̃(q) for all p, q ∈ X . Then the
following conditions are true.

(1) If Π = Ψ, then Π ≊ Ψ.
(2) If Y is a subset of X and p, q ∈ X , then CH(Y)(p) ≊ CH(Y)(q) if and

only if CH(Y)(p) = CH(Y)(q).
(3) If a HFS ε̃ on X is constant, then ε̃ is (inf, sup)-constant.
(4) If a HFS ε̃ on A is (inf, sup)-constant, then ε̃ is an (inf, sup)-HFBI of A.

Theorem 5.3. Let A be a semigroup. The following conditions are equivalent.

(1) A is a group.
(2) Every (inf, sup)-HFGBI of A is (inf, sup)-constant.
(3) Every (inf, sup)-HFBI of A is (inf, sup)-constant.

Proof. (1) ⇒ (2). Assume that A is a group with the identity e. Let ε̃ be an
(inf, sup)-HFGBI of A and p ∈ A. Then

INF ε̃(p) = INF ε̃(epe) ≥ INF ε̃(e) = INF ε̃(ee)

= INF ((pp−1)(p−1p)) = INF (p(p−1p−1)p) ≥ INF ε̃(p).

Thus INF (e) = INF (p). By the similar arguments, we obtain that SUP ε̃(e) =
SUP ε̃(p). Hence ε̃(e) ≊ ε̃(p) for all p ∈ A, which implies that ε̃ is an (inf, sup)-
constant.
(2) ⇒ (3). It is obvious.
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(3) ⇒ (1). Let X be a BI of A and p ∈ X . By Theorem 4.3, we have CH(X )
is an (inf, sup)-HFBI of A. By the assumption (3), we obtain that CH(X ) is
(inf, sup)-constant. Hence CH(X )(q) ≊ CH(X )(p) = [0, 1] for all q ∈ A, which
implies that X = A. It is follows from Lemma 5.2 that A is a group. □

Lemma 5.4. [36] Let A be a semigroup. Then A is completely regular if and
only if p ∈ p2Ap2 for all p ∈ A.

Theorem 5.5. Let A be a semigroup. Then the following conditions are equiv-
alent.

(1) A is completely regular.
(2) ε̃(p) ≊ ε̃(p2) for each (inf, sup)-HFGBI ε̃ of A and p ∈ A.
(3) ε̃(p) ≊ ε̃(p2) for each (inf, sup)-HFBI ε̃ of A and p ∈ A.

Proof. (1) ⇒ (2). Let ε̃ be an (inf, sup)-HGBI of A and p ∈ A. By the assump-
tion (1) and Lemma 5.4, there exists q ∈ A such that p = p2qp2. Since ε̃ is an
(inf, sup)-HGBI of A and Lemma 3.2, we have

Fε̃(p) = Fε̃(p
2qp2) ≥ Fε̃(p

2) = Fε̃(p(pqp
2)p) ≥ Fε̃(p).

Thus INF ε̃(p) = Fε̃(p) = Fε̃(p
2) = INF ε̃(p2). By the similar arguments, we can

prove that SUP ε̃(p) = SUP ε̃(p2). Hence ε̃(p) ≊ ε̃(p2).
(2) ⇒ (3). It is clear.
(3) ⇒ (1). Let p ∈ A. Then B[p2] := {p2} ∪ {p4} ∪ p2Ap2 is a BI of A.
By Theorem 4.3, we have that CH(B[p2]) is an (inf, sup)-HFBI of A. By the
assumption (3) and p2 ∈ B[p2], we get

CH(B[p2])(p) ≊ CH(B[p2])(p2) = [0, 1].

Thus p ∈ B[p2] which implies that p ∈ p2Ap2. It follows from Lemma 5.4 that
A is completely regular. □

Definition 5.6. An (inf, sup)-HFBI ε̃ of A is called B-normal if ε̃(pq) ≊ ε̃(qp)
for all p, q ∈ A.

Note that if a HFS ε̃ on A is (inf, sup)-constant, then ε̃ is B-normal.

Definition 5.7. A semigroup A is called (inf, sup)-hesitant fuzzy B∗-normal
((inf, sup)-HFB∗-normal) if every (inf, sup)-HFBI of A is B-normal.

Theorem 5.8. Every (inf, sup)-HFB∗-normal semigroup is normal.

Proof. Assume that A is an (inf, sup)-HFB∗-normal semigroup. Let p ∈ A and
q ∈ pA. Then, there exists z ∈ A such that q = pz. Thus B[zp] := {zp} ∪
{(zp)2} ∪ zpAzp is a BI of A and by using Theorem 4.3, we get that CH(B[zp])
is an (inf, sup)-HFBI of A. By the assumption, we obtain that CH(B[zp]) is
B-normal and so

CH(B[zp])(q) = CH(B[zp])(pz) ≊ CH(B[zp])(zp) = [0, 1].

Then q ∈ B[zp] ⊆ Ap. Hence pA ⊆ Ap. By the similar arguments, we can show
that Ap ⊆ pA. Therefore pA = Ap. Consequently, we have A is normal. □
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Theorem 5.9. If a semigroup A is regular (resp., completely regular, left regu-
lar, right regular, intra-regular), then A is normal if and only if A is (inf, sup)-
HFB∗-normal.

Proof. (⇒). Assume that A is regular and normal. Let ε̃ be an (inf, sup)-HFBI
of A and p, q ∈ A. There exists w ∈ A such that pq = pqwpq. Then pq =
pqwpqwpq ∈ pq(Ap)(qA)pq ⊆ (Aq)p(AA)q(pA) ⊆ q(Ap)A(qA)p = qp(AAA)qp
⊆ qpAqp. There exists z ∈ A such that pq = qpzqp.
Thus INF ε̃(pq) = INF ε̃((qp)z(qp)) ≥ INF ε̃(qp) and
SUP ε̃(pq) = SUP ε̃((qp)z(qp)) ≥ SUP ε̃(qp). Hence ε̃(pq) ≊ ε̃(qp). Therefore A
is (inf, sup)-HFB∗-normal.
(⇐). It follows from Theorem 5.8. □

Theorem 5.10. Let A be a band. Then the following conditions are equivalent.

(1) A is commutative.
(2) A is normal.
(3) A is (inf, sup)-HFB∗-normal.

Proof. Since A is a band, we have A is regular. It follows from Theorem 5.9
that the conditions (2) and (3) are equivalent.

(1) ⇒ (3). It is obvious.
(3) ⇒ (1). Assume that A is (inf, sup)-HFB∗-normal and p, q ∈ A. Then, by

Theorem 5.8, we have pq ∈ Aq = qA and qp ∈ qA = Aq. There exist w, z ∈ A
such that pq = qz and qp = wq. Since A is a band, we get

pq = qz = q(qz) = (qp)q = w(qq) = wq = qp.

Thus A is commutative. □

Theorem 5.11. For an (inf, sup)-HFB∗-normal semigroup A, the following
conditions are equivalent.

(1) A is regular.
(2) A is right regular.
(3) A is left regular.
(4) A is intra-regular.
(5) A is completely regular.

Proof. It follows from Lemma 5.4 and Theorem 5.8. □

Theorem 5.12. [33] Let A be a semigroup. Then A is a semilattice of groups
if and only if A is regular and normal.

Theorem 5.13. For a semigroup A, the following conditions are equivalent.

(1) A is a semilattice of groups.
(2) A is right regular and (inf, sup)-HFB∗-normal.
(3) A is left regular and and (inf, sup)-HFB∗-normal.
(4) A is intra-regular and (inf, sup)-HFB∗-normal.
(5) A is regular and (inf, sup)-HFB∗-normal.
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(6) A is completely regular and (inf, sup)-HFB∗-normal.
(7) ε̃(p) ≊ ε̃(p2) and ε̃(pq) ≊ ε̃(qp) for each (inf, sup)-HFBI ε̃ of A and

p, q ∈ A.
(8) ε̃(p) ≊ ε̃(p2) and ε̃(pq) ≊ ε̃(qp) for each (inf, sup)-HFGBI ε̃ of A and

p, q ∈ A.

Proof. It follows from Theorems 5.1, 5.5, 5.11 and 5.12. □

Theorem 5.14. Let A be a regular (resp., intra-regular, completely regular, left
regular, right regular) semigroup. The following conditions are equivalent.

(1) A is a semilattice of groups.
(2) A is normal.
(3) A is (inf, sup)-HFB∗-normal.
(4) ε̃(pq) ≊ ε̃(qp) for each (inf, sup)-HFGBI ε̃ of A and p, q ∈ A.

Proof. It follows from Theorems 5.9, 5.11 and 5.13. □

Theorem 5.15. Let A be a band. The following conditions are equivalent.

(1) A is a semilattice of groups.
(2) A is commutative.
(3) A is normal.
(4) A is (inf, sup)-HFB∗-normal.
(5) ε̃(pq) ≊ ε̃(qp) for each (inf, sup)-HFGBI ε̃ of A and p, q ∈ A.

Proof. It follows from Theorems 5.10 and 5.14. □

6. Conclusions and future work

In present paper, we have introduced the concept of (inf, sup)-HFBIs (resp.,
(inf, sup)-HFSSs, (inf, sup)-HFGBIs), which is a generalization of the concept
of IvFBIs (resp., IvFSSs, IvFGBIs), of semigroups and investigated its related
properties. (inf, sup)-HFSSs, (inf, sup)-HFGBIs and (inf, sup)-HFBIs of semi-
groups have been characterized in terms of sets, FSs, NFSs, IvFSs, PFSs, HFSs
and BFSs. Also, characterizations of BIs, FBIs, AFBIs, NFBIs, PFBIs and BF-
BIs have been investigated in terms of the (inf, sup)-type of HFSs. As important
study results, we have provided conditions under which a semigroup can be com-
pletely regular, a group and a semilattice of groups in terms of (inf, sup)-HFBIs.

In the future, the concepts and findings from this study will be applied to
ternary semigroups, Γ-semigroups, LA-semigroups, BCK/BCI/BCC-algebras,
and other important algebraic systems to further examine their applicability
as a mathematical tool for automation systems, decision theory, etc.
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