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Abstract >> The fast refueling process of compressed hydrogen has an important

impact on the filling efficiency and safety. With the development and use of hydro-

gen energy, the demand for precision measurement of filling hydrogen thermody-

namic parameters is also increasing. In this paper, the compressibility factor cal-

culation model of high-pressure hydrogen gas was studied, and the basic equa-

tion of state and thermo-physical parameters were calculated. The hydrogen den-

sity data provided by the National Institute of Standards and Technology was com-

pared with the calculation results of each model. Results show that at a pressure

of 0.1-100 MPa and a temperature of 233-363 K, the calculation accuracy of the

Zheng-Li equation of state was less than 0.5%. In the range of 0.1-70 MPa, the ac-

curacy of Redich-Kwong equation is less than 3%. The hydrogen pressure more 

influences on the compressibility factor than the hydrogen temperature does. 

Using the Zheng-Li equation of state to calculate the compressibility factor of 

on-board high pressure hydrogen can obtain high accuracy.

Key words : High pressure hydrogen(고압수소), Compressibility factor(압축성 인자),

Equation of state(상태방정식), Thermal physical parameters(열물리적 
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Nomenclature

 : Constants related to the critical parameter of 

hydrogen gas.

: The pressure of hydrogen (MPa).

 : The temperature of hydrogen (K).

: Hydrogen constant 8.31441 ∙ .

: Hydrogen compressibility factor.
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

: The critical pressure of hydrogen 


 .



: The contrast state parameter 







 .



: The contrast state parameter 








 .



: The critical temperature of hydrogen 



 .

: The specific volume of hydrogen. 

: The acentric factor.

1. Introduction

With the increasing depletion of fossil energy world-

wide and the growing tension in energy supply, it has 

become a trend to actively explore new energy sour-

ces to replace the non-renewable traditional fossil en-

ergy sources
1)
. As a clean and efficient new energy 

source, hydrogen energy is considered to be the most 

attractive and promising new energy source in the fu-

ture because of its high combustion calorific value, 

clean and non-polluting, extensive sources, convenient 

storage and transportation, and various forms of uti-

lization
2,3)
. With the development and utilization of 

hydrogen energy, the requirements for accurate meter-

ing of high-pressure hydrogen are increasing.

In practice, the flow rate of hydrogen in pipeline 

systems, the fast filling process at hydrogen filling 

stations and the hydrogen utilization rate are the main 

focus of hydrogen applications, which are calculated 

based on the equation of state for hydrogen. However, 

under high pressure conditions, the actual hydrogen is 

completely different from the ideal gas; therefore cal-

culations based on the ideal gas equation of state can 

cause significant errors
4)
. Mohamed and Paraschivoiu

5)
 

used the Beattie-Bridgeman equation of state to study 

the thermal properties of the hydrogen emission process. 

Schefer et al
6)
. proposed to use the Abel-Noble equa-

tion of state in the hydrogen storage tank nozzle to 

calculate the properties of the real gas of hydrogen. 

Later, Khaksarfard et al
7)
. studied the release of high-

pressure hydrogen using a numerical method with a 

real gas model. Xiao et al
8)
. developed an engineering 

model for predicting the hydrogen leakage distribution 

when the storage pressure was up to 100 MPa; an 

adiabatic expansion model was applied to calculate 

the parameters of the leakage port in their model. 

Bonelli et al
9)
.
 
investigated the hydrogen fast charg-

ing process for filling pressures up to 75MPa; three 

equations of state were used for the analysis, includ-

ing ideal gas, Redlich-Kwong (RK) and van der 

Waals (VDW) equation of state, to investigate the ef-

fect of real gas on the jet characteristics. The results 

show that the real gas can significantly affect the 

Mach number, pressure and temperature of the jet 

structure. A systematic study of the outflow co-

efficients of sonic nozzles with high-pressure hydro-

gen as the medium was carried out in the literature
10)
, 

which showed that the compressibility factor and spe-

cific heat ratio of hydrogen had a significant effect 

on the outflow coefficients of sonic nozzles.

Hu et al
11)
. improved the double-layer splitting 

model of Li et al
12)
. for modelling a high-pressure hy-

drogen jet blocked by a vertical plate; the Abel-Noble 

equation of state was chosen to calculate the flow pa-

rameters, Mach region and slip region in the storage 

tank. Zhou et al
13)
. and Yu et al

14)
. calculated the exit 

conditions of the leakage gas stream based on the 

Abel-Nobel gas equation of state and compared them 

with experimental results. Proust et al
15)
. used the 

Abel-Nobel gas equation of state to predict gas den-

sity and pressure changes in storage tanks under dif-

ferent leak hole diameters, and showed that the 

Abel-Nobel gas equation of state was closer to the 

experimental values
16)
. Zou et al

17)
. recently reviewed 

seven real gas equations of state, including Abel-Nobel, 

VDW, Peng-Robinson (PR), Soave-RK (SRK), RK, 
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Fig. 1. The role of real gas effects in compressed hydrogen 

system

Aungier-RK and Beattie Bridgeman, in a compre-

hensive manner. The Abel-Nobel gas equation of 

state was chosen to model the high-pressure hydrogen 

leakage. 

The real gas equation of state is a key part of the 

hydrogen fast charging process and its role is shown 

in Fig. 1. Many studies have revealed the need for a 

real gas equation of state to model the thermal prop-

erties of high pressure hydrogen.

The gas equation of state is a function of the den-

sity, pressure and temperature of the gas; the gas com-

pressibility factor Z represents the extent to which the 

actual gas deviates from the ideal gas properties and 

is an important physical parameter in the measure-

ment of actual hydrogen. Although there are most re-

searches on compressibility factors, there is less re-

search on the calculation of compressibility factors by 

theoretical methods. This paper investigates models 

for the calculation of compressibility factors for four 

commonly used gas equations of state. Finally, a re-

gression analysis with hydrogen density data from the 

National Institute of Standards and Technology is car-

ried out to compare the results with an accurate mod-

el for the calculation of the compressibility factor for 

high pressure hydrogen.

2. Hydrogen compressibility factor 

2.1 Real gas equation of state

At higher gas pressures, higher densities, and low-

er temperatures, the molecular movement patterns in 

the gas are complex. The actual conditions of high 

pressure hydrogen (2-100 MPa) discussed in this 

study are such conditions. In this case, the equation 

of state of ideal gas cannot be used to study the 

p-v-T relationship for the actual state of hydrogen, 

and the more complex actual gas equation of state is 

required. In general, the actual gas equation of state 

is obtained by theoretical and experimental mod-

ification of the ideal gas equation of state. A com-

mon way of expressing the actual gas equation of 

state is by introducing a compressibility factor Z=f 

(p, T) to modify the ideal gas equation of state by a 

compressibility factor.

2.2 Compressibility factor

The compressibility factor Z represents the devia-

tion in volume of the real gas when it is compressed 

compared to the ideal gas when it is compressed by 

the same pressure. The compressibility factor Z is in-

voked to correct the ideal gas equation of state.





                                  (1)

At equation (1), it is clear that the essence of the 

compressibility factor is the correction factor of the 

actual gas or gas in its actual state to the ideal gas 

equation of state (Z=1).
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Table 1. Parameters of cubic equations of state with compression factor

Eq a b e f A B

VDW
















0 0













RK





















1 0













SR 



















1 0













PR 



















2 1













H2



 




 
Acentric factor : -0.215

  
 

3. Compressibility factor calculation 

model

In practice, the Joule-Thomson (JT) effect of hy-

drogen in pipeline systems, the fast filling process at 

hydrogen filling stations and the utilization rate of 

hydrogen are the main focus of hydrogen applica-

tions, which are calculated based on the equation of 

state for hydrogen. In the case of hydrogen, the 

Joule-Thomson effect is not commonly observed be-

cause hydrogen molecules have a linear structure, 

which is already at its lowest possible symmetry. So 

it is better to explain how JT effect of hydrogen in 

pipeline systems is significant. However, at high 

pressure conditions, the actual hydrogen is com-

pletely different from the ideal gas; therefore. In or-

der to investigate the compressibility factor of 

high-pressure hydrogen, the selection of a reasonable 

and correct equation of state for the real gas is the 

most essential prerequisite for this study. In this pa-

per, four cubic equations of state were proposed to be 

used for numerical analysis
18-21)

.

    










          (2)

    











 (3)

      
  




      


                (4)

      
  
           (5)

The parameters in the equation of state and the 

critical parameters for hydrogen are shown in Table 1.

Although there is a wealth of research on compres-

sibility factors, with a large amount of experimental 

data and empirical formulas, there is relatively little 

research on calculating compressibility factors by the-

oretical methods. The general cubic equation of state 

can be expressed as equation (6).












                       (6)

In this paper, the compressibility factor of the 

equation of state obtained with PV=ZRT is as fol
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Fig. 2. Compressibility factor estimated by VDW equation

VDW equation:

Fig. 3. VDW equation compared to NIST data

Fig. 4. Comparison of compressibility factor calculated by hy-

drogen state equations with NIST data

Fig. 5. Variation of hydrogen compressibility factor with pres-

sure at different temperatures using Zheng-Li equation of state

lows.




  

(7)

4. Result and discussion

Fig. 2 shows the compressibility factor curve based 

on the VDW equation. As can be seen from Fig. 3, 

the hydrogen density increases with increasing pres-

sure, and the error in the VDW equation increases 

with increasing pressure. Comparing the calculated 

results with the NIST data, it is found that the error 

of the VDW equation is larger when P>20 MPa. The 

pressure of the on-board hydrogen storage cylinder is 

in the range of 35-70 MPa, so the VDW equation is 

not applicable to calculate the high-pressure hydrogen 

compressibility factor.

Fig. 4 shows comparison of compressibility factor 

under different equations of state. The calculated re-

sults show that Zheng-Li equation of state
22)
 is in 

good agreement with the NIST high-pressure hydro-

gen compressibility factor data. When the pressure is 

1-70 MPa, the error is less than 0.5%. However, for 

high pressure hydrogen with P>35 MPa, the max-

imum error of compressibility factor calculated by 
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PR equation is less than 5% compared with NIST 

data. For hydrogen of 0-35 MPa, RK equation has a 

good calculation accuracy.

It can be seen from Fig. 5 that the compressibility 

factor of hydrogen increases with the increase of 

pressure. The compressibility factor of hydrogen de-

creases with the increase of temperature under the 

same pressure. At the same temperature, the compres-

sibility factor increases with the increase of pressure. 

The hydrogen pressure increases from 0.1 MPa to 

100 MPa, and the compressibility factor increases by 

70.22%. The temperature increased from 253 to 363 

K, and the compressibility factor decreased by 4.89%. 

The hydrogen pressure more influences on the com-

pressibility factor than the hydrogen temperature 

does.

5. Conclusion

In response to the lack of accuracy of current 

methods for calculating the high-pressure hydrogen 

compressibility factor, an accurate calculation model 

of high-pressure hydrogen compressibility factor is 

obtained through comparison. This paper discussed 

the several calculation models for calculating the 

high-pressure hydrogen compressibility factor. The 

conclusions of which are as follows: 

1) The compressibility factor of high pressure hy-

drogen gas is studied by using VDW, RK, PR state 

equations, and the expression of the compressibility 

factor is derived.

2) The VDW equation for the compressibility fac-

tor of hydrogen is simple and easy to calculate, and 

is independent of the gas composition. When P<15 

MPa, the VDW equation can be used with high accu-

racy, with a maximum error of <1.8%.

3) In the range of 0.1-100 MPa and temperature 

233-363 K, the accuracy of calculation of Zheng-Li 

equation is <0.5%. For the hydrogen pressure of 0-35 

MPa, RK equation has good calculation accuracy. In 

the range of 0-70 MPa, the accuracy of RK equation 

is less than 3%. The hydrogen pressure more influen-

ces on the compressibility factor than the hydrogen 

temperature does.

4) NIST data is used to verify the gas equation of 

state in reference
22)
, and high accuracy can be ob-

tained by using the Zheng-Li equation of state to cal-

culate the high-pressure hydrogen compressibility 

factor.

5) The temperature range during fast charging of 

on-board hydrogen storage cylinders was 233.15-358.15 

K. The NIST density data was converted to compres-

sibility factor data to explore the trend of compressi-

bility factor with pressure at different temperatures, 

and the influence of temperature and high pressure 

on the compressibility factor of compressed hydrogen 

was obtained.
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