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A PARTITION OF q-COMMUTING MATRIX

Eunmi Choi∗

Abstract. We study divisibilities of elements in the q-commuting matrix

C(q). We first make a coefficient matrix Ĉ of C(q) which is independent

of q, study divisibilities over Ĉ and then retrieve our findings to C(q).
Finally we partition the C(q) into 2× 2 block matrices.

1. Introduction

A q-commuting matrix C(q) = [e
(q)
i,j ] is an arithmetic table of a polynomial

(x + y)i =
i∑

j=0

e
(q)
i,j x

i−jyj having q-commuting variables yx = qxy (q ∈ Z)

[2]. For instance, e
(q)
4,2 = 1 + q + 2q2 + q3 + q4 = (1, 1, 2, 1, 1) ◦ (1, . . . , q4) =

ê4,2 ◦ (1, . . . , q4) with q-coefficient ê4,2 = (1, 1, 2, 1, 1) (often written by 11211).

Let e
(q)
i,j = êi,j ◦ (1, q, q2, . . . )and Ĉ = [êi,j ] be the q-coefficient matrix of C(q).

q-commuting matrix C(q) = [c
(q)
i,j ] coefficient matrix Ĉ = [ĉi,j ]

i\j 0 1 2 3 0 1 2 3 4
1 1 1 1 1
2 1 1 + q 1 1 1̄2 1
3 1 1 + q + q2 1 + q + q2 1 1 1̄3 1̄3 1
4 1 1 + q + q2 + q3 1 + q + 2q2 + q3 + q4 1 + q + q2 + q3 1 1̄4 1̄221̄2 14 1
5 1 1 + q + · · ·+ q4 . . . 1 1̄5 1̄22̄31̄2 1̄22̄31̄2 1̄5

Here īk in Ĉ is a k-tuple (i, . . . , i) for i ∈ Z. When q = ±1, C(1) and C(−1) are

Pascal and Pauli Pascal matrices, respectively [4]. A well known Lucas theorem

about divisibilities over C(1) says that e
(1)

pk,j
(1 ≤ j < pk) is divisible by p if p

is prime ([3]). In this work as a generalization of the Lucas theorem, we study

divisibilities over C(q) for any q. Since the coefficient matrix Ĉ is simpler than
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C(q), we study divisibilities over Ĉ and then retrieve our findings to C(q). And

the divisibility properties are applied to find 2× 2 block matrix forms of C(q).

In the work we denote the Pascal matrix C(1) = [e
(1)
i,j ] simply by P = [ei,j ].

2. Divisibility in C(q)

Over the coefficients matrix Ĉ = [êi,j ] of C
(q) = [e

(q)
i,j ], operations are natu-

rally determined by, for (ai)i≥0 = (a0, a1, . . . ), (bi)i≥0 = (b0, b1, . . . ) ∈ Ĉ,

(ai)i≥0 + (bi)i≥0 = (ai + bi)i≥0 and (ai)i≥0 · (bi)i≥0 = (
∑

j+k=i

ajbk)i≥0.

Indeed, the multiplicative operation arises from

((ai) · (bi)) ◦ (1, q, q2, . . . ) = (a0b0,
∑

i+j=1

aibj ,
∑

i+j=2

aibj , . . . ) ◦ (1, q, q2, . . . ).

For example ê4,2 = (1, 1, 2, 1, 1) = (1, 1, 1, 0, 0)+(0, 0, 1, 1, 1) = (1, 1, 1) ·(1, 0, 1),

so it gives a factorization of e
(q)
4,2 in C(q) that

e
(q)
4,2 = 1 + q + 2q2 + q3 + q4 = ((1, 1, 1) · (1, 0, 1)) ◦ (1, q, q2) =

2∑
t=0

qt(1 + q2).

The next recurrence rules are fundamental in Ĉ = [êi,j ].

Theorem 2.1. Let 0̄kêi,j denote 0̄k followed by êi,j. Then êi,j = êi−1,j−1 +

0̄j êi−1,j = 0̄i−j êi−1,j−1 + êi−1,j and êi,j =
i−1∑
t=1

0̄j(t−1)êi−t,j−1 for 0 < j < i.

Proof. The expansion (x + y)i =
i∑

j=0

e
(q)
i,j x

i−jyj with yx = qxy yields a re-

currence e
(q)
i,j = e

(q)
i−1,j−1 + qje

(q)
i−1,j = qi−je

(q)
i−1,j−1 + e

(q)
i−1,j ([5]). Let e

(q)
i,j =

êi,j ◦ (1, q, q2, . . . ) be with êi,j = (a0, a1, . . . ) for ai ∈ Z. Then

qke
(q)
i,j = (a0, a1, . . . ) ◦ (qk, qk+1, qk+2, . . . )

= (0, . . . , 0︸ ︷︷ ︸
k

, a0, a1, . . . ) ◦ (1, q, q2, . . . ) = 0̄kêi,j ◦ (1, q, q2, . . . ).

Thus

êi,j ◦ (1, q, . . . ) = e
(q)
i−1,j−1 + qje

(q)
i−1,j = (êi−1,j−1 + 0̄j êi−1,j) ◦ (1, q, . . . )

implies êi,j = êi−1,j−1 + 0̄j êi−1,j . Now if i = 5 then



A PARTITION OF q-COMMUTING MATRIX 281

ê5,2 = ê4,1 + 0̄2ê4,2 = ê4,1 + 0̄2ê3,1 + 0̄4(ê2,1 + 0̄2ê2,2) =
4∑

t=1
0̄2(t−1)ê5−t,1.

So by assuming êi,j =
i−1∑
t=1

0̄j(t−1)êi−t,j−1, we have

êi+1,j = êi,j−1 + 0̄j
i−1∑
t=1

0̄j(t−1)êi−t,j−1 =
i∑

t=1
0̄j(t−1)êi+1−t,j−1. □

The 2nd identity in Theorem 2.1 corresponds to e
(q)
i,j =

i−1∑
t=1

qj(t−1)ei−t,j−1 in

C(q), which is a type of hockey stick formula ([6]).

Theorem 2.2. (1 − qj)e
(q)
i,j = (1 − qi)e

(q)
i−1,j−1, (1 − qi−j)e

(q)
i,j = (1 − qi)e

(q)
i−1,j

and (1− qj)e
(q)
i,j = (1− qi−j+1)e

(q)
i,j−1.

Proof. Clearly e
(q)
i,j = e

(q)
i−1,j−1+qj(e

(q)
i,j −qi−je

(q)
i−1,j−1) = qje

(q)
i,j +(1−qi)e

(q)
i−1,j−1

and e
(q)
i,j = qi−j(e

(q)
i,j − qje

(q)
i−1,j) + e

(q)
i−1,j = qi−je

(q)
i,j + (1− qi)e

(q)
i−1,j by Theorem

2.1. So (1− qj)e
(q)
i,j = (1− qi)e

(q)
i−1,j−1 and (1− qi−j)e

(q)
i,j = (1− qi)e

(q)
i−1,j . □

Lemma 2.3. [1] Let the length len(êi,j) of êi,j be the number of digits in êi,j.

Then len(êi,j) = 1 + (i− j)j for any 0 ≤ j ≤ i.

As a polynomial e
(q)
i,j in q, Lemma 2.3 shows deg(e

(q)
i,j ) = len(êi,j)− 1.

Lemma 2.4. Polynomial xu − 1 divides xv − 1 if and only if u divides v.

Theorem 2.5. If p is a prime then e
(q)
p,1 | e(q)p,j and êp,1 | êp,j for 1 ≤ j ≤ p.

Proof. It is clear if p = 2. Let p = 2k + 1 be an odd prime. Then

e
(q)
p,2 = 1−q2k

1−q2 e
(q)
p,1 = (1 + q2 + · · ·+ q2k−2)e

(q)
p,1

by Theorem 2.2, so e
(q)
p,1 divides e

(q)
p,2. Assume e

(q)
p,1 | e(q)p,j for some j ≥ 2, say

e
(q)
p,j = f(q)e

(q)
p,1. Here, f(q) is a polynomial in q with

deg(f(q)) = deg(e
(q)
p,j)− deg(e

(q)
p,1) = (p− j − 1)(j − 1)

by Lemma 2.3. Then Theorem 2.2 also implies



282 E. CHOI

(1− qj+1)e
(q)
p,j+1 = (1− qp−j)e

(q)
p,j = (1− qp−j)f(q)e

(q)
p,1,

so we have e
(q)
p,1 | (1− qj+1)e

(q)
p,j+1, i.e., e

(q)
p,1 | (1− q)(1 + q + · · ·+ qj)e

(q)
p,j+1.

But since p is prime, e
(q)
p,1 = 1 + q + · · ·+ qp−1 is irreducible in Z[x]. So e

(q)
p,1

divides either (1 + q+ · · ·+ qj) or e
(q)
p,j+1. If j = p− 1 then e

(q)
p,j = e

(q)
p,p−1 = e

(q)
p,1,

while if j < p− 1 then e
(q)
p,1 ∤ (1 + q + · · ·+ qj) so e

(q)
p,1 | e(q)p,j+1.

Now from e
(q)
p,j = f(q)e

(q)
p,1, write f(q) = a0 + a1q + · · · + atq

t (ai ∈ Z) with

t = deg(f(q)) = (p− j − 1)(j − 1). Then t+ p− 1 = (p− j)j, so we have

êp,j ◦ (1, q, . . . , q(p−j)j) = e
(q)
p,j = f(q)e

(q)
p,1

= ((a0, a1, . . . , at) ◦ (1, q, . . . , qt))((1, 1, . . . , 1) ◦ (1, q, . . . , qp−1))

=
(
êp,1 · (a0, a1, . . . , at)

)
◦ (1, q, . . . , q(p−j)j). □

A long polynomial e
(q)
7,3 = 1+q+2q2+3q3+4q4+4q5+5q6+4q7+4q8+3q9+

2q10+q11+q12 was given in [7](p.140). Theorem 2.5 shows ê7,3 = 1̄2234̄254̄2321̄2

is divisible by ê7,1 = 1̄7. In fact, ê7,3 = 1̄7 · (101̄301), which simply provides a

factorization e
(q)
7,3 =

6∑
t=0

qt(1 + q2 + q3 + q4 + q6).

Theorem 2.6. If p is a prime then e
(q)
p,1 | e(q)

pk,1
and êp,1 | êpk,1 for k ≥ 1.

Proof. Clearly e
(q)
p2,1 =

p2−1∑
t=0

qt is equal to

p−1∑
t=0

qt(1 + qp + · · ·+ q(p−1)p) = e
(q)
p,1(1 + qp + · · ·+ q(p−1)p),

so we have êp2,1 = êp,1 · (1, 0̄p−1, 1, 0̄p−1, . . . , 1, 0̄p−1, 1). Similarly

e
(q)
p3,1 =

p2−1∑
t=0

qt(1 + qp
2

+ · · ·+ q(p−1)p2

) = e
(q)
p2,1(1 + qp

2

+ · · ·+ q(p−1)p2

),

and e
(q)

pk,1
= e

(q)

pk−1,1
(1+qp

k−1

+ · · ·+q(p−1)pk−1

) for any k ≥ 1. Hence e
(q)
p,1 | e(q)p2,1,

e
(q)
p2,1 | e(q)p3,1 and e

(q)

pk−1,1
| e(q)

pk,1
. So we have êp,1 | êpk,1 for k ≥ 1. □

Theorem 2.6 is an extension of the Lucas theorem that if q = 1 and p is prime

then ep,1 = p | epk,j (1 ≤ j < pk) in P = [ei,j ]. In C(q), every e
(q)
p,j and e

(q)

pk,1
are

divisible by e
(q)
p,1 by Theorems 2.5 and 2.6. But e

(q)
p,1 may not divide e

(q)

pk,j
(j > 1).
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For instance e
(q)
9,3 = 1+q+2q2+3q3+4q4+5q5+7q6+7q7+8q8+8q9+8q10+7q11+

7q12+5q13+4q14+3q15+2q16+q17+q18 = (1+q2)(1+q3+q6)(1+q4)
6∑

t=0
qt, which

shows e
(q)
3,1 ∤ e(q)9,3. But e9,3 is still divisible by (1 + q3 + q6) = 3 = e3,1 if q = 1.

Note that ê6,3 = 1̄223̄421̄2 = 1̄6 + 0̄21̄6 + 0̄31̄6 + 0̄610̄21 = 1̄6 · (101̄2) + 0̄610̄21 is

not divisible by 1̄6 = ê6,1. We study divisibilities of e
(q)
i,j for any i.

Theorem 2.7. If i is even then e
(q)
i,1 ∤ e

(q)
i,2 but e

(q)
i−1,1 | e

(q)
i,2 . Indeed e

(q)
i,2 =

e
(q)
i−1,1

i
2−1∑
t=0

q2t. Moreover if i = p + 1 (p: odd prime) then e
(q)
i−1,1 | e(q)i,j for all

1 < j < i− 1.

Proof. Assume to the contrary that e
(q)
i,2 = f(q)e

(q)
i,1 (i > 1) with a polynomial

f(q). Since e
(q)
i,2 = 1−qi−1

1−q2 e
(q)
i,1 by Theorem 2.2, f(q) = 1−qi−1

1−q2 is of degree

deg(e
(q)
i,2 )−deg(e

(q)
i,1 ) = i−3 by Lemma 2.3. But since i is even, (1−q2) ∤ (1−qi−1)

by Lemma 2.4, so e
(q)
i,1 does not divide e

(q)
i,2 .

Let i = 2k. Then e
(q)
i,1 = 1 + · · ·+ qi−1 = (1 + q)(1 + q2 + · · ·+ q2(k−1)), so

e
(q)
i,2 = 1−qi−1

1−q2 e
(q)
i,1 = 1−q2k−1

1−q2 (1 + q)(1 + q2 + q4 + · · ·+ q2(k−1))

= (1 + q + q2 + · · ·+ q2k−2)(1 + q2 + q4 + · · ·+ q2(k−1)) = e
(q)
i−1,1

i
2−1∑
t=0

q2t,

it shows êi,2 = êi−1,1 · (101010 . . . 101︸ ︷︷ ︸
i−1

) in the table Ĉ.

Now if i = p+1 (prime p > 2) then both e
(q)
i−1,j−1 and e

(q)
i−1,j are multiples of

e
(q)
i−1,1 by Theorem 2.5. So e

(q)
i,j = e

(q)
i−1,j−1 + qje

(q)
i−1,j implies e

(q)
i−1,1 | e(q)i,j . □

Corollary 2.8. In P = [ei,j ], if i is even then i ∤ ei,2 and i− 1|ei,2.

Indeed for even i, e
(q)
i,2 =

i−2∑
t=0

qt(1 + q2 + · · · + qi−2) shows ei,2 = (i − 1) i
2

if q = 1. Theorem 2.7 gives an explicit factorization of e
(q)
i,2 , for instance ê10,2

= 1̄9 ·(101010101) = 1̄9+0̄21̄9+0̄41̄9+0̄61̄9+0̄81̄9 = 1̄22̄23̄24̄254̄23̄22̄21̄2 implies

e
(q)
10,2 = 1 + q + 2q2 + 2q3 + 3q4 + 3q5 + 4q6 + 4q7 + 5q8 + 4q9 + 4q10 + 3q11 +

3q12+2q13+2q14+ q15+ q16 =
8∑

t=0
qt(1+ q2+ · · ·+ q8) = e

(q)
9,1(1+ q2+ · · ·+ q8).
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3. Divisibility in Ĉ

Consider ê7,2 = 11223332211 = 1̄7 + 0̄21̄7 + 0̄41̄7 = 1̄7 · (10101) and e
(q)
7,2 =

6∑
t=0

qt(1 + q2 + q4) by Theorem 2.5. And for ê6,2 = 112232211 = 1̄6 + 0̄21̄6 +

0̄410101, Theorem 2.7 shows

e
(q)
6,2 = (1 + q + · · ·+ q5) + q2(1 + q + · · ·+ q5) + q4(1 + q2 + q4)

= (1 + q + · · ·+ q4)(1 + q2) + q4(1 + q + · · ·+ q4) =
4∑

t=0
qt(1 + q2 + q4),

so ê6,2 = 1̄5 · (10101). Notice that the middle three digits(MTD) of ê7,2 and

ê6,2 are 333 and 232. Write ê7,2 = 11223332211 and ê6,2 = 112232211 to show

MTD(ê7,2) = 333, MTD(ê6,2) = 232. If we subtract 1̄6 from ê6,2 repeatedly

then ê6,2 − 1̄6 = 001121211 and (ê6,2 − 1̄6) − 001̄6 = 000010101 show that the

MTD end in 010.

Theorem 3.1. If i is even then MTD(êi,2) = ( i
2−1, i

2 ,
i
2−1) and êi,2 is divisible

by êi−1,1 but not by êi,1.

Proof. Theorem 2.7 shows ê8,2 = 1̄7 · (1010101) = 1122334332211. Moreover

ê10,2 = ê9,1 + 0̄2ê8,1 + 0̄4ê8,2 = 11223344544332211,

ê12,2 = ê11,1 + 0̄2ê10,1 + 0̄4ê10,2 = 112233445565544332211,

imply MTD(ê2k,2) (3 ≤ k ≤ 6) are 232, 343, 454, 565, respectively, i.e.,

MTD(ê2k,2) = (k − 1, k, k − 1) which are the coefficients of q2k−3, q2k−2 and

q2k−1 in e
(q)
2k,2, for deg(e

(q)
2k,2) = (2k − 2)2 by Lemma 2.3. Now we assume that

ê2k,2 = (1, 1, 2, 2, . . . k − 1︸ ︷︷ ︸
2k−3

, k − 1, k, k − 1, k − 1, . . . , 2, 2, 1, 1︸ ︷︷ ︸
2k−3

)

with MTD(ê2k,2) = (k − 1, k, k − 1) for some k. Then

ê2(k+1),2 = ê2k+1,1 + 0̄2ê2k,1 + 0̄4ê2k,2

= 1̄2k+1 + 0̄21̄2k + 0̄4(1, 1, 2, . . . k − 1, k − 1, k, k − 1, k − 1, . . . , 2, 1, 1)

=

(
1 1 1 1 1 . . . 1 1 1

1 1 1 . . . 1 1 1 1
+ 1 . . . k − 2, k − 2, k − 1, k − 1, k, k − 1, . . . 2, 1, 1

)
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= (1, 1, 2, 2, 3, . . . , k, k, k + 1, k, k, k − 1, . . . , 2, 1, 1),

which shows MTD(ê2(k+1),2) = (k, k + 1, k).

Note len(ê2k,2) = 1 + (2k − 2)2 and len(ê2k,1) = 2k by Lemma 2.3. Then

ê2k,2 − ê2k,1 = (1, 1, 2, . . . , k − 1︸ ︷︷ ︸
2k−3

, k − 1, k, k − 1, k − 1, . . . , 2, 1, 1︸ ︷︷ ︸
2k−3

)− 1̄2k

= (0, 0, 1, 1, . . . , k − 3, k − 2, k − 2, k − 1, k − 2, k − 1, k − 2, k − 2, . . . , 1, 1),

so MTD(ê2k,2 − ê2k,1) = (k − 2, k − 1, k − 2). Now if we subtract 0̄2ê2k,1 again

from ê2k,2 − ê2k,1 then MTD(ê2k,2 − ê2k,1 − 0̄2ê2k,1) = (k − 3, k − 2, k − 3). So

continuing subtraction 0̄2tê2k,1 (t ≥ 0) repeatedly from ê2k,2, it finally reaches

to (0, . . . , 0, 1, 0, 1, 0, 1, 0, . . . , 1, 0, 1). Thus we have

ê2k,2 = (ê2k,1 + 0̄2ê2k,1 + · · ·+ 0̄2k−4ê2k,1) + 0̄2k−2 101 . . . 01︸ ︷︷ ︸
2k−1

,

so ê2k,2 is not divisible by e
(q)
2k,1.

Hence with i = 2k and e
(q)
i,1 =

i−1∑
t=0

qt, the identity ê2k,2 yields

e
(q)
i,2 = (e

(q)
i,1 + q2e

(q)
i,1 + · · ·+ qi−4e

(q)
i,1 ) + qi−2(1 + q2 + · · ·+ qi−2)

= (1 + q2 + · · ·+ qi−4)
i−1∑
t=0

qt + (1 + q2 + · · ·+ qi−2)qi−2

=
i−2∑
t=0

qt(1 + q2 + · · ·+ qi−4 + qi−2) = e
(q)
i−1,1(1 + q2 + · · ·+ qi−2). □

Let us move on êi,2 with odd i. If i is prime then êi,1 | êi,2 by Theorem

2.5. The ê7,2 = 11223332211 and ê9,2 = 112233444332211 show MTDs 333, 444

respectively. By subtracting ê9,1 = 1̄9 from ê9,2, MTD(ê9,2 − ê9,1) = 333. In

following subtractions, MTD(ê9,2− ê9,1− 0̄2ê9,1) = 222, and ê9,2− ê9,1− 0̄2ê9,1−

0̄4ê9,1 = 0̄6ê9,1, i.e., ê9,2 = ê9,1 · (1010101), a multiple of ê9,1.

Theorem 3.2. If i is odd then MTD(êi,2) = ( i−1
2 , i−1

2 , i−1
2 ) and êi,1 | êi,2.

Proof. êi,2 (i = 3, 5, 7) equals 111, 1122211, 11223332211, and ê9,2 = 1̄9+0̄21̄9+

0̄41̄9+0̄61̄9 = 112233444332211 = 1̄9 ·(1010101). For some i = 2k+1, we assume

MTD(êi,2) = (k, k, k) in êi,2 = 1122 . . . (k − 1)︸ ︷︷ ︸
2(k−1)

kkk (k − 1) . . . 2211︸ ︷︷ ︸
2(k−1)

. Then
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êi+2,2 = ê2k+2,1 + 0̄2(ê2k+1,1 + 0̄2ê2k+1,2)

= 1̄2k+2 + 0̄21̄2k+1 + 0̄4(1122 . . . (k − 1)(k − 1)kkk(k − 1)(k − 1) . . . 2211)

= 1122 . . . kk︸ ︷︷ ︸
2k

(k + 1)(k + 1)(k + 1) kk . . . 2211︸ ︷︷ ︸
2k

,

because len(êi,2) = 1 + (i− 2)2. Thus MTD(êi+2,2) = (k + 1, k + 1, k + 1).

Now subtract êi,1 from êi,2 repeatedly. Then MTD(êi,2) are changed to

(k, k, k), (k− 1, k− 1, k− 1), (k− 2, k− 2, k− 2) and so on, and finally ends up

with (0, 0, 0). This concludes that êi,1 = 1̄i divides êi,2 when i is odd. □

The


ê7,3

1 111111
1111111
1111111
1111111

+ 1111111
1 123445443211

 and



ê9,3
1 11111111

111111111
111111111
111111111
111111111
222222222

111111111
111111111

+ 1001001
1 123457788877543211

 show ê7,3 = 1̄2234̄254̄2321̄2

= ê7,1 · (1011101) and e
(q)
7,3 =

6∑
t=0

qt(1 + q2 + q3 + q4 + q6) is a multiple of

e
(q)
7,1. So ê7,1 divides ê7,j (1 ≤ j ≤ 6). But e

(q)
9,3 is not a multiple of e

(q)
9,1, for

ê9,3 = 1̄9 · (101̄4201̄2) + 0̄1210̄210̄21.

4. Block matrix forms of C(q) and Ĉ

Let B̂⟨n,m⟩ [resp. B
(q)
⟨n,m⟩] be a block matrix situated from (n,m)th to (n +

1,m + 1)th places in Ĉ [resp. C(q)]. Let J =
[
10
11

]
and L =

[
1, 1 + q
0, q2

]
for

q ∈ Z. Then Jq =
[
10
q 1

]
, J1+q =

[
1, 0
1 + q,1

]
and J1+q+q2 =

[
1, 0
1 + q + q2,1

]
.

By rewriting J1+q =
[
1, 0
1̄2 ◦ (1, q),1

]
and J1+q+q2 =

[
1, 0
1̄3 ◦ (1, q, q2),1

]
, we de-

note the associated matrices in Ĉ by Ĵ1 = J and Ĵ 1̄2 =
[
1 0
1̄2 1

]
, so Ĵ 1̄k =[

1 0
1̄k 1

]
in Ĉ matches to J1+q+···+qk−1

in C(q) for k ≥ 0. Similarly from L =[
1, 1̄2 ◦ (1, q)
0, 0̄21 ◦ (1, q, q2)

]
, L2 =

[
1,1 + q + q2 + q3

0,q4

]
=

[
1, 1̄4 ◦ (1, q, q2, q3)
0, 0̄41 ◦ (1, q, . . . , q4)

]
and Lk =[

1, 1̄2k ◦ (1, q, . . . , q2k−1)
0, 0̄2k1 ◦ (1, q, . . . , q2k)

]
, and their corresponding matrices in Ĉ are L̂ =

[
1, 1̄2
0, 0̄21

]
,

L̂2 =
[
1, 1̄4
0, 0̄41

]
and L̂k =

[
1, 1̄2k
0, 0̄2k1

]
.
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Theorem 4.1. The Ĉ is partitioned into 2 × 2 blocks with B̂⟨2k,0⟩ = Ĵ L̂k and

B̂⟨2k,2k⟩ = Ĵ 1̄2k+1 for all k ≥ 0.

Proof. In Ĉ, Ĵ1 =
[
10
11

]
, Ĵ 1̄3 =

[
1, 0
1̄3,1

]
are blocks B̂⟨0,0⟩ and B̂⟨2,2⟩, so

[
1, 0
1̄2k+1,1

]
= Ĵ 1̄2k+1 is the block B̂⟨2k,2k⟩. Moreover Ĵ L̂ =

[
1, 1̄2
1, 1̄3

]
, Ĵ L̂2 =

[
1, 1̄4
1, 1̄5

]
and

Ĵ L̂k =
[
10
11

] [
1, 1̄2k
0, 0̄2k1

]
=

[
1, 1̄2k
1, 1̄2k+1

]
are the blocks B̂⟨2k,0⟩ for all k ≥ 0. □

Besides the first and last blocks Ĵ L̂k and Ĵ 1̄2k+1 in the kthrow of the block

matrix Ĉ, consider the block B̂⟨4,2⟩ =
[
ê4,2, ê4,3
ê5,2, ê5,3

]
=

[
1̄221̄2, 1̄4
1̄22̄31̄2, 1̄22̄31̄2

]
. Since e

(q)
i,2 is

divisible by 1+ q2+ · · ·+ qi−2 (Theorem 2.7 with even i) or
i−1∑
t=0

qt (Theorem 2.5

with prime i), the associated block in C(q) is B
(q)
⟨4,2⟩= (1 + q2)


2∑

t=0

qt,1 + q

4∑
t=0

qt,
4∑

t=0

qt

, so
B̂⟨4,2⟩ = (101)

[
1̄3, 1̄2
1̄5, 1̄5

]
in Ĉ. (1)

Consider the blocks B̂⟨6,j⟩ (j = 2, 4). For B̂⟨6,2⟩ =
[
1̄22̄232̄21̄2, 1̄223̄421̄2
1̄22̄23̄32̄21̄2, 1̄2234̄254̄2321̄2

]
,

the divisibilities in Theorem 2.7 for i = 6 and Theorem 2.5 for i = 7 yield

e
(q)
6,2 = (1− q + q2)

2∑
t=0

qt
4∑

t=0
qt, e

(q)
6,3 = (1− q + q2)

3∑
t=0

qt
4∑

t=0
qt,

and e
(q)
7,2 = (1− q + q2)

2∑
t=0

qt
6∑

t=0
qt, e

(q)
7,3 = (1− q + q2)

4∑
t=0

qt
6∑

t=0
qt, so

B̂⟨6,2⟩ = (1,−1, 1)
[
1̄5

1̄7

] [
1̄3, 1̄4
1̄3, 1̄5

]
in Ĉ. (2)

Similarly for B̂⟨6,4⟩ =
[
1̄22̄232̄21̄2 1̄6
1̄2234̄254̄2321̄2 1̄22̄23̄32̄21̄2

]
, Theorems 2.7 and 2.5 show

the corresponding block B
(q)
⟨6,4⟩ = (1− q + q2)


2∑

t=0

qt
4∑

t=0

qt,
1∑

t=0

qt
2∑

t=0

qt

4∑
t=0

qt
6∑

t=0

qt,
2∑

t=0

qt
6∑

t=0

qt

, so
B̂⟨6,4⟩ = (1,−1, 1)

[
1̄3

1̄7

] [
1̄5, 1̄2
1̄5, 1̄3

]
in Ĉ. (3)

Now for B̂⟨8,j⟩ (j = 2, 4, 6), Theorem 2.7 for i = 8 and Theorem 3.2 for i = 9

show B
(q)
⟨8,2⟩ = (1 + q2 + q4 + q6)


6∑

t=0

qt, (1 + q3)
6∑

t=0

qt

(1 + q3 + q6)
2∑

t=0

qt,(1 + q3 + q6)
6∑

t=0

qt

, so
B̂⟨8,2⟩ = (101)(10̄31)

[
1̄7

10̄210̄21

] [
1, 10̄21
1̄3, 1̄7

]
. (4)
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And B̂
(q)
⟨8,4⟩ =

[
1̄2235̄27̄287̄25̄2321̄2, 1̄223456̄454321̄2
1̄2235689 ¯(11)2(12)

¯(11)29865321̄2,12235689
¯(11)212

¯(11)29865321̄2

]
yields its matching block B

(q)
⟨8,4⟩ = (1− q + q2)(1 + q4)

6∑
t=0

qt


4∑

t=0

qt,
3∑

t=0

qt

8∑
t=0

qt,
8∑

t=0

qt

, so
B̂⟨8,4⟩ = (1,−1, 1)(10̄31)

[
1̄7
1̄9

] [
1̄5,1̄4
1̄7,1̄7

]
. (5)

Also B
(q)
⟨8,6⟩ = (1 + q2 + q4 + q6)


6∑

t=0

qt,
1∑

t=0

qt

(1 + q3 + q6)
6∑

t=0

qt,(1 + q3 + q6)
2∑

t=0

qt

 gives

B̂⟨8,6⟩ = (101)(10̄31)
[
1
10̄210̄21

] [
1̄7, 1̄2
1̄7, 1̄3

]
. (6)

Moreover Theorems 2.7 and 2.5 show B̂⟨10,j⟩ (j = 2, 4, 6, 8) in Ĉ that

B̂⟨10,2⟩ = (1,−1, 1,−1, 1)1̄5

[
1
1̄11

] [
1̄9,1̄8(10̄210̄21)
1, 10̄210̄21

]
,

B̂⟨10,4⟩ = (1,−1, 1,−1, 1)(10̄210̄21)(10̄31)
[
1̄7
1̄11

] [
1̄5,1̄6
1̄5 1̄7

]
,

B̂⟨10,6⟩ = (1,−1, 1,−1, 1)(10̄210̄21)(10̄31)
[
1̄5
1̄11

] [
1̄7,1̄4
1̄7,1̄5

]
,

B̂⟨10,8⟩ = (1,−1, 1,−1, 1)1̄5

[
1
1̄11

] [
1̄3(10̄210̄21),1̄2
10̄210̄21, 1

]
. (7)

Thus block matrix Ĉ =


Ĵ
Ĵ L̂ Ĵ 1̄3

Ĵ L̂2 B̂⟨4,2⟩ Ĵ 1̄5

Ĵ L̂3 B̂⟨6,2⟩ B̂⟨6,4⟩ Ĵ 1̄7

Ĵ L̂4 B̂⟨8,2⟩ B̂⟨8,4⟩ B̂⟨8,6⟩ Ĵ 1̄9

Ĵ L̂5 B̂⟨10,2⟩ B̂⟨10,4⟩ B̂⟨10,6⟩ B̂⟨10,8⟩ Ĵ
1̄11

 satisfies (1) to

(7), so that C(q) is obtained easily. For example when q = 2, 1̄k in Ĉ matches

with 1+2+ · · ·+2k−1 = 2k−1 in C(2). Similarly (1,−1, 1) and (1,−1, 1,−1, 1)

in Ĉ correspond to 1+(−2)+(−2)2 = 3 and 1+(−2)+ · · ·+(−2)4 = 11 in C(2),

respectively. Thus B̂⟨4,2⟩ = (101)
[
1̄3,1̄2
1̄5,1̄5

]
yields B

(2)
⟨4,2⟩ = 5

[
23 − 1,22 − 1
25 − 1,25 − 1

]
. And

B̂⟨6,2⟩, B̂⟨6,4⟩ and B̂⟨8,2⟩ also match with B
(2)
⟨6,2⟩ = 3

[
25 − 1

27 − 1

] [
23 − 1,24 − 1
23 − 1,25 − 1

]
,

B
(2)
⟨6,4⟩ = 3

[
23 − 1

27 − 1

] [
25 − 1,22 − 1
25 − 1,23 − 1

]
andB

(2)
⟨8,2⟩ = 5 · 17

[
27 − 1

73

] [
1, 9

23 − 1,27 − 1

]
,

and so on. So the block matrix is C(2) =

0 1 2 3 4
1 |
1 1 |. . . . . . . . . . . . . . . . .
1 3 | 1 |
1 7 | 7 1 |. . . . . . . . . . . . . . . . . . . . . . . . . . .
1 15 | 35 15 | 1 |
1 31 | 155 155 | 31 1 |. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1 63 | 651 1395 | 651 63 | 1 |
1127 |266711811 |118112667 |1271 |. . .
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In particular the block matrix C(q) with q = ±1 satisfies the followings.

Theorem 4.2. (1) C(−1) =


J
J J
J 2J J
J 3J 3J J
J 4J 6J 4J J
J 5J 10J . . .

 with the matrix J above.

(2) In C(1), all integer factors of B
(1)
⟨n,m⟩ equal the subscripts k of 1̄k in B̂⟨n,m⟩.

Proof. If q = −1 then both L =
[
1,1 + q
0,q2

]
and L̂ are identity matrices, and 1̄k in

Ĉ matches with 1 if k is odd, otherwise 0 in C(−1). So Ĵ L̂k = J = Ĵ 1̄2k+1 for all

k. And (1,−1, 1) and (1,−1, 1,−1, 1) in Ĉ are 3 and 5 in C(−1). So the blocks

B̂⟨4,2⟩ and B̂⟨6,2⟩ correspond to B
(−1)
⟨4,2⟩ = 2

[
10
11

]
= 2J and B

(−1)
⟨6,2⟩ = 3

[
10
11

]
= 3J .

Similarly B
(−1)
⟨6,4⟩ = 3

[
1
1

] [
10
11

]
= 3J , B

(−1)
⟨8,2⟩ = 4

[
10
11

]
= 4J = B

(−1)
⟨8,6⟩, B

(−1)
⟨8,4⟩ =

6
[
10
11

]
= 6J . These give the block matrix form of C(−1) as in (1).

Now if

[
B

(−1)

⟨i,j⟩ B
(−1)

⟨i,j+2⟩

B
(−1)

⟨i+2,j+2⟩

]
=

[
ab e f
cdg h

x y
zw

]
is a part of the block matrix C(−1) then

x = d + (−1)ig = a + (−1)i+1b + (−1)ib + e = a + e, and similarly y = b + f ,

z = c + g and w = d + h. Thus the block matrix C(−1) satisfies a recurrence

rule B
(−1)
⟨i+2,j+2⟩ = B

(−1)
⟨i,j⟩ +B

(−1)
⟨i,j+2⟩, so it completes the proof (1).

If q = 1 then 1̄k, (1,−1, 1) and (1,−1, 1,−1, 1) in Ĉ equal k, 1 and 1 in

C(1) respectively, so Lk =
[
12k
0 1

]
for k ≥ 0. Thus JLk =

[
1 2k
12k + 1

]
and

J2k+1 =
[

1 0
2k + 11

]
are the first and the last blocks in kthrow of the block matrix

C(1) = P . Now the integer subscripts 3, 2, 5 of B̂⟨4,2⟩ = (101)
[
1̄3, 1̄2
1̄5, 1̄5

]
in Ĉ cor-

respond to integer factors of the block B
(1)
⟨4,2⟩ = 2

[
32
55

]
in C(1). Similarly the in-

teger subscripts 3, 4, 5 in B̂⟨6,2⟩ = (1,−1, 1)
[
1̄5

1̄7

] [
1̄3,1̄4
1̄3,1̄5

]
and 5, 2, 3 in B̂⟨6,4⟩ =

(1,−1, 1)
[
1̄3

1̄7

] [
1̄5,1̄2
1̄5,1̄3

]
are equal to the integer entries in the block B

(1)
⟨6,2⟩ =[

5
7

] [
3,4
3,5

]
and B

(1)
⟨6,4⟩ =

[
3
7

] [
5,2
5,3

]
. Moreover all integer entries in blocks B

(1)
⟨8,2⟩

= 4
[
7
3

] [
1,2
3,7

]
, B

(1)
⟨8,4⟩= 2

[
7
9

] [
5,4
7,7

]
and B

(1)
⟨8,6⟩= 4

[
1
3

] [
7,2
7,3

]
are equal to the

subscripts in B̂⟨8,2⟩, B̂⟨8,4⟩ and B̂⟨8,6⟩ respectively (see (4), (5), (6)). Similarly

the integer entries in B
(1)
⟨10,2⟩ = 5

[
1
11

] [
9,24
1,3

]
, B

(1)
⟨10,4⟩ = 3 · 2

[
7
11

] [
5,6
5,7

]
, B

(1)
⟨10,6⟩
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= 3 · 2
[
5
11

] [
7,4
7,5

]
and B

(1)
⟨10,8⟩ = 5

[
1
11

] [
9,2
3,1

]
correspond to the subscripts in

B̂⟨10,j⟩ (j = 2, 4, 6, 8) in (7), respectively. □

Theorem 4.3. The 2×2 block matrix C(1) = [bi,j ] satisfies a recurrence bs+1,t+1

= bs,t

[
1 0
1 2s+1

2t+2

]
+ bs,t+1

[
s+1
s−t

1
0 1

]
+ 1

2(s−t)

[(
2s

2t+1

)
0

0
(
2s+1
2t+2

)].
Proof. Let

[
B

(1)

⟨i,j⟩ B
(1)

⟨i,j+2⟩

B
(1)

⟨i+2,j+2⟩

]
=

[a b e f
c dg h

x y
zw

]
be a part of the block matrix C(1).

Then

B
(1)
⟨i+2,j+2⟩ =

[x y
zw

]
=

[
a+ b,b i+1

j+2

c+ d,d i+2
j+2

]
+

[
e i+1
i−j−1

,e+ f

g i+2
i−j

, g + h

]
=

[
ab
cd

] [
1 0
1 i+1

j+2

]
+
[
0 0
0
(
i+1
j+2

)
1

i−j

]
+
[
ef
gh

] [ i+2
i−j

1
0 1

]
+
[( i

j+1

)
1

i−j
0

0 0

]
= B

(1)
⟨i,j⟩

[
1 0
1 i+1

j+2

]
+B

(1)
⟨i,j+2⟩

[ i+2
i−j

1
0 1

]
+ 1

i−j

[(
i

j+1

)
0

0
(
i+1
j+2

)].
Thus C(1) = [bi,j ] = [B

(1)
⟨2i,2j⟩] satisfies

bs+1,t+1 = bs,t

[
1 0
1 2s+1

2t+2

]
+ bs,t+1

[
s+1
s−t

1
0 1

]
+ 1

2(s−t)

[(
2s

2t+1

)
0

0
(
2s+1
2t+2

)]. □

In fact B
(1)
⟨12,2⟩ = B

(1)
⟨10,0⟩

[
1 0
1 11

2

]
+B

(1)
⟨10,2⟩

[
6
5
1

01

]
+ 1

10

[(
10
1

)
0

0
(
11
2

)] =
[
66,220
78,286

]
.
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