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SOME THEOREMS ON RECURRENT MANIFOLDS AND
CONFORMALLY RECURRENT MANIFOLDS

JAEMAN KIM

ABSTRACT. In this paper, we show that a recurrent manifold with harmonic cur-
vature tensor is locally symmetric and that an Einstein and conformally recurrent
manifold is locally symmetric. As a consequence, Einstein and recurrent manifolds
must be locally symmetric. On the other hand, we have obtained some results for
a (conformally) recurrent manifold with parallel vector field and also investigated
some results for a (conformally) recurrent manifold with concircular vector field.

1. Introduction

Let M be an n(> 4)-dimensional Riemannian manifold and let g;;, R}, and Wj,,
be the Riemannian metric tensor, the Riemannian curvature tensor and the Weyl
curvature tensor on M respectively. Also Vg denotes covariant differentiation with
respect to g;;. A Riemannian manifold M is said to be recurrent (resp. conformally
recurrent) [1,3,6] if V R}, = 0,R%; (resp. VWi, = 0,W},), where 0, is a 1-form.
In this paper, we shall study (conformally) recurrent manifolds satisfying various
conditions. More precisely, we prove the followings:

THEOREM 1.1. Let M be a manifold either recurrent and has harmonic curvature
tensor, or Finstein and conformally recurrent. Then M is locally symmetric.

It is obvious that a recurrent manifold is conformally recurrent. Consequently, we
have

COROLLARY 1.2. Let M be an Einstein and recurrent manifold. Then M is locally
symmetric.

Concerning a (conformally) recurrent manifold with parallel vector field, we prove

THEOREM 1.3. If M is a recurrent manifold with parallel vector field V7, then
either M is flat or V7 is orthogonal to 6°.

We also obtain
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THEOREM 1.4. If M is a conformally recurrent manifold with parallel vector field
V3, then either M is conformally flat or V7 is orthogonal to 6.

Consequently, we have

COROLLARY 1.5. If M is a recurrent manifold with parallel vector field V7 such
that V7 is not orthogonal to 0°, then M is flat.

COROLLARY 1.6. If M is a conformally recurrent manifold with parallel vector field
V7 such that V7 is not orthogonal to %, then M is conformally flat.

A vector field V7 is called to be concircular [8] if it satisfies V V7 = pdl + ¢ V7,
where p is a scalar function and ¢, is a gradient vector. Concerning a recurrent
manifold with concircular vector field, it is known [7] that every one with concircular
vector field is flat. On the other hand, we show

THEOREM 1.7. Let M be a conformally recurrent manifold with concircular vector
field V3. Then the following cases occur: (1) M is conformally flat, (2) p+3V76; = 0.

As a consequence, we obtain

COROLLARY 1.8. If M is a conformally recurrent manifold with concircular vector
field V7 such that p + 3V76; # 0, then M is conformally flat.

2. Preliminaries

Let M be an n(> 4)-dimensional Riemannian manifold with Riemannian metric
tensor g;; and let R;kl, R;;, R and VV;M be the Riemannian curvature tensor, the Ricci
tensor, the scalar curvature and the Weyl curvature tensor respectively. From now
on the components of tensors shall be considered under orthonormal frame and we
adopt the summation convention of Einstein, but, as we work with orthonormal frame,
there is no need to raise and lower the indices. For instance, using our notation, we
have R;; = Raija, R = Rape. The curvature tensor R;ji is called harmonic provided
ViR;j = 0. Note that the second Bianchi identity implies V;R;jn = ViR, — Vi Rj;.
M is called Einstein if and only if there exists a real-valued function A on M such that
R;; = Ag;j. If dim M > 3, then A must be a constant [2,4,5]. Hence every n(> 4)-
dimensional Einstein manifold has harmonic curvature tensor. We shall consider the
Weyl curvature tensor Wij;,; on M given by

) R
Wijki = Rijr — n—<Ri15Jk — Ry + Rjdi — Ryndix) + (n—1)(n—2)

_9 (i10jx — Oirdj1)-

In particular, if M is Einstein, then we have
R
n(n —1)

As is well known, the Weyl curvature tensor satisfies
(1) Wikt = —Wiike = —=Wijie = Whaij,

Wijkr = Riju — (0adjk — dirdju).

(2) Wikt = Wiji = Wiki = 0, Wijre + Wije + Wiy = 0.

A Riemannian manifold M is said to be recurrent (resp. conformally recurrent) if
VsRijii = OsRiji (resp. VWijm = 0sWi). In particular, it is said to be locally
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symmetric (resp. conformally symmetric) if V R, = 0 (resp. VWi = 0). A vector
field V; defined by the following equation is called to be concircular:V,V; = pd;s+¢,V,
where p is a scalar function and ¢, is a gradient vector. The concircular vector field,
for the first time, was considered by Yano [8] in the theory of his concircular geometry.
He has obtain many interesting results. Concerning about a recurrent manifold with
concircular vector field, Okumura [7] proved that a recurrent manifold with concircular
vector field is flat.

3. Proof of Theorem 1.1

We assume that the Riemannian curvature tensor ;5 of M satisfies
VSRijkl = esRijklv VsRsijk = 0.
By virtue of the above equations, we obtain
HSRSijk - O
From the above equation and the second Bianchi identity, we get
esesRijklRijkl = vsRijklvsRijkl = (leijks - kaijls>esRijkl =

= (elRijks - ekRijls)esRijkl = elesRijksRijkl + ekesRijisijkl = 26lesRijksRijkl = 07
from which follows that either 6, = 0 or R;j;; = 0. Therefore, in any case, we see
that V R = 0. Hence M is locally symmetric. Now we suppose that M is both
conformally recurrent and Einstein. A function f on M is defined as follows; f =
WijkiWijki- Let U’ be the subset of M consisting of points x in M such that f(z) = 0.
Then we have

Vsf = (VsWii) Wikt + WijiaVsWij = 20 f

on the open subset M — U’ and hence we have 260, = V;f , from which it follows

that 20; = Vlog|f|. This implies that V,,0,, = V,60,, on M — U’. Therefore, since
vmVnVVijkl = (emen + Vmen)vvmkl on M7 we have

vmvnI/Vijkl = VnvmVmGl
Accordingly, by the Ricci identity, we get
(3) Rmnirerkl + Rmnerirkl + RmnkTVVijrl + Rmnl’rVVijk:r =0.

Differentiating (3) covariantly and taking into account of V, W, = 6,W,i; and (3),
we have

(4) (vamnir>erkl + (vamnjr)Wirkl + (vamnkr)Wijrl + (vamnlr)Wijkr =0.

Since M is both Einstein and conformally recurrent, we obtain

R
VpRijkl = VpWijkl = Vp[Rijkl - —n(n — 1) (5il(5jk - 5ik5jl)] =
R
= Qp[Rijkl - m(éil(;jk - 5ik5jl>]-

By virtue of the above equation, the equation (4) yields
(epRmnir)erkl + (epRmnjr)VVirkl + (epRmnkr)VVijrl + (epRmnlr)VVijkr_
0,R

_n(n _ 1) [(5mr5m - 5mi§nr)erkl + <5mr6nj — 5mj5nr)Wirkl+
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+(5mr5nk - 5mk5nr)I/Vijrl + ((5mr(5nl - 5ml5nr)Wijkr] =0.
Now putting n = ¢ in the above equation and taking account of (3) , we have

0,R

m[(n — 2) Wikt + Whjmi + Wijkm] = 0.

By virtue of (1) and (2), the above equation implies that
0, RW 10 = 0,

from which follows

(5) RV, Wirt = 0.

Since M is Einstein, M has either R = 0 identically or R # 0 everywhere. In any case,
by virtue of (5), M is locally symmetric. This completes the proof of Theorem 1.1.
Since an Einstein and recurrent manifold is conformally recurrent and has harmonic
curvature tensor, Theorem 1.1 implies that Corollary 1.2 holds.

4. Proof of Theorem 1.3 and Theorem 1.4

Let V; be a parallel vector field. Since V; satisfies V,,,V; = 0, we have
VoV Vi =V, V,V; = 0.

Consequently, making use of the Ricci identity and the second Bianchi identity, we
have

‘/}Rijmn = O, VR]m = O, ‘/jvst]mn = 07 ‘/}VSij = 0;

ViV, Ritmn = 0, V;V; Rjmy = 0, V;V,R = 0.

From the above equations and the definition of Weyl curvature tensor W, we
obtain

Let us assume that M is a recurrent manifold with parallel vector field V;. Then (6)
implies that
%ijzkmn = 07

from which follows that either M is flat or V; is orthogonal to ;. This completes the
proof of Theorem 1.3. Now suppose that M is a conformally recurrent manifold with
parallel vector field V;. Then (6) implies that

Therefore, we obtain that either M is conformally flat or V; is orthogonal to ;. This
completes the proof of Theorem 1.4. Corollary 1.5 and Corollary 1.6 are immediate
consequences of Theorem 1.3 and Theorem 1.4 respectively.
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5. Conformally recurrent manifold and concircular vector field

Let us assume that M is a conformally recurrent manifold with concircular vector

field V;. Then V; satisfies
Vi\Vi = pda + o1 Vi,

where p is a scalar function and ¢; is a gradient vector. Differentiating the above
equation covariantly, we get

Making use of the Ricci identity and taking account of the above equation, we have
ViRijim = (pd1 — Vip)dim — (pPm — Vinp)dir-
Differentiating the above equation covariantly, we obtain

(vs‘/j)Rijlm + ‘/jvsRijlm = [(VSIO)(bl + va¢l - stlp]5zm—
_[(Vsp)¢m + pVim — stmp](sila

from which follows by virtue of the above equation and the definition of concircular
vector field V;

‘/jvsleij - _pRislm + wls(smi - 77Dmséila

where ;s = (Vsp)oy + pVsoy + (Vip)ds — pdios — VVip. From the second Bianchi
identity and the above equation, we have

(7) ‘/jijlmsi = _Qplesi - wls5mi + wmséil + wli(sms - 7vbmidsl-
Consequently

(8) V}Vijs = _QPRmS + (n - Q)wms + wémsu

) VIR = ~2R 4 20 - ),

where ¥ = ¥,,,,. Now, from the definition of Weyl curvature tensor W;,,,;, we obtain
Vj

ViViWimsi = ViV Rimsi — m[(VjRu)mes — (VRis)0mi + (VRpns ) 01—
V,V,R

By virtue of (7), (8) and (9), the above equation implies
V;'ejvvlmsi = _QPI/Vlmsz

Hence we conclude that either M is conformally flat or p = —%V}Hj. This completes
the proof of Theorem 1.7. Corollary 1.8 is an immediate consequence of Theorem 1.7.
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