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CERTAIN FORM OF HILBERT-TYPE INEQUALITY USING

NON-HOMOGENEOUS KERNEL OF HYPERBOLIC FUNCTIONS

Santosh Kaushik and Satish Kumar∗†

Abstract. In this article, we establish Hilbert-type integral inequalities with the
help of a non-homogeneous kernel of hyperbolic function with best constant fac-
tor. We also study the obtained inequalities’s equivalent form. Additionaly, several
specific Hilbert’s type inequalities with constant factors in the term of the rational
fraction expansion of higher order derivatives of cotangent and cosine functions are
presented.

1. Introduction

For f(u), g(u) ≥ 0, define

Lp [0,∞) =

{
f :
∫∞
0
fp(u)du < ∞} and Lpµ [0,∞) =

{
f :
∫∞
0
µ(u)fp(u)du < ∞}.

Also

||f ||p =

(∫∞
0
fp(u)du

)1/p

and ||f ||p,µ =

(∫∞
0
µ(u)fp(u)du

)1/p

.

Through out in this paper, we consider all the functions are measurable and non-
negative; and p, p′ ∈ R+ with 1/p+ 1/p′ = 1.

For 1 ≤ p, p′ < ∞ with 1/p + 1/p′ = 1 and τ ∈ Lp [0,∞) , σ ∈ Lp′ [0,∞), we have
the well known Hilbert’s inequality [3]

(1)

∫ ∞
0

∫ ∞
0

τ(u)σ(v)

u+ v
dudv < π||τ ||p||σ||p′ ,

where π is the best possible constant.
For h(t) > 0, φ(s) =

∫∞
0
h(t)ts−1dt ∈ R+, τ(u), σ(v) ≥ 0, we have the followings [3]:

(2)

∫ ∞
0

∫ ∞
0

h(uv)τ(u)σ(v)dudv < φ(
1

p
)

(∫ ∞
0

up−2τ p(u)du

) 1
p
(∫ ∞

0

σp
′
(v)dv

) 1
p′

,
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(3)

∫ ∞
0

(∫ ∞
0

h(uv)τ(u)du

)p
dv < φp(

1

p
)

∫ ∞
0

up−2τ p(u)du,

(4)

∫ ∞
0

vp−2
(∫ ∞

0

h(uv)τ(u)du

)p
dv < φp(

1

p′
)

∫ ∞
0

τ p(u)du,

where the right-hand sides of above inequalities are positive.
In [11], Yang gave an extension of (1), by introducing the parameter λ ∈ (0, 1] and

optimized weight coefficients, which is as follows.
If 0 <

∫∞
0
u1−λτ 2(u)du <∞ and 0 <

∫∞
0
v1−λσ2(v)dv <∞, then

(5) 0 <

∫ ∞
0

∫ ∞
0

τ(u)σ(v)

(u+ v)λ
dudv < B

(λ
2
,
λ

2

)(∫ ∞
0

u1−λτ 2(u)du

∫ ∞
0

v1−λσ2(v)dv

) 1
2

,

where the constant factor B
(
λ
2
, λ
2

)
is the best possible.

In [12], Yang introduce an independent parameter λ > 0 and pairs (p, p′), (r, r′)
with 1

p
+ 1

p′
= 1

r
+ 1

r′
= 1, such that if p, r > 1, and the right-hand side are positive,

then∫ ∞
0

∫ ∞
0

τ(u)σ(v)

uλ + vλ
dudv <

π

λ sin(πr )

[ ∫ ∞
0

up(1−
λ
r
)−1τp(u)du

] 1
p
[ ∫ ∞

0
vp

′(1− λ
r′ )−1σp

′
(v)dv

] 1
p′

,

where the contant factor π
λ sin(π

r
)

is the best possible.

In [13], Author gave an another form of Hilbert-type inequality using exponential
kernel. That is∫ ∞

0

∫ ∞
0

e−uvτ(u)σ(v)dudv <
√
π

[ ∫ ∞
0

τ 2(u)du

] 1
2
[ ∫ ∞

0

σ2(v)dv

] 1
2

,

where
√
π is the best constant.

In the literature [1], [11], [12], [13], [4], [5], [6], [7], [8]; there are several extensions,
generalizations and variants of the inequality (1).

In this study, we will discuss the Hilbert-type inequality by introducing multiple
parameters and the following non-homogeneous kernel

(6) κ(u, v) :=
eβ2(uv)

m
+ ρeβ3(uv)

m

eβ1(uv)m + δe−β1(uv)m
,

where ρ, δ = ±1, β1 > 0, β3 ≤ β2 < β1(β2 6= β3, ρ = −1), for ρδ = −1, β > 0; and for
ρδ = 1, β ≥ 0.

For m = 1, the above kernel becomes

κ(u, v) :=
eβ2(uv) + ρeβ3(uv)

eβ1(uv) + δe−β1(uv)
,

which is studied by Minghui You and Yue Guan [14].
We also establish some particular inequalities having the constant factor containing

the rational fraction expansion of higher order derivatives of cotangent function and
cosine function.
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2. Preliminaries and Lemmas

Definition 2.1. [10] We define

B(r, s) =

∫ 1

0

ur−1(1− u)s−1du, r > 0, s > 0,

and

Γ(m) =

∫ ∞
0

um−1e−udu, m > 0,

where B(m,n) and Γ(z) are Beta function and Gamma function respectively for m ∈
N,Γ(m) = (m− 1)!.

Lemma 2.2. [10, 14] Let x, y > 0, x+ y = 1, φ(u) = cotu, n ∈ N ∪ {0} , then

(7) φ2n(xπ) =
(2n)!

π2n+1

∞∑
j=0

( 1

(j + x)2n+1
− 1

(j + y)2n+1

)
,

(8) φ2n+1(xπ) = −(2n+ 1)!

π2n+2

∞∑
j=0

( 1

(j + x)2n+2
+

1

(j + y)2n+2

)
.

Lemma 2.3. [10, 14] Let x, y > 0, x+ y = 1, χ(u) = cscu, n ∈ N ∪ {0} , then

(9) χ2n(xπ) =
(2n)!

π2n+1

∞∑
j=0

(−1)j
( 1

(j + x)2n+1
+

1

(j + y)2n+1

)
,

(10) χ2n+1(xπ) = −(2n+ 1)!

π2n+2

∞∑
j=0

(−1)j
( 1

(j + x)2n+2
− 1

(j + y)2n+2

)
.

Lemma 2.4. Let ρ, δ = ±1, β1 > 0, β3 ≤ β2 < β1(β2 6= β3, ρ = −1), β > m ≥ 1, for
ρδ = −1, β ≥ m ≥ 1;κ(u, v) as in (6) and

(11) Cρ,δ(β1, β2, β3, β) =
∞∑
j=0

(−δ)j

(2β1j + β1 − β2)
β+1
m

+ ρ

∞∑
j=0

(−δ)j

(2β1j + β1 − β3)
β+1
m

,

then

(12) W (u) =

∫ ∞
0

κ(u, v)vβdv = u−β−1
Γ(β+1

m
)

m
Cρ,δ(β1, β2, β3, β),

(13) W̆ (v) =

∫ ∞
0

κ(u, v)uβdu = v−β−1
Γ(β+1

m
)

m
Cρ,δ(β1, β2, β3, β).

Proof. Using the transformation uv = t, we get

(14) W (u) = u−β−1
∫ ∞
0

κ(1, t)tβdt,

since t ∈ (0,∞), δ = ±1, we find

1

1 + δe−2β1tm
=
∞∑
j=0

(−δ)je−2β1jtm ,
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therefore∫ ∞
0

κ(1, t)tβdt =
∞∑
j=0

(−δ)j
∫ ∞
0

e−(2β1j+β1−β2)t
m

tβdt+ρ
∞∑
j=0

(−δ)j
∫ ∞
0

e−(2β1j+β1−β3)t
m

tβdt

(15) = I1 + ρI2,

Now on putting u = (2β1j + β1 − β2)tm, we get

I1 =
∞∑
j=0

(−δ)j 1

m

1

(2β1j + β1 − β2)
β+1
m

∫ ∞
0

e−uu
β+1
m
−1du

(16) =
Γ(β+1

m
)

m

∞∑
j=0

(−δ)j

(2β1j + β1 − β2)
β+1
m

,

Similarly , by substituting u = (2β1j + β1 − β3)tm, we obtained

(17) I2 =
Γ(β+1

m
)

m

∞∑
j=0

(−δ)j

(2β1j + β1 − β3)
β+1
m

,

Combining (15), (16) and (17), we have∫ ∞
0

κ(1, t)tβdt =
Γ(β+1

m
)

m

[ ∞∑
j=0

(−δ)j

(2β1j + β1 − β2)
β+1
m

+ ρ
∞∑
j=0

(−δ)j

(2β1j + β1 − β3)
β+1
m

]

(18) =
Γ(β+1

m
)

m
Cρ,δ(β1, β2, β3, β),

In the same way , we can easily show that (13) holds. Hence

W (u) =

∫ ∞
0

κ(u, v)vβdv = u−β−1
Γ(β+1

m
)

m
Cρ,δ(β1, β2, β3, β),

W̆ (v) =

∫ ∞
0

κ(u, v)uβdu = v−β−1
Γ(β+1

m
)

m
Cρ,δ(β1, β2, β3, β).

Remark 2.5. If any of the following conditions:
(i) ρ = 1, δ = −1, β > m ≥ 1; (ii) ρ = −1, δ = 1, β > m ≥ 1; (iii) ρ = 1, δ = 1, β ≥

m ≥ 1; (iv) ρ = −1, δ = −1, β > m ≥ 1; is hold then the series in (11) is converges.
Therefore in the condition of Lemma 2.4 (11) is convergent.

Lemma 2.6. Let ρ, δ = ±1, β > 0, β3 ≤ β2 < β1(β2 6= β3, ρ = −1), β > m ≥ 1 for
ρδ = −1, β ≥ m ≥ 1 for ρδ = 1;κ(u, v) and Cρ,δ(β1, β2, β3, β) are as in (6) and (11)
respectively, for sufficiently small ε > 0, fε(u), gε(u) are defined as follows:

(19) fε(u) =

{
uβ+

ε
p u ∈ (0, 1]

0 u ∈ (1,∞)
,

(20) gε(u) =

{
0 u ∈ (0, 1]

u
β− ε

p′ u ∈ (1,∞)
,
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then

limε→0+εJ = ε

∫ ∞
0

∫ ∞
0

κ(u, v)fε(u)gε(v)dudv

(21) =
Γ(β+1

m
)

m
Cρ,δ(β1, β2, β3, β).

Proof. Substituting uv = t, we have

εJ = ε

∫ ∞
1

v
β− ε

p′

(∫ 1

0

κ(u, v)uβ+
ε
pdu

)
dv

= ε

∫ ∞
1

v
β− ε

p′−β−
ε
p
−1
(∫ v

0

κ(1, t)tβ+
ε
pdt

)
dv

= ε

∫ ∞
1

v−ε−1
(∫ 1

0

κ(1, t)tβ+
ε
pdt

)
dv + ε

∫ ∞
1

v−1−ε
(∫ v

1

κ(1, t)tβ+
ε
pdt

)
dv

by Fubini’s theorem, we have

=

∫ 1

0

κ(1, t)tβ+
ε
pdt+ ε

∫ ∞
1

κ(1, t)tβ+
ε
p

(∫ ∞
t

v−ε−1dv

)
dt

(22) =

∫ 1

0

κ(1, t)tβ+
ε
pdt+

∫ ∞
1

κ(1, t)t
β− ε

p′ dt.

let ε→ 0+ , we get

=

∫ 1

0

κ(1, t)tβdt+

∫ ∞
1

κ(1, t)tβdt =

∫ ∞
0

κ(1, t)tβdt.

using (18) of 2.4 , we have

limε→0+εJ =
Γ(β+1

m
)

m
Cρ,δ(β1, β2, β3, β).

3. Main Results

Theorem 3.1. Let p > 1, 1
p

+ 1
p′

= 1, ρ, δ = ±1, β1 > 0,m ≥ 1, β3 ≤ β2 <

β1(β2 6= β3, ρ = −1). Let β > m for ρδ = −1; β ≥ m for ρδ = 1. Let µ(u) =
u−(pβ+1), ν(v) = v−(p

′β+1) and define τ(u), σ(u) ≥ 0 such that τ(u) ∈ Lpµ [0,∞) , σ(u) ∈
Lp

′
ν [0,∞) . Furthermore, define κ(u, v) and Cρ,δ(β1, β2, β3, β) are defined by (6) and

(11) respectively, then

(23)

∫ ∞
0

∫ ∞
0

κ(u, v)τ(u)σ(v)dudv <
1

m
Γ
(β + 1

m

)
Cρ,δ(β1, β2, β3, β)||τ ||p,µ||σ||p′,ν ,

where 1
m

Γ
(
β+1
m

)
Cρ,δ(β1, β2, β3, β) is the best possible constant.
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Proof. We use the idea as in [9]∫
ω∗ω

κ(u, v)τ(u)σ(v)dµ1(u)dµ2(v) ≤
(∫

ω

φp(u)τ(u)τ p(u)dµ1(u)

) 1
p

×

(24)

(∫
ω

χp
′
(v)G(v)σp

′
(v)dµ2(v)

) 1
p′

,

where p > 1, 1
p

+ 1
p′

= 1;µ1, µ2 are positive and σ− finite measures,

κ : ω ∗ ω → R ; τ, σ, φ, χ : [0,∞)→ R are non-negative, measurable functions and

F (u) =

∫
ω

κ(u, v)

χp(v)
dµ2(v), G(v) =

∫
ω

κ(u, v)

φp′(u)
dµ1(u).

In (24) equality holds if and only if τ p(u) = k1φ
−(p+p′)(u) and σp

′
(v) = k2χ

−(p+p′)(v)
for arbitrary constants k1, k2.

Let ω = [0,∞) , φ(u) = u
− β
p′ , χ(v) = v−

β
p and let κ(u, v) be defined in (6), then

F (u) =
∫
ω
κ(u, v)vβdv = W (u) and G(v) = W̆ (v) as defined in Lemma 2.4.

Using (12), (13) in (24), we have

∫ ∞
0

∫ ∞
0

κ(u, v)τ(u)σ(v)dudv ≤
(∫ ∞

0

u
− pβ
p′ W (u)τ p(u)du

) 1
p
(∫ ∞

0

v−
p′β
p W̆ (v)σp

′
(v)dv

) 1
p′

≤
(∫ ∞

0

u
− pβ
p′ −β−1

1

m
Γ
(β + 1

m

)
Cρ,δ(β1, β2, β3, β)τ p(u)du

) 1
p

×

(∫ ∞
0

v−
p′β
p
−β−1 1

m
Γ
(β + 1

m

)
Cρ,δ(β1, β2, β3, β)σp

′
(v)dv

) 1
p′

=
1

m
Γ
(β + 1

m

)
Cρ,δ(β1, β2, β3, β)

(∫ ∞
0

u−(pβ+1)τ p(u)du

) 1
p

×
(∫ ∞

0

v−(p
′β+1)σp

′
(v)dv

) 1
p′

(25) =
1

m
Γ
(β + 1

m

)
Cρ,δ(β1, β2, β3, β)||τ ||p,µ||σ||p′,ν .

If we consider equality in (25), we will have u−(pβ+1)τ p(u) = k1
u

and v−(p
′β+1)σp

′
(v) =

k2
v

, which is contradiction to the case τ(u) ∈ Lpµ [0,∞) , σ(u) ∈ Lp′ν [0,∞) .
So, in (25) strict inequality holds, which yields (23).

Now, we will show that the factor 1
m

Γ
(
β+1
m

)
Cρ,δ(β1, β2, β3, β) in (23) is the best con-

stant. For this, we assume that there be a constant θ

(
0 < θ < 1

mΓ
(β+1
m

)
Cρ,δ(β1, β2, β3, β)

)
,

such that (23) is holds if we take θ on the place of 1
m

Γ
(
β+1
m

)
Cρ,δ(β1, β2, β3, β). That is

(26)

∫ ∞
0

∫ ∞
0

κ(u, v)τ(u)σ(v)dudv < θ||τ ||p,µ||σ||p′,ν ,
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In particular, if we take fε and gε defined in Lemma 2.6, on the place of τ and σ
in (26) respectively, we have

ε

∫ ∞
0

∫ ∞
0

κ(u, v)fε(u)gε(v)dudv < εθ

(∫ 1

0

u−ε−1du

) 1
p
(∫ ∞

1

v−ε−1dv

) 1
p′

= θ.

By Lemma 2.6, we have

1

m
Γ
(β + 1

m

)
Cρ,δ(β1, β2, β3, β) < θ.

Take ε → 0+, we have 1
m

Γ
(
β+1
m

)
Cρ,δ(β1, β2, β3, β) ≤ θ, which contradicts the ex-

istance of θ, which gives the constant factor 1
m

Γ
(
β+1
m

)
Cρ,δ(β1, β2, β3, β) is the best

possile in (23).

Theorem 3.2. Let p > 1, 1
p

+ 1
p′

= 1, ρ, δ = ±1, β1 > 0,m ≥ 1, β3 ≤ β2 <

β1(β2 6= β3, ρ = −1), for ρδ = −1, β > m; for ρδ = 1, β ≥ m;µ(u) = u−(pβ+1), ν(v) =
v−(p

′β+1), τ(u) ≥ 0, τ(u) ∈ Lpµ [0,∞) , κ(u, v) and Cρ,δ(β1, β2, β3, β) are same as in
Theorem 3.1, then

(27)∫ ∞
0

vp(β+1)−1
(∫ ∞

0

κ(u, v)τ(u)du

)p
dv <

(
1

m
Γ
(β + 1

m

)
Cρ,δ(β1, β2, β3, β)

)p
||τ ||pp,µ,

where the constant factor

(
1
m

Γ
(
β+1
m

)
Cρ,δ(β1, β2, β3, β)

)p
is the best possible, and

(27) is equivalent to (23).

Proof. Substituting σ(v) = vp(β+1)−1
(∫∞

0
κ(u, v)τ(u)du

)p−1
, by (23), we have

0 <

(
||σ||p′,ν

)pq
=

(∫ ∞
0

v−(p
′β+1)σp

′
(v)dv

)p
=

(∫ ∞
0

vp(β+1)−1
(∫ ∞

0

κ(u, v)τ(u)du

)p
dv

)p
=

(∫ ∞
0

∫ ∞
0

κ(u, v)τ(u)σ(v)dudv

)p

(28) ≤
(

1

m
Γ
(β + 1

m

)
Cρ,δ(β1, β2, β3, β)

)p
||τ ||pp,µ||σ||

p
p′,ν .

Therefore

0 <

(
||σ||p′,ν

)p′
=

∫ ∞
0

vp(β+1)−1
(∫ ∞

0

κ(u, v)τ(u)du

)p
dv

(29) ≤
(

1

m
Γ
(β + 1

m

)
Cρ,δ(β1, β2, β3, β)

)p
||τ ||pp,µ.

Since τ(u) ∈ Lpµ [0,∞) , by (29), it follows that σ(u) ∈ Lp
′
ν [0,∞); by using (23)

again, both (28) and (29) have strict inequalities, thus (27) proved.
Secondly, assume that (27) holds, by Hölder’s inequality, we get
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∫ ∞
0

∫ ∞
0

κ(u, v)τ(u)σ(v)dudv =

∫ ∞
0

(
v
β+ 1

p′

∫ ∞
0

κ(u, v)τ(u)du

)(
v
−(β+ 1

p′ )σ(v)

)
dv

(30) ≤
(∫ ∞

0

vpβ+p−1
(∫ ∞

0

κ(u, v)τ(u)du

)p
dv

) 1
p

||σ||p′,ν .

Applying (27) to (30), we obtain (23). Hence (23) and (27) are equivalent.

On the contrary if we assume that the constant factor

(
1
m

Γ
(
β+1
m

)
Cρ,δ(β1, β2, β3, β)

)p
in (27) is not the best possible, then by the equivalence of (23) and (27), we have, the
constant appeared in (23) is not the best constant, which is contradiction. Hence, the

constant

(
1
m

Γ
(
β+1
m

)
Cρ,δ(β1, β2, β3, β)

)p
is the best.

4. Conclusion

For ρ = −1, δ = −1, β3 = −β2, β = 2nm+m− 1(n ∈ N ∪ {0}),m ≥ 1; by (7) and
(11); Theorem 3.1 gives the following:

Corollary 4.1. Let p > 1, 1
p

+ 1
p′

= 1; β2 > 0, β2 < β1;n ∈ N ∪ {0} , φ(u) =

cotu, µ(u) = up−2nmp−mp−1, ν(v) = vp
′−2nmq−mq−1, τ(u), σ(u) ≥ 0, τ(u) ∈ Lpµ [0,∞) ,

σ(u) ∈ Lp′ν [0,∞) ; then∫ ∞
0

∫ ∞
0

sinh
(
β2(uv)m

)
csch

(
β1(uv)m

)
τ(u)σ(v)dudv

(31) < − 1

m

(
π

2β1

)2n+1

φ2n

(
β1 + β2

2β1
π

)
||τ ||p,µ||σ||p′,ν .

Proof. Since

κ(u, v) :=
eβ2(uv)

m
+ ρeβ3(uv)

m

eβ1(uv)m + δe−β1(uv)m
.

After putting ρ = −1, δ = −1, β3 = −β2, we have

κ(u, v) :=
eβ2(uv)

m − e−β2(uv)m

eβ1(uv)m − e−β1(uv)m

= sinh
(
β2(uv)m

)
csch

(
β1(uv)m

)
,

and

Cρ,δ(β1, β2, β3, β) =
∞∑
j=0

1

(2β1j + β1 − β2)
β+1
m

−
∞∑
j=0

1

(2β1j + β1 + β2)
β+1
m

,

using these two, we have∫ ∞
0

∫ ∞
0

sinh
(
β2(uv)m

)
csch

(
β1(uv)m

)
τ(u)σ(v)dudv

<
1

m
Γ
(β + 1

m

)( ∞∑
j=0

1

(2β1j + β1 − β2)
β+1
m

−
∞∑
j=0

1

(2β1j + β1 + β2)
β+1
m

)
||τ ||p,µ||σ||p′,ν .
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Now putting β+1
m

= 2n+ 1, in right hand side of above inequality, it becomes

1

m
Γ
(
2n+ 1

)( ∞∑
j=0

1

(2β1j + β1 − β2)2n+1
−
∞∑
j=0

1

(2β1j + β1 + β2)2n+1

)
||τ ||p,µ||σ||p′,ν .

Using (7) by setting x = β1+β2
2β1

and y = β1−β2
2β1

, above inequality takes form∫ ∞
0

∫ ∞
0

sinh
(
β2(uv)m

)
csch

(
β1(uv)m

)
τ(u)σ(v)dudv

< − 1

m

(2n)!

(2β)2n+1

( ∞∑
j=0

( 1

(j + x)2n+1
− 1

(j + y)2n+1

))
||τ ||p,µ||σ||p′,ν

= − 1

m

(
π

2β1

)2n+1

φ2n

(
β1 + β2

2β1
π

)
||τ ||p,µ||σ||p′,ν ,

which proves (31).

For β1 = 2λ, β2 = λ in (31); and since

eλ(uv)
m − e−λ(uv)m

e2λ(uv)m − e−2λ(uv)m
=

1

2
sech

(
λ(uv)m

)
,

we have

(32)

∫ ∞
0

∫ ∞
0

sech
(
λ(uv)m

)
τ(u)σ(v)dudv < − 2

m

(
π

4λ

)2n+1

φ2n

(
3π

4

)
||τ ||p,µ||σ||p′,ν .

Now, letting λ = 1, n = 0 in (32), we get µ(u) = up−pm−1, ν(v) = vp
′−qm−1 and

(33)

∫ ∞
0

∫ ∞
0

sech
(
(uv)m

)
τ(u)σ(v)dudv <

π

2m
||τ ||p,µ||σ||p′,ν .

For β1 = 3λ, β2 = λ, λ > 0, (31) becomes∫ ∞
0

∫ ∞
0

sinh
(
λ(uv)m

)
csch

(
3λ(uv)m

)
τ(u)σ(v)dudv

(34) < − 1

m

(
π

6λ

)2n+1

φ2n

(
2π

3

)
||τ ||p,µ||σ||p′,ν .

Particularly, setting λ = 1, n = 0 in (34), we have

(35)

∫ ∞
0

∫ ∞
0

sinh
(
(uv)m

)
csch

(
3(uv)m

)
τ(u)σ(v)dudv <

1

m

√
3π

18
||τ ||p,µ||σ||p′,ν .

Let β1 = 3λ, β2 = 2λ, λ > 0 in (31); then∫ ∞
0

∫ ∞
0

sinh
(
2λ(uv)m

)
csch

(
3λ(uv)m

)
τ(u)σ(v)dudv

(36) < − 1

m

(
π

6λ

)2n+1

φ2n

(
5π

6

)
||τ ||p,µ||σ||p′,ν .
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Particularly, putting λ = 1, n = 0 in (36); we have

(37)

∫ ∞
0

∫ ∞
0

sinh
(
2(uv)m

)
csch

(
3(uv)m

)
τ(u)σ(v)dudv <

1

m

√
3π

6
||τ ||p,µ||σ||p′,ν .

Let β1 = 4λ, β2 = λ in (31) and note that

eλ(uv)
m − e−λ(uv)m

e4λ(uv)m − e−4λ(uv)m
=

1

4
sech

(
λ(uv)m

)
sech

(
2λ(uv)m

)
,

so, we have ∫ ∞
0

∫ ∞
0

sech
(
λ(uv)m

)
sech

(
2λ(uv)m

)
τ(u)σ(v)dudv

(38) < − 4

m

(
π

8λ

)2n+1

φ2n

(
5π

8

)
||τ ||p,µ||σ||p′,ν .

Particularly, using λ = 1, n = 0 in (38), we have

(39)

∫ ∞
0

∫ ∞
0

sech
(
(uv)m

)
sech

(
2(uv)m

)
τ(u)σ(v)dudv <

(
√

2− 1)π

2m
||τ ||p,µ||σ||p′,ν .

As like above, on using ρ = 1, δ = −1, β3 = −β2, β = 2nm + 2m− 1(n ∈ N ∪ {0})
in Theorem 3.1 and by (8), (11); we have the following:

Corollary 4.2. Let p > 1, 1
p
+ 1
p′

; β2 ≥ 0, β2 < β1;n ∈ N∪{0} , φ(u) = cotu, µ(u) =

up−2nmp−2mp−1, ν(v) = vp
′−2nmq−2mq−1, τ(u), σ(u) ≥ 0, τ(u) ∈ Lpµ [0,∞) , σ(u) ∈ Lp′ν [0,∞) ;

then ∫ ∞
0

∫ ∞
0

cosh
(
β2(uv)m

)
csch

(
β1(uv)m

)
τ(u)σ(v)dudv

(40) < − 1

m

(
π

2β

)2n+2

φ2n+1

(
β1 + β2

2β1
π

)
||τ ||p,µ||σ||p′,ν .

For β1 = λ, β2 = 0, λ > 0 in (40), we obtain

(41)∫ ∞
0

∫ ∞
0

csch
(
λ(uv)m

)
τ(u)σ(v)dudv < − 1

m

(
π

2λ

)2n+2

φ2n+1

(
π

2

)
||τ ||p,µ||σ||p′,ν .

For β1 = 2λ, β2 = λ in (40) and since

eλ(uv)
m

+ e−λ(uv)
m

e2λ(uv)m − e−2λ(uv)m
=

1

2
csch

(
λ(uv)m

)
,

we have

(42)∫ ∞
0

∫ ∞
0

csch
(
λ(uv)m

)
τ(u)σ(v)dudv < − 2

m

(
π

4λ

)2n+2

φ2n+1

(
3π

4

)
||τ ||p,µ||σ||p′,ν .
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Remark 4.3. Note that (41) and (42) are equivalent . Since

∞∑
j=0

(
1

(4j + 1)2n+2
+

1

(4j + 3)2n+2

)
=
∞∑
j=0

1

(2j + 1)2n+2
.

using this in (8) it can be easy to prove that

φ2n+1

(
3π

4

)
= 22n+1φ2n+1

(
π

2

)
.

Thus (41) and (42) are equivalent.

Assuming β1 = 3λ, β2 = λ, λ > 0 or β1 = 3λ, β2 = 2λ, λ > 0 in (40); then we have
the following inequalities respectively:∫ ∞

0

∫ ∞
0

cosh
(
λ(uv)m

)
csch

(
3λ(uv)m

)
τ(u)σ(v)dudv

(43) < − 1

m

(
π

6λ

)2n+2

φ2n+1

(
2π

3

)
||τ ||p,µ||σ||p′,ν ,∫ ∞

0

∫ ∞
0

cosh
(
2λ(uv)m

)
csch

(
3λ(uv)m

)
τ(u)σ(v)dudv

(44) < − 1

m

(
π

6λ

)2n+2

φ2n+1

(
5π

6

)
||τ ||p,µ||σ||p′,ν .

Assuming β1 = 4λ, β2 = λ, λ > 0 in (40); then∫ ∞
0

∫ ∞
0

csch
(
λ(uv)m

)
sech

(
2λ(uv)m

)
τ(u)σ(v)dudv

(45) < − 1

m

1

43n+2

(π
λ

)2n+2
φ2n+1

(5π

8

)
||τ ||p,µ||σ||p′,ν .

Now, for ρ = 1, δ = 1, β = 2nm + m − 1(n ∈ N ∪ {0}) and applying (9), (11) in
Theorem 3.1, we have

Corollary 4.4. Let p > 1, 1
p

+ 1
p′

= 1; β2 ≥ 0, β2 < β1;n ∈ N ∪ {0} , χ(u) =

cscu, µ(u) = up−2nmp−mp−1, ν(v) = vp
′−2nmq−mq−1, τ(u), σ(u) ≥ 0, τ(u) ∈ Lpµ [0,∞) ,

σ(u) ∈ Lp′ν [0,∞), then∫ ∞
0

∫ ∞
0

cosh
(
β2(uv)m

)
sech

(
β1(uv)m

)
τ(u)σ(v)dudv

(46) <
1

m

(
π

2β1

)2n+1

χ2n

(
β1 + β2

2β1
π

)
||τ ||p,µ||σ||p′,ν .

Let β1 = λ, λ > 0, β2 = 0 in (46), we have

(47)

∫ ∞
0

∫ ∞
0

sech
(
λ(uv)m

)
τ(u)σ(v)dudv <

1

m

(
π

2λ

)2n+1

χ2n

(
π

2

)
||τ ||p,µ||σ||p′,ν .
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Remark 4.5. The inequalities in (32) and (47) are equivalent. With the help of
(7), (9) and the below result

∞∑
j=0

(
1

(4j + 1)2n+1
− 1

(4j + 3)2n+1

)
=
∞∑
j=0

(−1)j

(2j + 1)2n+1
,

we have φ2n+1
(
3π
4

)
= −22nχ2n

(
π
2

)
. Therefore (47) is equivalent to (32).

Let β1 = 2λ, β2 = λ, λ > 0 in (46) and in view of

eλ(uv)
m

+ e−λ(uv)
m

e2λ(uv)m + e−2λ(uv)m
=

1

2
csch

(
λ(uv)m

)
tanh

(
2λ(uv)m

)
,

we have ∫ ∞
0

∫ ∞
0

csch
(
λ(uv)m

)
tanh

(
2λ(uv)m

)
τ(u)σ(v)dudv

(48) <
2

m

(
π

4λ

)2n+1

χ2n

(
3π

4

)
||τ ||p,µ||σ||p′,ν .

Now, for λ = 1, n = 0 in (48), we have µ(u) = up−pm−1, ν(v) = vp
′−mq−1 and

(49)

∫ ∞
0

∫ ∞
0

csch
(
(uv)m

)
tanh

(
2(uv)m

)
τ(u)σ(v)dudv <

π√
2m
||τ ||p,µ||σ||p′,ν .

Let β1 = α, β2 = 2− α in (46), 1 < α ≤ 2, then∫ ∞
0

∫ ∞
0

cosh
(
(2− α)(uv)m

)
sech

(
α(uv)m

)
τ(u)σ(v)dudv

(50) <
1

m

(
π

2α

)2n+1

χ2n

(
π

α

)
||τ ||p,µ||σ||p′,ν .

Using n = 0 in (50), we have∫ ∞
0

∫ ∞
0

cosh
(
(2− α)(uv)m

)
sech

(
α(uv)m

)
τ(u)σ(v)dudv

(51) <
1

m

(
π

2α

)
csc
(π
α

)
||τ ||p,µ||σ||p′,ν .

Similarly, by setting ρ = −1, δ = 1, β3 = −β2, β = 2nm + 2m− 1(n ∈ N ∪ {0}) in
Theorem 3.1, we have

Corollary 4.6. Let p > 1, 1
p

+ 1
p′

= 1; β2 > 0, β2 < β1;n ∈ N ∪ {0} ;χ(u) =

cscu, µ(u) = up−2nmp−2mp−1, ν(v) = vp
′−2nmq−2mq−1, τ(u), σ(u) ≥ 0, τ(u) ∈ Lpµ [0,∞) ,

σ(u) ∈ Lp′ν [0,∞) ; then∫ ∞
0

∫ ∞
0

sinh
(
β2(uv)m

)
sech

(
β1(uv)m

)
τ(u)σ(v)dudv
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(52) <
1

m

(
π

2β1

)2n+2

χ2n+1

(
β1 + β2

2β1
π

)
||τ ||p,µ||σ||p′,ν .

As above, for different values of β1, β2 and n in (52), we will find some other certain
form of Hilbert’s-type inequality.
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