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CERTAIN FORM OF HILBERT-TYPE INEQUALITY USING
NON-HOMOGENEOUS KERNEL OF HYPERBOLIC FUNCTIONS

SANTOSH KAUSHIK AND SATISH KUMAR*

ABSTRACT. In this article, we establish Hilbert-type integral inequalities with the
help of a non-homogeneous kernel of hyperbolic function with best constant fac-
tor. We also study the obtained inequalities’s equivalent form. Additionaly, several
specific Hilbert’s type inequalities with constant factors in the term of the rational
fraction expansion of higher order derivatives of cotangent and cosine functions are
presented.

1. Introduction

For f(u), g(u) > 0, define
LP[0,00) = {f 17 P (u du<oo}andL”[Ooo:{f I u)du < 0o}.
Also
1/p
161 = (4 aan) " and 171 = (S5t w)

Through out in this paper, we consider all the functions are measurable and non-
negative; and p,p’ € R™ with 1/p+1/p’ = 1.

For 1 < p,p < oo with 1/p+1/p' =1 and 7 € LP[0,00),0 € L¥ [0,00), we have
the well known Hilbert’s inequality [3]

(1) / / "I gty < el

where 7 is the best possible constant.
For h(t) > 0,¢(s) = [;° h(t)t*"'dt € R, 7(u),0(v) > 0, we have the followings [3]:

1/p

S

/ / () (w)or(v)dudv < ¢(= )( /0 b up—%p(u)du)’l’( /0 b ap/(v)dv)
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(3) /0 h ( /0 b h(uv)T(u)du)pdv < w(%) /0 T () du,

(4) /0 h w?( /0 h h(uv)T(u)du)pdv < ¢P(%) /0 () du,

where the right-hand sides of above inequalities are positive.

In [11], Yang gave an extension of (1), by introducing the parameter A € (0, 1] and
optimized Weight coefficients, which is as follows.

If0< [;7u™ ()du<ooand0<foo1’\2()dv<oo,then

O</ / “+U d a <B()\ )\)(/ ul_AT2(U)du/Ooovl—AUQ(v)dv)éy

where the constant factor B(Q, 2) is the best possible.

In [12], Yang introduce an independent parameter A > 0 and pairs (p,p’), (r,r’)
with % + z% = % + % = 1, such that if p,r > 1, and the right-hand side are positive,
then

1

1
[ 7(u)o(v) & /OO p(1-2)—1_p » /OO p(1=2)—1_pf v
/O /0 ey dudv < Y [ ; U TP (u)du ; v of (v)dv|

ﬁ(ﬂ) is the best possible.

T

In [13], Author gave an another form of Hilbert-type inequality using exponential
kernel. That is

where the contant factor

[ [ et < | /Oiz(u)duﬂ /jgwf,

where /7 is the best constant.

In the literature [1], [11], [12], [13], [4], [5], [6], [7], [8]; there are several extensions,
generalizations and variants of the inequality (1).

In this study, we will discuss the Hilbert-type inequality by introducing multiple
parameters and the following non-homogeneous kernel

eﬂz(uv)m + peﬁg(uv)m

(6) K(u,v) = B G e

where p,0 = £1,06; > 0,83 < By < B1(B2 # B3, p = —1), for pd = —1, 5 > 0; and for
po=1,82>0.
For m = 1, the above kernel becomes

eP2(uwo) 4 pefs(uv)

K)(u U) B (uv) + de- B1(wv)’

which is studied by Minghui You and Yue Guan [14].

We also establish some particular inequalities having the constant factor containing
the rational fraction expansion of higher order derivatives of cotangent function and
cosine function.
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2. Preliminaries and Lemmas
DEFINITION 2.1. [10] We define

1
B(r,s) = / w1 —w)*tdu, r> 0,5 >0,
0
and -
['(m) :/ u™ e du, m >0,
0

where B(m,n) and I'(z) are Beta function and Gamma function respectively for m €
N,I'(m) = (m — 1)\

LEMMA 2.2. [10,14] Let z,y > 0,z +y = 1, ¢(u) = cotu,n € NU {0}, then
(2n)! & 1 1

2n _ _
(7) Qb (xW) - 2n+1 g ((] + $)2n+1 (j + y)2n+1)7
(2n+1)! > 1
2n+1 _
(8) ¢ (z7) = 2n+2 JZ_; G+ ) 2n+2 G+ y)2n+2>'

LEMMA 2.3. [10,14] Let z,y > 0,z +y = 1, x(u) = cscu,n € NU {0}, then

on OISR 1 1
(9) X (a:7r) O o2ntl ]Z:;( 1) <(j +z.)2n+1 + (j +y)2n+1)’
_— __(2n+1)! > Y 1 B 1
(10) X i (mr) o 2n+2 ;( 1> ((j+x)2n+2 (j+y)2n+2)'

LEMMA 2.4. Let p,(5 = il,ﬁl > 0,53 < ﬁg < ﬁ1<62 7& ﬁg,p = —1),ﬁ >m > 1, for
pd =—1,8>m > 1;k(u,v) as in (6) and

- (=0)’ Y (=0)’
=0 (2B1) + B — Ba) = (2B + B — Bs) 5

(11) C,s(B1, B2, B3, B) =

then
(12) W(u) = / k(u, v)vdv = w1 )C’W;(ﬁl, Ba, B3, ),
0
y o INE=
(13) W(v) = /0 K (u, v)uldu = v=P71 (5 )Cp’g(ﬁl, Ba, B3, ).

Proof. Using the transformation uv = ¢, we get
(14) W(u) = u_ﬁ_l/ (1, t)t7dt,
0
since t € (0,00),0 = £1, we find

1 > s - m
1+ oe—261t" Z(—é)fe o

=0
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therefore
/ k(1 t)tﬁdt — Z(_(s)]/ 6(251j+51ﬁ2)tmt/3dt+pz<_5)j/ e~ (2BLi+BL=P3)t" 4B 1t
0 =0 0 7=0 0
(15> = ]1 + p[g,
Now on putting u = (261j + 1 — B2)t™, we get
= 1 1 oo pi1
L=Y) (=0)— ety m tdu
jz:; m (2615 + 1 — BQ)M
L% < (—9)’
(16) = > 7
m =0 (2815 + B1 — B2) ™
Similarly , by substituting u = (2515 + 51 — f3)t"™, we obtained
() & )
(17) L=—n ( =

mo AT (261 + B — B3)
Combining (15), (16) and (17), we have
: S Lo
L t)ldt = — —
/0 K(1,t) m j;o (2817 + B — Bo) pz

8+
(18) = (,n';n )Opﬁ(ﬁhﬂ%ﬁ&ﬂ)a

In the same way , we can easily show that (13) holds. Hence

B+1

(2615 + 51 B3)m

00 s+l
Wi(u) = /0 K(u, v)vﬁdv = uﬁlr(n’; )Cpﬁ(ﬁl;ﬁQ;ﬂi’nﬂ))

y o INE=
W(”) = A l{(ua U>u6du = v_ﬁ_l (T;,n )Cp,é(ﬁh /827 537 ﬂ)
L]

REMARK 2.5. If any of the following conditions:

()p=1,0=—-1,>m>1;3ii) p=—-1,0=1,>m>1;(iii) p=1,0=1,5 >
m > 1;(iv) p=—1,0 = =1, > m > 1; is hold then the series in (11) is converges.
Therefore in the condition of Lemma 2.4 (11) is convergent.

LEMMA 2.6. Let p,§d = 1,8 > 0,03 < fo < 1(B2 # B3, p = —1), >m > 1 for
pd = —1,6>m > 1 for p§ = 1;k(u,v) and C,;5(1, Ba, B3, 3) are as in (6) and (11)
respectively, for sufficiently small € > 0, f.(u), g(u) are defined as follows:

i w
(19 R S
20 al)={ s it
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then e
lime_oreJ = 6/0 /0 k(u,v) fe(u)ge(v)dudv
(2L
(21) = (7”:; )Cpﬁ(ﬁlaﬁ%ﬂ&ﬂ)'

Proof. Substituting uv = t, we have

o) 1
e = e/ oY (/ /{(u,v)u'M;du) dv
1 0
= e/ v ;5;1(/ K(l,t)tﬂ+;dt)dv
1 0

00 1 o v
= e/ vt (/ H(l,t)t6+;dt> dv + e/ 1116</ H(l,t)t6+;dt> dv
1 0 1 1

by Fubini’s theorem, we have

1 o] 00
:/ n(l,t)t5+§dt+e/ n(l,t)t/”z?(/ v*‘%lv)dt
0 1 t

1 o0
(22) :/ n(l,t)t5+§dt+/ k(1,077 dt.
0 1

let € — 07 | we get

1 o] o]
:/ /i(l,t)tﬁdt—i—/ ﬁ(l,t)tﬁdt:/ (1, t)t?dt.
0 1 0

using (18) of 2.4 , we have

P2
lime_greJ = 7: Cy5(Br, B2, B3, B).

3. Main Results

THEOREM 3.1. Let p > 1,0+ 5 = Lp,d = £1,81 > 0,m > 1,03 < f <
B1(Ba # B3,p = —1). Let 8 > m for pod = —1;8 > m for pd = 1. Let p(u) =
u~ PP y(v) = v~ #'B+Y) and define 7(u), o (u) > 0 such that 7(u) € L2 ]0,00),0(u) €
L7 [0,00) . Furthermore, define r(u,v) and C, (51, B2, B3, 3) are defined by (6) and
(11) respectively, then

@) [ [ stworo)dus < (00,0 b0 e Al ol

where %T(%)Cp,g(ﬁl, Ba, B3, B) is the best possible constant.
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Proof. We use the idea as in [9]

/W*w ro(w, v)7(w)o(v)dpy (u)dpg (v (/ P )dul(u));x

(24) (/ X”/(v)G(v)Up'(v)dm(v))pll,

where p > 1,%—1—1%
K:wxw—R; 7,0,0,x:]0,00) = R are non-negative, measurable functions and

sl [
Flu) = / i), 6 = [ S

In (24) equality holds if and only if 77 (u) = k1¢~ ") (u) and 0P (v) = kyx =P+ (v)

for arbitrary constants ky, ks.
8
Let w = [0,00),0(u) = u ¥ X(v) — v 7 and let k(u,v) be defined in (6), then

F(u) = fw k(u, v)vPdv = W(u) and G(v) = W(U) as defined in Lemma 2.4.

= 1; p1, p2 are positive and o— finite measures,

Using (12), (13) in (24), we have

/Ooo /Ooo k(u, )7 (u)o (v)dudo < (/OOO MfﬁW(U)T”(u)@) 5 (/Ooo U_Zfﬁ/(U)o'p/(v)dv) .

< (/Oooupﬂ 1; (ﬁ:r;l) C5(B1, Ba, B3, B)TP (u )du)px
(/0 U_i_ﬁ IT]T_L (6;1) p5(617ﬁ27ﬁ3 ﬁ) ( )dv)p/
= (ﬁ;;l) pa(ﬁl,ﬁmﬁ&ﬁ)(/ooo u_(p5+1)7p(u)du)px</ooo v_(p%“)ap’(v)dv)p,
1
(25) = L6000 0 el

If we consider equality in (25), we will have u=(P#*D7P(y) = £ and v~ @A+ (v) =
E2 " which is contradiction to the case 7(u) € L% [0,00) ,0(u) € LY [0, 00).
So, in (25) strict inequality holds, which yields (23).

Now, we will show that the factor %F(%) C, (81, B2, B3, B) in (23) is the best con-
stant. For this, we assume that there be a constant 6 (0 <0< %F(%)Cp’g(ﬁl, B, B3, 5)) ,

such that (23) is holds if we take € on the place of %F(%)va(s(ﬁl, Ba, B3, 5). That is

(26) / / b, )7 (W) (w)dudo < O]yl |0
0 0
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In particular, if we take f. and g. defined in Lemma 2.6, on the place of 7 and o
in (26) respectively, we have

elméwdmwﬂwmwﬂmw<$<AZF“WO;<[mW“W0;:ﬁ.

By Lemma 2.6, we have

EF( p,6(617/62)/837/8) <0

Take ¢ — 0%, we have 1F(6+1) C,s(B1, P2, B3, B) < 0, which contradicts the ex-

istance of #, which gives the constant factor %P(%)Cpﬁ(ﬁhﬁQHBg,ﬁ) is the best
possile in (23).

B+1
—)

O

THEOREM 3.2. Let p > 1,0+ 5 = 1,p,0 = £1,6 > 0,m > 1,85 <
B1(By # Bs,p = —1), for pd = —1,3 > m; for p6 = 1,8 > m; u(u) = v~ P+ p(v)
v~ @AY (u) > 0,7(u) € L7 10,00), k(u,v) and C, (51, Ba, B3, 8) are same as in
Theorem 3.1, then

A\

(27)

/OOOUP(ﬁJFl)l(/O ( 5;;1) pé(ﬁbﬁ%ﬂ& )) HTpr

p
where the constant factor EF(%) C,s(B1, P2, ﬁ3,5)> is the best possible, and
(27) is equivalent to (23).

0

o<0wmwym=(4mvpﬂ“ww>M)p
= (/Ooova“)—l(/oo r(u, v)7(u )du) ) (/ / r(u, v)7(u)o(v )dudv)p

(25) < (ar

p—1
Proof. Substituting o(v) = U”(ﬁ“)_l(foo /@(u,v)T(u)du) , by (23), we have
(

1
BN, (0 OIWMMﬂMW
Therefore
<<HOHp/,,,>p = OOUP'BH (/ /i(u,v)T(u)du>pdv
0
(29) < %F(ﬁ—f—l) pé(ﬁl;ﬁ%ﬁ&ﬁ)) TI[5 .

Since 7(u) € L% [0,00), by (29), it follows that o(u) € L¥ [0,00); by using (23)
again, both (28) and (29) have strict inequalities, thus (27) proved.
Secondly, assume that (27) holds, by Hélder’s inequality, we get
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/ / () (u)or (v )dudv—/ooo (vﬁﬂi /OOO K(u,y)T(U)dU) (v(ﬁJ“pl’)a(v))dv
(30) < ( /0 N vpﬁﬂ’—l( /O h /ﬁ(u,v)T(u)du)pdv);||U||p/,l,.

Applying (27) to (30), we obtain (23). Hence (23) and (27) are equivalent.
p

On the contrary if we assume that the constant factor (%F(%)Cpﬁ(ﬁh B2, B3, 5))

in (27) is not the best possible, then by the equivalence of (23) and (27), we have, the
constant appeared in (23) is not the best constant, which is contradiction. Hence, the

p
constant <%F(%)Op75(ﬁl,ﬁg7ﬁg,ﬂ)) is the best.

4. Conclusion

For p=—-1,0=—1,083=—0,8=2nm+m — 1(n € NU{0}),m > 1; by (7) and
(11); Theorem 3.1 gives the following:

COROLLARY 4.1. Let p > 1,1% +]§ = 1,6, > 0,62 < B1;n € NUA{0},0(u) =
cmmmw=u%mwwwwmo—wqmvm*fwwmozad@eLﬂamx

o(u) € LP [0,00) ; then
/ / sinh (B2(uv)™) esch (1 (uv)™) 7 (w)o(v)dudv

1 2n+1
1) <2 (&) (B2 Ielhlellns

Proof. Since
eﬁQ(uU)m + peﬁd(uv)m

R 0) = B e

After putting p = —1,0 = —1, 83 = — 35, we have
662(,‘“))7” e_BQ(uU)m
efrwv)™ _ o=p1(uv)™

= sinh (fa(uv)") esch (6 (u0)")

k(u,v) =

and
1

(2815 + b1+ 52) m

Mg

C Y Y )
05(B1, B2 s, JZO%)M PREpRE

Il
o

using these two, we have

/ / sinh (B (wo)™) esch (B (uwv)™)r (w)o (v)dudy
<lrth(T fj = il

0 (2817 +51 52 I 2ﬁ1]+ﬁ1 52) m
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Now puttlng = 2n + 1, in right hand side of above inequality, it becomes
1 - 1 - 1
—I'(2n+1 , — . T Ollp v
m ( )<JZO (261]+B1_B2)2n+1 2(261]+51+62)2n+1)|| HPHMH ||p,
Using (7) by setting = = £ 12;'8 2 and y = 2 55 -+ above inequality takes form

/ / sinh (B2(uv)™) esch (ﬂl(uv) )7 (w)o(v)dudv

1 1
< __(2;)2%1 (]Zo ((] + x)2nt] o (+ y)2"+1)> Tl ullo o

1w\ L Bt By
-lam) () i

which proves (31).

For f; = 2\, 3 = A in (31); and since

eA(uv)m _ e—/\(uv)m 1

sech (A(uv)™),

e2A(uwv)™ _ o—2X(uv)™ - 5
we have

[ [ s ot < -2 () (3 Inlhalole

Now, letting A = 1,n = 0 in (32), we get pu(u) = uP~P"' v(v) = v?~?1 and
oo o0 m T
(33) / / sech ((uv)™)7(w)o(v)dudv < %HTHR“HO’HP/W.
o Jo
For 1 = 3\, o = A, A > 0, (31) becomes
/ / sinh (A(uv)™) esch (3 (uv)™) 7(uw)o (v)dudv
o Jo
1/ 7\ o[ 2T
(34 <-n(&) () Irlaliol

Particularly, setting A = 1,n = 0 in (34), we have

[ee] o0 1
(35) / / sinh ((wv)™) esch (3(uv)™)(u)o(v)dudo < —@HTHMHO—HP, N
o Jo m 18 ’ ’
Let 81 = 3\, o = 2A, A > 0 in (31); then

/0°° /000 sinh (2/\(uv)m) csch (3)\(uv)m>7(u)0(v)dudy

1 T 2n+1 51
36) <= (&) o (5 )blhalioly
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Particularly, putting A = 1,n = 0 in (36); we have

(37) /OOO /Ooo sinth (2(uo)™) eseh (3(uv)™ ) (u)or(v)dudy < EQHTHMHO—HP .

Let f; =4\, B3 = A in (31) and note that

A(uw)™ —A(uv)™

e —e 1
py Yo Lo o sech (A(uv)™) sech (2A\(uv)™),

so, we have

/0°° /OOO sech (A(uv)m) sech (QA(UU)m)T(u)o(U)dudv

4 2n+1 5
(38) <-2(&) (5 )irthloll

Particularly, using A = 1,n = 0 in (38), we have
(39) /0 /0 sech (o)) sech (2(u) )7 (wor(0)dudv < =27l o

As like above, on using p = 1,0 = —1, 83 = =, =2nm + 2m — 1(n € NU{0})
in Theorem 3.1 and by (8), (11); we have the following:

COROLLARY 4.2. Letp > 1, 1%+1%; Ba > 0,8y < B1;m € NU{0}, ¢(u) = cot u, u(u) =
A (o) = S (), 0(0) 2 0,7(0) € L 0) () € 1 0,),
then

/0°° /0°° cosh (Ba(uv)™) esch (By(uv)™)7(u)o (v)dudv

1 2n+2
(10) 16 I G [T

For f; = A, B2 = 0,A > 0 in (40), we obtain

41)
[ [ sty ()dudK_i%)wwnu(g)||r||p,ur|a|rpf,y.

For f; = 2\, 3 = A in (40) and since

eA(uv)m _f_ef)\(uv)m 1
e2A(uv)™ _ o=2\(uv)™ - 5

csch (A(uv)™),

we have

e h (A(uw)™ dudv < ~ 2 (TN g (3T
[ e 0rmyrtiatetuo < =2 ()0 (3 el ol
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REMARK 4.3. Note that (41) and (42) are equivalent . Since

- 1 N 1 _i 1
' 45 + 1)2n+2 45 + 3)2n+2 - 2j+12n+2'
=0 ] J

5=0
using this in (8) it can be easy to prove that

P2t (3_7T> — 92n+l y2n+l (Z) ‘
4

Thus (41) and (42) are equivalent.

Assuming 51 = 3\, B = A\, A > 0 or B = 3\, 2 = 2A, A > 0 in (40); then we have
the following inequalities respectively:

(]

/000 /000 cosh (A(uv)m) csch (SA(uv)m)T(u)g(U)dudU

L\, (o
(43) <& ¢ 5 Tl lpullo ]
/ / cosh (2A(uv)™) esch (3A(wv)™) 7(w)o (v)dudv
o Jo
I ntt [ OT
(44) <=(&) () rlllioly

Assuming 1 = 4\, B2 = A, A > 0 in (40); then

/0°° /000 csch (A(uwv)™) sech (2A(uv)™) 7(w)o (v)dudv

1 1  7m\ont2 901,07
T 43n+2 (X) ¢’ H(?)HTHRMHUHW,V-

Now, for p = 1,06 = 1,8 = 2nm +m — 1(n € NU {0}) and applying (9), (11) in
Theorem 3.1, we have

(45)

COROLLARY 4.4. Let p > 1,% +Z% = 1;8, > 0,3 < Bi;n € NU{0}, x(u) =
cscu, p(u) = uP=2mPmme=l oy (p) = oF m2mammal r(y) o (u) > 0,7(u) € LP[0,00),
o(u) € L [0,00), then

/ / cosh (2(uv)™) sech (81 (uv)™)7(w)o(v)dudv
o Jo
L7\ Bi+ B
46 —( — n -
(16) <w(az) (55520 )Rt

Let 1 = A\, A > 0,5, =0 in (46), we have

) [T [ see (o)) o e)dud < (%)x (5) ittty

m
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REMARK 4.5. The inequalities in (32) and (47) are equivalent. With the help of
(7),(9) and the below result

i 1 B 1 R (1)
g (4] + 1)2n+1 (4] +3)2n+1 o e (2] + 1)2n+1a
we have ¢?"(28) = —22x2"(Z). Therefore (47) is equivalent to (32).
Let 81 = 2\, o = A\, A > 0 in (46) and in view of

Auwv)™ —A(uv)™
¢ te = % csch (A(uv)™) tanh (2 (wv)™),

e2A(uv)™ + e—2M(uv)™

we have

/OOO /000 csch ()\(uv)m) tanh (QA(UU)m)T(U)U(U)dudQ;

9 / x\2nt] o (31
(48) <\ X\ Tl ullo]pr -

Now, for A = 1,n = 0 in (48), we have p(u) = uPP™" 1 v(v) = v ~"9"! and

(49) /0 N /0 " esch ((uv)™) tanh (2(u0)™) 7 (w)o (v)dudo < ﬁywwuaup,,y.

Let 1 =, B2 =2 — «vin (46),1 < a < 2, then

/000 /000 cosh ((2 — a)(uv)m) sech (&(uv)m)q-(u)g(v)dudv

1 T 2n+1 ) T
(50) e o I 3 [

Using n = 0 in (50), we have

/000 /000 cosh ((2 — a)(uv)m) sech (a(uv)m)T(u)g(U)dudv

1/(n s
(51) < (32 )ese DM lplollss
Similarly, by setting p = —1,0 = 1,83 = — (2,8 = 2nm + 2m — 1(n € NU {0}) in
Theorem 3.1, we have

COROLLARY 4.6. Let p > 1,24 & = 1,8 > 0,0 < fi;n € NU{0};x(u) =
cscu, p(u) = up=2rmem2me=l g (y) = o mIma=2mal r(y) g (u) > 0,7(u) € LP[0,00),
o(u) € L [0,00) ; then

/000 /OOO sinh (52(uv)m) sech (ﬁl(uv)m)T(u)g(v)dudv
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1 ™ an+2 b1+ Ba
52 2n+1 .
(52) < _(_251) X (—251 7T>HTHP7MHUHP7

As above, for different values of (1, 5> and n in (52), we will find some other certain

form of Hilbert’s-type inequality.
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