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LOCAL-GLOBAL PRINCIPLE AND GENERALIZED LOCAL
COHOMOLOGY MODULES

Buir THt HonGg CAM, NGUYEN MINH TRI, AND DO NGoC YEN

ABSTRACT. Let M be a stable Serre subcategory of the category of R-
modules. We introduce the concept of M-minimax R-modules and inves-
tigate the local-global principle for generalized local cohomology modules
that concerns to the M-minimaxness. We also provide the M-finiteness
dimension fI/\/I(M7 N) of M, N relative to I which is an extension the
finiteness dimension f;(N) of a finitely generated R-module N relative
to 1.

1. Introduction

Throughout this paper, R is a commutative Noetherian ring and [ is an ideal
of R. Let M, N be two finitely generated R-modules. The i-th local cohomology
module of an R-module X with respect to I is denoted by H:(X). Local
cohomology was first defined and studied by Grothendieck. The readers may
refer [4,8] for more details about local cohomology. Since the local cohomology
theory has a lot of useful applications, there are some extensions of this theory.
The following generalization is given by J. Herzog in [10]. Let j be a non-
negative integer, M a finitely generated R-module and X an R-module. The
j-th generalized local cohomology module of M and X with respect to I is
defined by

HY (M, X) = lim Ext},(M/I" M, X).
If M = R, then H:(M, X) = Hi(X) the usual local cohomology module.

An important theorem in local cohomology is Faltings’ local-global principle
for the finiteness dimension of local cohomology modules [6, Satz 1]. The
Faltings’ theorem was stated that for a given finitely generated R-module and
a positive integer n, the Ry-module H R, (Nyp) is finitely generated for all 0 <

i < n and for all p € SpecR if and only if the R-module H:(N) is finitely
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generated for all 0 < i < n. The Faltings’ local-global principle for the finiteness
dimension of local cohomology modules has been improved in [2,5,9,14,15,17].

The Faltings’ local-global principle induces the concept of the finiteness di-
mension f;(M) which is the least integer 7 such that a local cohomology module
HE(M) is not a finitely generated R-module.

Recently, Faltings’ local-global principle has been applied to the generalized
local cohomology modules. Some results relating to this problem can be seen
in [7,11].

In this paper, we will introduce the concept of M-minimax R-modules,
where M is a stable Serre subcategory of the category of R-modules. This
notion is based on the concept of S-minimax R-modules [13] and some results
in [17]. Recall that a stable Serre subcategory of the category of R-modules is
a Serre subcategory that is closed under taking injective hulls. An R-module
K is said to be M-minimax if there is a finitely generated R-module T" of K
such that K/T € M. We investigate the local-global principle for generalized
local cohomology modules that concerns to the M-minimaxness. One of the
our tools for proving the main results in Section 2, is the following theorem.

Theorem 1.1 (Theorem 2.5). Let M be a stable Serre subcategory of the
category of R-modules. Assume that M, N are two finitely generated R-modules
and t is a non-negative integer such that H:(M, N) is M-minimaz for alli < t.
Then Hompg(R/I,H{(M,N)) is M-minimaz.

As the first main result of this paper, we prove the following.

Theorem 1.2. Let M be a stable Serre subcategory of the category of R-
modules, t a non-negative integer, I an ideal of R and M, N two finitely gen-
erated R-modules. Then the following statements are equivalent:
(i) The module H:(M, N) is an M-minimaz R-module for all i < t;
(ii) The module H;(M,N), is an (M ®g Ry)-minimaz R,-module for all
t <t and for all p € SpecR;
(iii) The module Hi (M, N )y is an (M ®@g Ry)-minimaz Ry -module for all
i <t and for all m € MaxR.

This result is a generalization of Faltings’ local-global principle, which in-
cludes the local-global principles for the Artinianness and the modules in di-
mension < n of local cohomology modules as well as of generalized local
cohomology modules. Another main result of this paper is Theorem 2.13
which shows some equivalent conditions such that the module H:(M,N) is
M-minimax for all ¢ < ¢. This result inspires us to provide the concept M-
finiteness dimension f{ (M, N) of M, N with respect to I. The paper is closed
by some consequents relating to some certain finiteness dimensions in [2,3,11].

Throughout this article, M is a stable Serre subcategory of the category
of R-modules. We shall use MaxR to denote the set of all maximal ideals of
R. Also, for any ideal I of R, we denote {p € SpecR|I C p} by V(I). For
any ideal J of R, the radical of J, denoted by v/J, is defined to be the set
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{z € R|z™ € J for some n € N}. We denote by Er(M) the injective hull of
an R-module M. Let S§ be a subcategory of the category of R-modules and p
be a prime ideal of R, we denote by S ® g R, the set [17]

Moreover, the set UpresSupprM is denoted by SupppS.

2. Main results

In [18], H. Zdschinger introduced the class of minimax modules. An R-
module K is said to be a minimax module if K has a finitely generated sub-
module T such that K/T is Artinian.

Next, we recall that a Serre subcategory S of the category of R-modules is
a subcategory of the category of R-modules if it is closed under taking sub-
modules, quotients and extensions. A Serre subcategory of the category of
R-modules is called stable if it is closed under taking injective hulls.

Definition. Let M be a stable Serre subcategory of the category of R-modules.
An R-module M is called M-minimax if there exists a finitely generated sub-
module N of M such that M/N € M.

Example 2.1.

(i) Note that the class of Artinian R-modules is a stable Serre subcategory
of the category of R-modules. Hence all Artinian R-modules are M-
minimax.

(ii) It is clear that finitely generated R-modules are M-minimax.

(iii) The class of minimax R-modules, which was introduced by Zochinger
in [18], is M-minimax.

(iv) Since AsspX = AsspFE(X), the subcategory D<,_1 is a stable subcat-
egory. So, the concept of FD<,_1 modules in [1] and the modules in
dimension < n in [2] are M-minimax.

Lemma 2.2. Let M be a stable Serre subcategory of the category of R-modules.
The class of M-minimax R-modules is a Serre subcategory of the category of
R-modules.

Proof. It follows from [16, Corollary 3.5]. O

Lemma 2.3. Let M be a stable Serre subcategory of the category of R-modules.
Let M be a finitely generated R and N an M-minimar R-module. Then
Ext(M,N) and Tor?(M,N) are M-minimaz for all i > 0.

Proof. Since M is a finitely generated R-module and R is a Noetherian ring,
there exists a free resolution of M
F: - F,=>F,_1—=-—F—=F—=0,

where F; is finitely generated free for all ¢ > 0. For each non-negative inte-
ger i, one has that Homp(F;, N) = ®'N for some positive integer £. Since
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Ext%(M,N) = H'(Homg(F,N)) which is a subquotient of the M-minimax
R-module &'N, it follows from Lemma 2.2 that Ext (M, N) is M-minimax
for all 4 > 0. The proof of Tor modules is similar. O

Next, we summarize some basic properties of generalized local cohomology
modules which follow easily from the definition of generalized local cohomology
modules.

Lemma 2.4. Let M be a finitely generated R-module and X an R-module.
The following statements are true.

(i) T/(M, X) = Homp(M, T (X)) & I'; (Homp(M, X)),

(ii) IfT1(X) =X, then Hy(M, X) = Extr(M, X) for all i > 0.
Theorem 2.5. Let M be a stable Serre subcategory of the category of R-
modules. Assume that M, N are two finitely generated R-modules and t is a

non-negative integer such that Hi(M, N) is M-minimaz for all i < t. Then
Hompg(R/I, H{(M,N)) is M-minimaz.

Proof. The proof is by induction on ¢. Let ¢t = 0. We see that
Homp(R/I, HY(M,N)) C HY(M,N) = T';(Homg(M, N)).
Since M, N are two finitely generated R-modules, so is HY(M,N) and then
Hompg(R/I,H}(M, N)) is M-minimax.
Now, let t > 0. The short exact sequence
0—-T7(N)—N-—-N/T/(N)—0

induces a long exact sequence

o= HE(M, T (N)) % HE(M, N) 5 Hy(M,N/T(N)) 5 -
Lemma 2.4(ii) shows that Hj(M,T;(N)) = Exty(M,T'(N)) for all i > 0. It
follows from the assumption that Ext% (M, I';(V)) is finitely generated for all
i > 0. Hence, H:(M,T';(N)) is M-minimax for all i > 0. Let N = N/T';(N).
The hypothesis induces that Hi(M, N) is M-minimax for all i < ¢. There are
short exact sequences

0 — Ima — HiY(M,N) = ImB — 0
and
0 — ImB — Hi{(M,N/T;(N)) — Imy — 0.

Applying the functor Homg(R/I, —) to these above short exact sequences, we
obtain the following exact sequences

0 — Homg(R/I,Ima) — Homg(R/I, H:(M, N))

— Homp(R/I,ImpB) — Exth(R/I,Ima)

and

0 — Hompg(R/I,ImB) — Homg(R/I, H}(M,N/T;(N))) — Homg(R/I,Tmv).
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By Lemma 2.2, Ima and Imy are M-minimax. Lemma 2.3 induces that
Hompg(R/I,Ima), Exth(R/I,Ima) and Homg(R/I,Imy) are M-minimax R-
modules. Hence, the proof is complete by showing that

Hompg(R/I, Hi(M, N/T1(N)))

is M-minimax. It is clear that N is I-torsion free. Consequently, there is an
element x € I which is N-regular. The short exact sequence

0-N5N-—-N/zN -0
yields the following exact sequence
oo Ly HPN M N 2N S HY(MLN) S HY M, N) — -
This implies that Hi(M, N/xN) is M-minimax for all i < ¢t — 1. Therefore,
we can claim by the inductive hypothesis that Homg(R/I, H:™* (M, N/2N))
is M-minimax. Now, the short exact sequence
0—Imf — H7 ' (M, N/zN) — (0 e,y ©) 0
induces a long exact sequence
0 — Homp(R/I,Imf) — Homg(R/I, H;"" (M, N/xN))
— Homp(R/L, (0 51 5 ) @) = Exty(R/I,Tmf) — --- .
Since Imf is an M-minimax R-module, combining Lemma 2.2 with Lemma

2.3, we see that Hompg(R/I, (0 HU(MN) x)) is M-minimax. Moreover, since
x € I, there is an isomorphism

Homp(R/L, (0 4y 37, @) = Homp(R/T, H}(M, ),
which completes the proof. ([

Proposition 2.6. Let M be a stable Serre subcategory of the category of R-
modules. Let M, N be two finitely generated R-modules and t a non-negative
integer such that Hi(M,N) is M-minimaz for all i < t. Then the set {p €
AsspHY(M,N) | R/p is not in M} is finite.
Proof. Tt follows from Theorem 2.5 that there is a finitely generated R-modules
X and an R-module Y in M such that
0 — X — Hompg(R/I,H:y(M,N)) =Y =0
is a short exact sequence. It should be noted that
AssgHomp(R/I, HX(M,N)) = Assp HL(M, N)
and
AssrHE(M, N) C AsspX U AsspY.
Let p € AssgH{(M,N) and R/p be not in M. We show p & AssgY. If

p € AssrY, then R/p is an isomorphism to a submodule of Y. Since M
is a Serre subcategory of the category of R-modules, we can conclude that
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R/p € M, a contradiction. Consequently, we have p € AsspX. Moreover,
since X is a finitely generated R-module, the set AsspX is finite. Thus, we get
the assertion. O

Let p € SpecR, we denote the set
M®g R, ={M ®gr R, | M is an R-module in M}.
It follows from [17, Proposition 3.2] that
M @gr R, = {M is an Ry-module|M is in M as an R-module}
and M ®pr R, is a stable Serre subcategory of the category of R,-modules.

Lemma 2.7. Let M be a stable Serre subcategory of the category of R-modules
and M an M-minimaz R-module. Then M, is an (M ®g Ry)-minimaz R,-
module for all p € SpecR.

Proof. Since M is an M-minimax R-module, there is a short exact sequence
0—-A—M—B—0,

where A is a finitely generated R-module and B € M. Let p € SpecR. Ap-
plying the functor — ®g R, to the above exact sequence, we obtain the short
exact sequence

0— A, = M, — B, — 0.

Note that B, = B ®r R, € M ®p R, and A, is a finitely generated R,-
module. It follows from [17, Proposition 3.2] that M ®g R, is a stable Serre
subcategory of the category of Ry,-modules. Hence, M, is an (M ®pr Ry)-
minimax Ry-module. O

We are going to state and prove the first main result of this paper.

Theorem 2.8. Let M be a stable Serre subcategory of the category of R-
modules, t a non-negative integer, I an ideal of R and M, N two finitely gen-
erated R-modules. Then the following statements are equivalent:
(i) The module Hi(M,N) is an M-minimaz R-module for all i < t;
(ii) The module H;(M,N), is an (M ®g Ry)-minimaz R,-module for all
i <t and for all p € SpecR;
(iii) The module H:(M, N )y is an (M &g Ry )-minimaz Ry -module for all
i <t and for all m € MaxR.

Proof. The implications (i) = (ii) = (iii) hold by Lemma 2.7.

(iii) = (i) The proof is by induction on ¢. Let ¢ = 0. It follows Lemma
2.4 that H?(M,N) is an R-submodule of the finitely generated R-module
Homp (M, N). Then we get the conclusion in this case.

We assume that ¢ > 0 and the theorem is true for ¢ — 1. The inductive
hypothesis shows that Hi(M,N) is M-minimax for all i < ¢t — 2. Now, we
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prove that H:™'(M, N) is also M-minimax. Proposition 2.6 indicates that the
set

{p € AssgH!"'(M,N)| R/p is not in M} = {p1,p2,...,px}
is finite. Fix 1 < ¢ < k. There is an ideal m; € MaxR such that p; C m;. By
the hypothesis (iii), Hi " (M, N)u, is an (M ®g Ru,)-minimax Ry,-module.
Now, there is a finitely generated R-module X; and an R-module Y; in M such
that

0— X; ®g R, = H 'Y (M,N)w, > Y; @ R, — 0

is a short exact sequence of Ry,-modules. Applying the functor — @R,
(R, )p;Rn, to the above exact sequence, we get, by [12, Corollary 4, p. 24],
the following short exact sequence of R, -modules

0— X; ®g Ry, = H Y (M,N),, = Y; @r Ry, — 0.
Since R/p; is not in M, we see that Y; ®p Rp, = 0. This implies that
X, ®p Ry, = HI Y(M,N),,.

Hence Hi™' (M, N),, is a finitely generated Rj,-module. There exists a positive
integer m; such that (IR,,)™ H. ' (M, N),, = 0. Let m = max{mi,ma,...,
myg}. Then we get

{p17p27 .. 7pk} N SuppRImHiil(Mﬂ N) = @

Let q € Assgpl™HL (M, N). Then q € AsspHL (M, N)\ {p1,p2,---,Px}
Therefore, R/q is in M and then Assgpl™H: '(M,N) C SuppzM. This in-
duces that

AssgHompg(R/I,I™H!™ ' (M, N)) C SupppM.
On the other hand, by the inductive hypothesis and Theorem 2.5, we can claim
that Homg(R/I, Hy ' (M, N)) is M-minimax. Since

Hompg(R/I,I™H: (M, N))

is a submodule of Hompg(R/I, H:™*(M,N)), we get the M-minimaxness of
Homp(R/I,I™HL~ (M, N)). Thus, there are a finitely generated R-module A
and an R-module B € M such that

0 — A — Homg(R/I,I™H!(M,N)) = B — 0
is a short exact sequence. We also have
AsspA C AssgHomp(R/I, Imefl(M, N)) C Assg AU AssgB.

Since AsspA C SupppM and A is a finitely generated R-module, the module
Er(A) is the zero module or a finite direct sum of copies of indecomposable
injective R-modules Fr(R/p) with p € AsspA C Suppr(M). It follows from
[17, Lemma 4.1] that R/p € M for all p € AsspA. Since M is stable, this im-
plies that Fr(R/p) € M. Consequently, we claim that Er(A) € M. Further-
more, the injective homomorphism A — Homp(R/I, I™H: (M, N)) induces a
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homomorphism Hompg(R/I, " H:~ ' (M, N)) — Egr(A). Then there is an injec-
tive homomorphism Eg(Hompg(R/I,I™H: (M, N))) — Eg(A). This shows
that Eg(Hompg(R/I,I™H{ (M, N))) is a direct summand of Er(A) € M.
On the other hand, there is an inclusion

I™H!Y(M,N) C EgR(I™H! (M, N)) = Eg(Homg(R/I, I™HL™ (M, N))).

Hence, we can claim that I™H: (M, N) € M and then it is an M-minimax
R-module. By [17, Lemma 5.1(2)] and Lemma 2.2, one gets that

HY (M, N)/(0 ety 1)

is M-minimax.

Now, combining Theorem 2.5 with the inductive hypothesis, we assert that
(0 CHE (ML) I) is M-minimax. Again, using [17, Lemma 5.1(3)], we have that
(0: HIL(M,N) I'™) is M-minimax. Finally, the short exact sequence

0= (0 pt-10a7,3y I™) = HIY(M,N) — H:7 Y (M, N)/(0 iy L) = 0

and Lemma 2.2 show that H. '(M,N) is an M-minimax R-module, which
complete the proof. O

Corollary 2.9 (See [6, Satz 1]). Let N be a finitely generated R-module and t
a positive integer. Then the following statements are equivalent:

(i) The module Hi(N) is a finitely generated R-module for all i < t;
(ii) The module Hi(N), is a finitely generated Ry-module for all i <t and
for all p € SpecR,;
(iii) The module H:(N)w is a finitely generated Ry -module for alli < t and
for all m € MaxR.

Proof. The assertion follows from Theorem 2.8 when M = R and M = {0}
the zero subcategory of the category of R-modules. (]

Corollary 2.10 (See [7, Theorem 5.3]). Let M, N be two finitely generated R-
modules and t a positive integer. Then the following statements are equivalent:
(i) The module H:(M, N) is an Artinian R-module for all i < t;
(ii) The module Hi(M, N), is an Artinian Ry-module for alli < t and for
all p € SpecR;
(iii) The module Hi (M, N)w is an Artinian Ry-module for all i < t and
for all m € MaxR.

Proof. Applying Theorem 2.8 which M is the class of Artinian R-modules. [

Corollary 2.11 (See [11, Theorem 2.2]). Let M, N be finitely generated R-
modules and n,t two non-negative integers. Then the following statements are
equivalent:

(i) The module H:(M, N) is in dimension < n for all i < t;
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(ii) The module Hi(M,N), is in dimension < n as R,-module for all i <t
and for all p € SpecR,

(iii) The module H:(M, N )y is in dimension < n as Ry -module for alli < t
and for all m € MaxR.

Proof. The assertion follows from Theorem 2.8 by applying M to be the stable
Serre subcategory of R-modules in dimension < n. (]

Corollary 2.12 ([5, Theorem 2.2]). Let N be a finitely generated R-module and
n,t two non-negative integers. Then the following statements are equivalent:

(i) The module Hi(N) is in dimension < n for all i < t;
(ii) The module Hi(N)y is in dimension < n as Ry-module for all i <t
and for all p € SpecR,
(iii) The module Hi(N)w is in dimension < n as Ry-module for all i <t
and for all m € MaxR.

Proof. The assertion follows from Theorem 2.8 by applying M = R and M to
be the stable Serre subcategory of R-modules in dimension < n. (]

The following theorem is the second main result of this paper, which provides
some equivalent conditions for the M-minimaxness of the generalized local
cohomology modules.

Theorem 2.13. Let M be a stable Serre subcategory of the category of R-
modules, t a non-negative integer, I an ideal of R and M, N two finitely gen-
erated R-modules. Then the following statements are equivalent:
(i) The module H:(M,N) is M-minimaz for all i < t;
(ii) There exists a positive integer m such that I™Hi(M,N) is in M for
all i < t.
(iii) The module Hi(M, N), is a finitely generated Ry-module for all i <t
and for all p € SuppyM N SupppN NV (I) with R/p & M.

Proof. (i) = (ii) Let i < ¢ be an integer. Since Hi(M, N) is M-minimax and
SupprHi(M,N) C V(I), by [13, Theorem 2.8] there exists an integer m such
that I™Hi(M,N) € M.

(ii) = (i) We proceed by induction on ¢. There is nothing to do in the case
t =0. Let t = 1. Since M, N are two finitely generated R-modules and the
module H?(M, N) is a submodule of Homg (M, N), we see that H?(M, N) is
finitely generated and then it is also M-minimax.

Now, consider the case where ¢ > 1. Let m > 1 be an integer such that
I™H$(M,N) € Mforall s < t. It is obvious that I"™ H§(M, N) is M-minimax.
One has that Hj(M,N)/(0 :g: Ny I™) is M-minimax by [17, Lemma 5.1
(2)]. The inductive assumption induces that H:(M,N) is M-minimax for
i < s. Also, in view of Theorem 2.5, the module Homg(R/I, Hj (M, N)) is M-
minimax. We have by [17, Lemma 5.1(3)] that (0 :g:(ar,n) ™) is M-minimax.
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The short exact sequence

and Lemma 2.2 induce that Hj(M,N) is an M-minimax R-module, which
complete the proof.

(i) = (iii) For each non-negative integer i < t, there is the short exact
sequence

0—-X—H;(M,N)—>Y =0,
where X is a finitely generated R-module and Y € M. Let p € SpecR such
that R/p & M, it is clear that Y, = 0. Therefore, the isomorphism
Xp = Hy(M,N),

shows that Hi(M, N), is a finitely generated R,-module.

(iii) = (i) We prove the implication by induction on ¢. The case where t = 0
is trivial. Suppose that the result has been proved for smaller than ¢t — 1. By
the inductive hypothesis H¢(M, N) is M-minimax for all i < ¢t — 1, now we
show that HY '(M, N) is M-minimax. It follows from Proposition 2.6 that

{p € AsspH; (M, N)|R/p & M} = {p1,p2,. ., px}

is a finite set. The assumption shows that H}fl(M, N)yp, is a finitely gener-
ated Rp,-module for all 1 < ¢ < k. Then, there is an integer m; such that
(I HY Y (M, N)),, = 0. Let m = max{my,...,mz}. Then

{p1,... Pk} N SupprI™H; (M, N) = 0.
Therefore, one has

AsspI™H! (M, N) C {p € SuppyM N SuppzN NV (I)| R/p € M}
C Suppp M.

By using the same arguments in the proof of Theorem 2.8 (iii) = (i), we get
the claim. 0

Corollary 2.14 ([7, Proposition 3.1]). Let M, N be finitely generated R-mod-
ules and t a non-negative integer. Then the following statements are equivalent:

(i) The module H:(M, N) is finitely generated for all i < t;
(ii) There exists a positive integer m such that I™HY(M,N) = 0 for all
1 <t.
Let M be a finitely generated R-module. Following [4, Definition 9.1.3], the
finiteness dimension f7(M) of M relative to I is defined as follows:
fr(M) = inf{i € No | Hi(M) is not finitely generated},

with the usual convention that the infimum of the empty set of integers is
interpreted as oo. It is well-known that

Jr(M) = inf{i € N| 1 & \/H}(M))
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= inf{frr, (My) |p € SpecR}.

We introduce the concept of an M-finiteness dimension of M, N with respect
to I which is an extension of the concept of an nth finiteness dimension fJ (M)
in [3] as well as the concept of an n-th finiteness dimension f7*(M,N) in [11].
This is also a generalization of the concept of an S-finiteness dimension of M
with respect to I in [13].

Definition. Let M be a stable Serre subcategory of the category of R-modules,
I an ideal of R and M, N two finitely generated R-modules. The M-finiteness
dimension of M, N with respect to I is defined as follows

fM(M, N) = inf{i| H:(M, N) is not M-minimax}.
Corollary 2.15. Let M be a stable Serre subcategory of the category of R-
modules, I an ideal of R and M, N two finitely generated R-modules. Then
fM(M,N) =inf{i | I"H:(M,N) € M for all n € N}
— inf{ 1, (My, Ny) | 9 € Supp (M) 1 Supp(N) 0 V(1) and

R/p & M3,
where frgr, (M, Np) = inf{i € Ny | H}Rp (M, Ny) is not finitely generated}.
Proof. Tt follows from Theorem 2.13. O

Corollary 2.16 ([11, Theorem 2.4]). Let I be an ideal of R and M, N two
finitely generated R-modules. Then
f1(M,N) :=inf{frr, (My, Ny) |p € Suppr(M) N Suppr(N) NV (I) and
dim R/p > n}
= inf{i € No | Hi(M, N) is not in dimension < n}.

Corollary 2.17 ([2, Theorem 2.5], [3, Theorem 2.10]). Let I be an ideal of R
and N a finitely generated R-module. Then

f1(M,N) :=inf{frr, (Ny) |p € Suppr(N/IN) and dim R/p > n}
= inf{i € No | H}(N) is not in dimension < n}.
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