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*»-CONFORMAL RICCI SOLITONS ON
ALMOST COKAHLER MANIFOLDS

TARAK MANDAL AND AVIJIT SARKAR

ABSTRACT. The main intention of the current paper is to characterize
certain properties of *x-conformal Ricci solitons on non-coKahler (k, u)-
almost coKahler manifolds. At first, we find that there does not exist
*-conformal Ricci soliton if the potential vector field is the Reeb vector
field 8. We also prove that the non-coKéhler (k, u)-almost coKé&hler man-
ifolds admit *-conformal Ricci solitons if the potential vector field is the
infinitesimal contact transformation. It is also studied that there does
not exist x-conformal gradient Ricci solitons on the said manifolds. An
example has been constructed to verify the obtained results.

1. Introduction

The famous theory of Ricci flow was coined by R. S. Hamilton [16] in order
to solve the well-known Poincare conjecture. A Ricci flow is described by the
following pseudo-parabolic partial differential equations:

dg

- = -2S,,,
ot Siy
gij(to) = g.

A fixed point of the above system is called a Ricci soliton which is given by
Lyg+ 28 = 2)g,

L being the Lie-derivative operator and A is a constant. A Ricci soliton is called
expanding or steady or shrinking if A is negative or zero or positive, respectively.
A Ricci soliton is called an almost Ricci soliton when A is a smooth function.
The notion of almost Ricci soliton was introduced by Pigola et al. [20]. The
theory of Ricci soliton in the context of contact geometry was first studied
by R. Sharma [25]. To study about Ricci solitons, reader can see the papers
[3,13,18,19, 24, 26,29-31].
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In 2005, A. E. Fischer [14] presented the idea of conformal Ricci flow on
Riemannian manifolds by the following partial differential equation:

g g
1 —4+2(S+=)=—
(1) 5 TS+ ) =—ag
and r = —1, where r, S, g, ¢(> 0) and m are, respectively, scalar curvature,

Ricei tensor of type (0,2), Riemannian metric, time-dependent non-dynamical
scalar field, and dimension of the manifold. A conformal Ricci flow is a type of
classical Ricci flow that modifies the unit volume constraint of the equation to
the scalar curvature constraint. The name conformal is used here for the role
of conformal geometry in constructing the scalar curvature constraint.

Let g;; be a metric which evolves under conformal Ricci flow. Hence we can
write

(2) gij = o(t)dy 9ij
where o being a scaling function and ¢; is the 1-parameter group of transfor-

mation induced by the flow. Let at ¢t = tg, o(t) = 1 and ¢; be an identity
transformation. Using (2) in (1), we get

, d, N
o' ()i gij + U(t)a(@gz‘j) =—28;; — (g + E)U(t)@%j-
Putting t = t¢ and taking o’ (tg) = —2)\, we get from the above equation

2
(3) Lvgij + 28 = [2A — (¢ + E)]gm

where V is the vector field induced by the 1-parameter group of transformation
¢; and Ly denotes the Lie-derivative operator along the potential vector field
(shortly, PVF) V. In co-ordinate free notation the above equation is

) Lyg+28 = 2\ — (q—i—%)]g.

The concept of conformal Ricci solitons was presented in 2015 and studied by
N. Basu and A. Bhattacharyya [2] which are the self-similar solution of the
conformal Ricci flow equation (1). In [11-13], authors have derived so many
characteristics of conformal Ricci solitons on different types of contact and
para-contact manifolds. A conformal Ricci soliton is expanding or steady or
shrinking according as A is negative or zero or positive. Conformal Ricci solitons
are special type of almost Ricci solitons. Here the unit volume constraint is
replaced by scalar curvature constraint.

In [27], Tachibana defined *-Ricci tensor in almost Kéhlerian manifolds. The
*-Ricci tensor 8* is defined by

1
S (W, Va) = itrace{Vg — R(V1,0Va2)oV3}

for every vector fields V7, V5 and V3 on the manifold. x-Ricci tensor on several
sorts of manifolds has been researched in articles [7,15,18,22,23].
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On contact or para-contact manifolds, *-conformal Ricci solitons are de-
fined by replacing the Ricci tensor with the x-Ricci tensor in (4). Thus the
*-conformal Ricci soliton is given by

@ Log+28" = A~ g+ = )lg

where the symbols in the above equation bear their usual meaning. *-conformal
Ricei solitons have been studied in the papers [10,17,21].

A *-conformal Ricci soliton is named as a x-conformal gradient Ricci soliton
if the PVF V is the gradient of some smooth function ¢ on the manifold M.
Thus, the *-conformal gradient Ricci soliton is given by

(6) VA + St = (A= ()

where V2 is the Hessian of 1.

The paper is organized as follows: After the introduction, we relate (k, p)-
almost coKéahler manifolds and give some essential formulas in Section 2. In
Section 3, we deduce some characteristics of x-conformal Ricci solitons on (k, p)-
almost coKéhler manifolds. Section 4 is devoted to study x-conformal gradient
Ricci solitons on the said manifolds. In the last part, we provide an example
to validate our generated results.

2. (K, p)-almost coKahler manifolds

Let M be a (2m+ 1)-dimensional smooth manifold endowed with an almost
contact metric structure (¢, 8, o, g), where ¢ is a (1, 1)-tensor field, 6 is a vector
field, g is a 1-form and g is the Riemannian metric on M such that [5,9]

(7) *(Vi) = =Vi+o(V1)f, o(f) = 1.
As a consequence, we get the following:
90 =0, g(V1,0)=0(V1), o(¢V1) =0,
for every vector fields Vi, Vo € x(M), the set of all vector fields on M. An
almost contact metric manifold (shortly, ACMM) is a differentiable manifold

M of dimension (2m+ 1) with an almost contact metric structure. The 2-form
® on ACMDMs is defined by

for every Vi, V4 € x(M). An almost contact metric manifold is also known as
an almost coKéhler manifold (shortly, ACM) if both g and ® are closed, that
is, d® = 0 and dp = 0. According to Blair [4], an (almost) coKéhler manifold
and an (almost) cosymplectic manifold are same.

Let M be an ACM of dimension (2m + 1). Assume the two operators h
and [ which are defined by h = %quﬁ and | = R(-,0)0, where R denotes the
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curvature tensor and L is the Lie differentiation operator. These operators
satisfy the following [9]:

ho =0, tr(h)=0, tr(h¢)=0, hé=—o¢h,

(8) Vv, 0 = hoVi,
dlp — 1 = 212,
for every vector field Vi, and ‘tr’ stands for trace. In an ACM, the 1-form p
is closed, that is
(Vvio)Vz2 = (Vizo)V1 =0
for every vector fields Vi, V, € x(M).
The almost coKéhler structure is integrable if and only if

9) (Vv,9)Va = g(hV1,V2)0 — o(Va) RV,

for any vector fields V1, V5 € x(M).

Blair et al. [6] established the concept of (x, u)-nullity distribution on contact
metric manifolds. A contact metric manifold M of dimension (2m + 1) whose
curvature tensor satisfies

R(V1,V2)0 = k[o(V2) Vi — o(V1)Va] + plo(V2)hVi — o(V1)h V2]

for every vector fields Vi, Vo on M, and &, 4 € R is known as (k, 4)-contact
metric manifold and it is said that € belongs to the (k, p)-nullity distribution.
When k, p are smooth functions, the manifold is called a generalized (k, p)-
contact metric manifold.

An ACM M of dimension (2m+1) is said to be a (k, u)-ACM if 0 satisfies
the equation

(10) R(V1,V2)0 = klo(Va)V1 — o(V1)Va] + u[o(V2)hVi — o(V1)hVa]
for every vector fields V7, V5 on M and k, p are real numbers.

A (k, 1)-ACM of dimension (2m + 1) satisfies the following curvature prop-
erties [9]:

(11) h2Vi = ko*V7,
S(V1,0) = 2mro(V1),
Q0 = 2mk0

for every vector field Vi € x(M), S being the Ricci tensor of type (0,2) and @
being Ricci operator. From the equation (11), we can easily derive that x <0
and the manifold is coKahler if and only if x = 0.

Lemma 2.1 ([1]). In a non-coKdhler (k, 1)-ACM of dimension (2m+1), the
following relations hold

(12) QVy = phVi + 2mko(V7)0,

(Vv h)Va = (Vy,)Vi = kle(V2)oVi — (V1) oV + 2g(¢Vi, V2)0]

(13) + plo(Va)¢hVi — o(V1)phVa),
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(14) (Vv ho)Va — (Vi hg) Vi = k(o(V2) Vi — o(V1)V2)
+ u(o(Va)hVi — o(V1)hVz)

for every vector fields Vi, Vo € x(M).

Lemma 2.2 ([8]). The x-Ricci tensor and x-scalar curvature on a (2m + 1)-
dimensional (k, u)-ACM M are, respectively, given by

(15) S (Va, Va) = —r(9(V2, V3) — 0(Va)e(Va)),

(16) = —2mk
for every vector fields Vo, V3 on M.

According to Blair ([5, p. 72]) and Tanno [28], we give the following defini-
tion.

Definition. A vector field V on an ACMM M is called an infinitesimal
contact transformation if it satisfies
Lyo= fo

for some smooth function f on M. If f = 0, then the vector field V is called a
strict infinitesimal contact transformation.

3. x-conformal Ricci solitons on (k, p)-almost coKéhler manifolds

In the present section, we study x-conformal Ricci solitons on non-coKahler
(K, 1t)-ACMs.

Let M be a non-coKéhler (x, 1)-ACM of dimension (2m + 1) which admits
*-conformal Ricci soliton. Assume the PVF V is pointwise collinear with 6,
that is, V' = pf, where p is a smooth function on the manifold. Then, from (5),
we have

pg(Vv,0,Va) + (Vip)o(Va) + pg(Vv,0, V1) + (Vap)o(Vi) + 28*(V1, Va)

o 1))9(V1,V2)'
Using (8), (15) and (16) in (17), we infer
2pg(heV1, Vo) + (Vip)e(Va) + (Vap)e(V1)

Ng(Vi, Va) = 2k0(V1)o(Va).

(7 =02 —(¢+

(18) 22042
= @Al g

Putting Vo = 0 in (18), we have

(19) (Vip) + (0p)o(Vi) = (2A — (¢ + ))o(V1).

2m + 1
Again, putting V; = 6 in (19), we get

(20) (6p) = 5 A~ (4 + 5—0))

2m + 1
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Let {e1,ea,...,€am+1} be an orthonormal ¢-basis, with egm,11 = 6, of the
tangent space at each point of the manifold. Contracting V4 and Vs of (18)
with respect to the above basis, we get

(21) (0p) = (= (5 + 5y

))2m+1) — k.

Comparing (20) and (21), we infer

q
P —
5 T omy1 °

As a result, we may establish the following theorem.

Theorem 3.1. If the metric of a non-coKdihler (k, 1)-ACM admits *-conform-
al Ricci soliton with PVF is pointwise collinear with the Reeb vector field 0,
then)\:%—i—ﬁ—n.

Using (20) in (19), we obtain

(22 (Vip) = 5N = (4 + 7———)e(Vh)
Applying (22) in (18), we obtain
(28)  pg(hoVi, V) = O+ = (3 )9V, Va) — o(V)e(V2).

Replacing V4 by ¢V; in (23), we get

__ _ (4
pg(hV1,Va) = =( A+ K (2+2m+1

))g(dVi, V).
Again, replacing Vi by hV; in the above equation, we obtain

PR
E  p—— (9(V1,V2) = o(V1)o(V2)).

(24) g(hoV1, Vo) = —

Using(24) in (23), we get
PP

.
((A-l—m—(g—f—mlﬂ))+()\+ G+

2 2m+1

D) (a(Vi, Va)—o(Vi)a(Va)) =0,

which is true for any vector fields Vi, V5. Thus, from above, we get

P = _(A+”_(%+ 7))’
K )

which implies that p is a constant. Thus we can state the following.

Theorem 3.2. If a non-coKdhler (x, u)-ACM admits x-conformal Ricci soli-
ton and the PVF V is pointwise collinear with the Reeb vector field 0, then V
is a constant multiple of 6.
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If the PVF is the Reeb vector field 6, then from (18), we can write

9ROV, V2) = O+ k= (34 )9V Va) — mel(V)e(Va)),

which implies

_ LA NN

(25) h(bVl = ()\ + K (2 + om + 1))V1 KJQ(Vl)e.
Operating both sides of (25) by ¢ and using (7), we obtain

q 1
2 - S SN AV
(26) W= Ot (G4 5 )ens
Again, operating both sides of (26) by h and using (11), we get

1

2 2y, = e hoVi.
(7) Kd) V1 (>\+I€ (2+2m+1)) ¢V1
Tracing the above equation, and using tr¢? = —2m and tr(h¢) = 0, we infer

that x = 0, which is a contradiction.
As a result, we may establish the following theorem.

Theorem 3.3. There does not exist x-conformal Ricci soliton on a (2m + 1)-
dimensional non-coKdhler (k,u)-ACM if the PVF is the Reeb vector field
6.

Let the metric g of a non-coKahler (k,u)-ACM be a x-conformal Ricci
soliton. Then with the help of (5), (15) and (16), we get

(28)  (Lyg)(Va,V3) = (2A+ 2k — (¢ +

2m + 1))9(‘/2, V3) — 2k0(V2)o(V3).

Differentiating the equation (28) covariantly with respect to Vi, we obtain
(29) (VviLyg)(Va, Vs) = =2k[(Vv, 0)(Va)e(Va) + o(V2) (Vv; 0) (V3)]-
From (8), we have

(30) (Vvi0)(V2) = g(hé V1, Vz).

Using (30) in (29), we obtain

(31) (Vi Lyvg)(Va, V3) = —2[g(hé V1, Va)o(V3) + g(hoVi, V3)o(Va)]-

Using formula for commutativity of Lie derivative and covariant derivative (for
details see Yano [32, p. 23]), we have

(‘vavlg - vvl ‘Cvg - V[V,Vl]g)(‘/éa ‘/3)
= - g((‘cvv)(vh V2)7 ‘/3) - 9((£Vv)(vla V3)7 ‘/2)

Because of the parallelism of the metric tensor g, the above equation reduces
to

(Vvlﬁyg)(VQ, ‘/3) = g((ﬁyV)(Vi, ‘/2); V3) + 9((£vv)(Vh ‘/S)a Vé)
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From the above equation, we have
(32) 29((LyV)(V1, Va), Va) = (Vv, Lyg) (Va, Vi) + (Vi, Lvg) (Va, Vi)
= (Vs Lyg)(V1, V2).
Applying (31) in (32), we get
9g(LyV)(V1,V2),V3) = =2kg(heVi, V2)o(V3),

from which we obtain

(LyV)(V1,V2) = —2kg(héV1, V2)6.
Differentiating the above equation covariantly and using (8), we infer
(33)  (VuLyV)(Va,V3) = =2kg((Vv, ho)Va, V3)0 — 2kg(hoVa, V3)hd V1.
According to Yano ([32, p. 23]), we get
(34) (LyR)(V1,V2) Vs = (Vv, LyV)(Va, Vs) — (Vi LyV) (VA V3)

for any vector fields V7, V5, V3.
Substituting (33) in (34), we obtain

(LyR)(V1,V2)V3 = = 26[g9((Vv, ho)Va — (Vi he) Vi, V3)0
+ g(heVa, V3)hVi — g(hoVi, V) hoVa].
Using (14) in the above equation, we obtain
(LyR)(V1, V2)Vs = — 26[k(g(V1, V3)o(V2)0 — g(V2, V3)e(V1)0)
+ 1u(g(hVi, Vs)o(V2)0 — g(hVa, Vs)e(V1)0)
+ g(hoVa, V3)heVi — g(hoVi, Va)hoVa].

Contracting the above equation over V7, we obtain

(35) (Ly8)(V2, Va) = 2kpug(hVa, V).
From (12), we can write
(36) S(Va, Va) = pg(hVa, Vs) + 2mro(Va)o(Vs).

Taking Lie derivative of (36) with respect to V and using (28), we obtain

(LvS)(Va, Va) = p((2A + 26 — (g + 5~ n )g(hVa, Va)
(37) + 9((Lvh)Va, Va)) + 2mi((Lvo) (Va)o(Vs)
+ 0(V2)(Lvo)(V3)).
Now, with the help of (28), we get
(Lvo)(V2) = (Lvg)(V2,0) + g(Va, L1,0)

(38)
=2 x—(¢+ ))o(Va) + g(Va, Ly0).

2m +1
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Using (38) in (37), we have
(LvS)(Va, V)

= (2N + 25— (¢ +

+9((Lvh)Va, V) + 2me(2(2A — (¢ +
+9(Va, Ly0)e(Vs) + g(Vs, Ly0)o(V2))-
Comparing (35) and (39), we obtain

(39)

Cy— 1)o(V2)e(Vs)

w((2A+ 26 — (¢ +

)9V, Vi)

+9((Lyh)Va, V3)) + 2mk(2(2A + 2k — (¢ + m))@(%)@(‘@)
+9(Va, £0)0(V3) + g(Vs, L,0)0(Va)) = 2kug(hVa, Vs).

Let {e1,€2,-.,€n,Eme1,€ma2,---,€2m,€am+1} be an orthonormal ¢-basis,
with eg;,+1 = 0, of the tangent space at each point of the manifold, where
he; = /—ke;. Contracting Vo and V3 with respect to the above basis, we get

(40) o(Lyd) = —(2A = (g + 5—7))-
Again, putting Vo = V3 = 6 in (28), we obtain
1
(a1) oLv8) = —3(A~ g+ - 20))
Comparing (40) and (41), we have
U
A= o om +1°

Thus we can state the following.

Theorem 3.4. If the metric of a non-coKdhler (k, u)-ACM is a *-conformal
. . o 1
Ricci soliton, then X = £ + TnTT
As g > 0, from the above discussion, we may establish the following corollary.
Corollary 3.5. On a non-coKdihler (k,1)-ACM, a *-conformal Ricci soliton
is shrinking.

Applying V3 = 0 in (28), we obtain

(42) (Lvg)(V2.6) = (A= (g + 5= e(Va)

Again, replacing V5 by 6 in the above equation, we get

9(£00,6) = 3 (A~ (g + 5——)

2m + 1
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which implies

1
4 — 2\ — .
(13) £oh =5 (A~ (g 528
Taking Lie derivative of o(Va) = g(V2,0) with respect to V, we have

Using (42) and (43) in (44), we obtain

(£va)(V2) = 32\~ 4+ 5——)e(V2),

it follows that V is an infinitesimal contact transformation. As a result, we
may establish the following theorem.

Theorem 3.6. If a non-coKdhler (k, u)-ACM of dimension 2m + 1 admits a
*-conformal Ricci soliton, then the PVF is an infinitesimal contact transfor-
mation.

As a consequence of the above theorem, we can state the following corollary

Corollary 3.7. If the PVF of a x-conformal Ricci soliton is a strict infini-

tesimal contact transformation, then X = 4 + %3_'_1.

4. *-conformal gradient Ricci solitons on (k, p)-almost coKahler
manifolds

In this section we study x-conformal gradient Ricci solitons on non-coKahler
(k, u)-ACMs.

Let us consider a non-coKéhler (x, u)-ACM M of dimension 2m + 1 which
admits a x-conformal gradient Ricci soliton. Then, from (6), we have

1
(45) VDY = (= 50+ 3=

where ¢ : M — R is a smooth function on M.
Using (15) and (16) in (45), we obtain

))Vi— Q" Vi,

1 2
4 D = _ =
(46) Vv,Dp=(A+k 2(q—i—2m 1

Differentiating (46) covariantly with respect to Vs, we get

NVi —ko(V1)0.

1
VV2VV1Dw = ()\—FK‘, - 5(‘1"’ om + 1))VV2V1
— £[Viy0(V1)0 + (V1) Vi, ).

Interchanging Vi and V2 in (47), we obtain

(47)

1 2
D= tr—=(g+——
(48) VV1VV2 1/’ ( + K 2(q+ 2m+1))vV1‘/é

— £[Vv0(V2)0 + o(Va) Vv, 0].
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Also, from (46), we get

(19)  ViwwaDy = 0= 30+ 5 )V, Val - (Vi Val)e.
Using (8), (47)-(49), we obtain

(50) R(V1,V2) DY = —r[e(V2)h¢Vi — o(V1)hgV2).

Consider the inner product with 8 in (50), we infer

(51) 9(R(V1,V2) Dy, 0) = 0.

Taking inner product of (10) with D, we obtain
9(R(V1,V2)0, DY) = k[(Vi)o(V2) — (Varp)o(V1)]
+ p[(hV1)o(V2) — (hVarp)o(V1)].
As g(R(V1, Vo) V5, Vi) = —g(R(V4, V2)Vy, V3) for every vector fields Vi, Vi, Vs
and V4 on the manifold, from (51) and (52), we get
s[(Vi)o(V2) = (Vav)o(V1)] + p[(RVih)e(Va) — (RVarh)e(V1)] = 0.

Putting V5 = 6 in the above equation, we obtain

(52)

(53) k[(Vig) — (0)o(V1)] + u(hViy) = 0.
Replacing V4 by hV; in (53), we get
(54) (hV1y) = p[(Viy) — (0¢)o(VA)).

Therefore, from (53) and (54), we get

(& + 1*)[(Vieh) = (09)e(V1)] = 0,
Thus we get either k = —u? or Dy = (03)6.
When Dy = (6v)0, from (46), we obtain
1 2
(55) Vi(09)0 + (0v)hgVi = (A + K — 5(9 + Il
Consider the inner product of (55) with V5, we obtain

Vi(0)o(Va) + (69)g(hoVi, V2)

NVi — rko(V1)0.

(56) =(A 1 2 1, Vs V1) o(V;
=(A+r— 5(Q+ 2m+1))9( 1, V2) — ko(V1)o(Va).
Putting V5 = 6 in the above equation, we obtain
1 2
(57) Vi) = (A — 5((1 + m))Q(Vl)
From (56) and (57), we obtain
(58)  (O0)g(hoVi, V) = O+ 5= 3 (a+ 5oV, V2) = o(Vi)e(V2)).

Contracting V4 and V5 in the above equation and using ¢r(¢h) = 0, we obtain

(59) O+ 5o+ 5)) =0
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Using (59) in (58), we obtain
(09)g(he V1, V2) =0,

which gives () = 0. Thus, from the relation Dy = (6¢)0, we get Dy = 0,
ie., V=0.
Thus we can state the following.

Theorem 4.1. Let M be a (2m + 1)-dimensional non-coKéhler (k, u)-ACM.
If M admits a x-conformal gradient Ricci soliton, then either u?> = —k or the
soliton is trivial.

Applying Dy = 0 in (46), we obtain
1
(60) Atr—5lat 5 —7))9(V1, V2) — re(Vi)e(V2) = 0.

Contracting the above equation, we have

q 1 2mek
61 A== — .
(61) 2+2m+1 2m +1

Again, putting V; = V5 = 6 in (60), we have

1 2
(62) A=glat o)
Comparing (61) and (62), we infer that k = 0. As a result, we may establish
the following theorem.

Theorem 4.2. There does not exist x-conformal gradient Ricci solitons on
non-coKdhler (k, u)-ACMs.

5. Example
Let us consider the manifold M = {z,y,2 € R? : 2 # 0} of dimension 3,
where (z,y, ) are standard co-ordinates in R3. We choose the vector fields
: 0 _z 0 = 0 : 0 0
—e2 — — P —e2 — 2 = —
Cl € Oz € ay7 CQ € oz +e aya <3 aza

which are linearly independent at each point of M. We get the following by
direct computations:

1 1
[€1:62] =0, [G,¢8] = *5427 [C2,¢3] = *§C1.
Let the metric tensor g be defined by

9(C1,¢1) = 9(¢a, C2) = 9(¢3,¢3) =1

and ¢(¢, ¢;) = 0 for every i # j; 4,5 =1,2,3.
The 1-form g is defined by o(V1) = g(V1,(3) for every Vi on M. Let ¢ be
the (1, 1)-tensor field defined by

#(C1) = —C2, #(¢2) = (1, ¢(¢3) = 0.
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Then we find that
n(G) =1, ¢*Vi =-Vi +n(V1),

9(¢V1, ¢Va) = g(V1, Va) — n(Vi)n(V2)
for every vector fields Vq, Vo on M. Thus (¢, (3, 0, g) defines an almost contact
metric structure.
For the components of Levi-Civita connection V with respect to the metric
g on M, we can write

29(Vv, V2, V3) = Vig(Va, V3) + Vag(V3, V1) — Vag(Va, V2)
- g(Vla [%a V3]) - g(‘@, [Vla Vzi]) + g(V37 [Vb %})7

which is known as Koszul’s formula.
By Koszul’s formula, we get the following expressions:

1 1
vC1Cl == 07 v41<2 == 5(37 VC1<3 = _7<27

2
1 1
VG =0, VG = §C3, V(3= —§C1,

Ve =0, Veg(=0, V(3=0.
The above data indicates that the given manifold is an ACM with h(; = fégl,
hCQ = %CQ and h(g =0.
Using the formula R(V1,V2)Vs = Vv, Vi, Vs — Vv, Vv, Vs — Viy, v, V3, we
get

R(G, GG =~ 360 RGLG)e = 36, R(G.G)G = 3G

R((3,62)C = —iCs’ R(C1,(3)¢3 = —iCh R(¢3,¢1)C1 = _iC?’a

R(G1, ()¢ =0, R(G,¢3)¢0 =0, R(G,¢)¢ =0.
We may deduce from the foregoing that the manifold is a (k, u)-ACM with
K= —% and p = 0.
From the expressions of curvature tensor, we get
S(C1,G) =0, S(C:¢) =0, S(¢G,¢)=-1
and S((;,¢;) =0 for every i # j; 4,5 =1,2,3.
Let r be the scalar curvature. Then from above

r=8(¢1,¢1) + S(¢2, G2) + 5(¢3,¢3) = —1.

With the help of the curvature tensor, the components of *-Ricci tensor are
given by

(63) S*(¢1,¢1) = i, S*(C2,G2) = 5*((3,¢3) =0

1
47
3
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Therefore, the x-scalar curvature r* is given by

Let the PVF V be the Reeb vector field (5. Then

(L¢;9)(CiG) =0

for every ¢« = 1,2,3. Thus, from the equation (28), we get the following two
equations

2
2A+21€—(q+§)=0

and
2
2\ —(g+3)=0
3
which gives x = 0. But the value of k of the given manifold is —%, which proves
that the manifold M does not admit x-conformal Ricci solitons if the PVF is
the Reeb vector field (3. This verifies Theorem 3.3.

Let us imagine that V = ze™3(; + ye3(y + %ZCg. Then it is easy to see
that the equation (5) holds good. Thus the given manifold admits x-conformal
Ricci solitons. Also A = % + % > 0, i.e., the soliton is shrinking, that verifies
Corollary 3.5. Also (Ly0)(Vi) = 20(V4) for every vector field V; on M. This
indicates V is an infinitesimal contact transformation. Hence Theorem 3.6 is
verified.

Let the potential vector field V(= ze™2(; + ye2 (s + 52(3) be the gradient
of a smooth function ¥. Then we can obtain the following partial differential
equations:

& e 4y)
oy 1,
87/:5(3}6 - ),
o) 5

From the above set of equations, one obtains

0% 0%
Ox0y " Oydx’

#

Thus V can not be the gradient of any smooth function. Hence Theorem 4.2 is
verified.

Acknowledgement. The authors are thankful to the referee for his/her valu-
able suggestions towards the improvement of the paper.
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