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TOEPLITZ-TYPE OPERATORS ON THE FOCK SPACE F?

CHUNXU XU AND TAO YU

ABSTRACT. Let j be a nonnegative integer. We define the Toeplitz-type
operators T£j> with symbol a € L°°(C), which are variants of the tra-
ditional Toeplitz operators obtained for j = 0. In this paper, we study
the boundedness of these operators and characterize their compactness
in terms of its Berezin transform.

1. Introduction
For any positive parameter «, we consider the Gaussian measure
@
dha(z) = —e 1 qA(2),
e

where dA is the Euclidean area measure on the complex plane C, it’s easy to
show that d\, is a probability measure. The Fock space F? consists of all
entire functions on C' that are also in L?(C,d\,). F? is a closed subspace
of L?(C,d)\,) and F? is a Hilbert space with inner product inherited from
L2(C,d)\,):

)= [ 1)
Let L*°(C) be the space of the functions f on C such that

Ifllcoc = esssup{|f(z)|: 2z € C} < 0.
For z,w € C, let K,(w) = e**¥ be the reproducing kernel of F2, and let

)

k., = —H%H be the normalized reproducing kernel in F2, where || - || denote the

norm of F2. Each operator S on F2 induces a function S on C, namely,
S(z) = (Sk.,k.), z € C.

We called S the Berezin transform of S. For more information about Berezin
transform one refers to [16,17].

For any z € C, define the operator U, on F? by U,f = (f o ¢,)k., where
v.(w) = z —w for w € C, then U, is unitary and self-adjoint. For any S a
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bounded operator on F2, define S, to be the bounded operator on F? given by
conjugation with U,:

S, =U,SU,.
It’s easy to check that §O<pz = 3: For any f,g € F2, let f®g be the rank-one
operator on F? which is defined by

(f®g)h: <hvg>f’ Vh e Faz'

Let e(z) = 4/ Oj‘%z](j > 0). Then {e;};>0 is an orthonormal basis of F2. The
operator E; := e; ® ¢; is in fact the orthogonal projection onto the subspace
generated by e;. For any z € C, it is easy to check that

(1.1) (U.EoU. f.9) = f(2)g(z)e ", vf.g € F2.

By (1.1), the traditional Toeplitz operator T, on F? with the symbol a €
L>(C) can be written as

T, = g/ U.EoU,a(z)dA(z),
T Jo

where the integral converges in the weak operator topology.

Let D be the unit disk in the complex plane. The Bergman space A%(D) con-
sists of all analytic functions on D that are also in L?(D,dA), where L?(ID, dA)
be the complex valued measurable functions on ID such that

£l = [ / If(2>|2dA(z)r < +oo.

For z € D, let W, on A%(D) by W. f = (f o ¢)¢, where ¢.(w) = £=2%. Then

1=
W, is unitary and self-adjoint on A?(D). Englis [8] considered the more general
operator on A?(D) defined as

(1.2) Ry = /DWZRWza(z)dZ(z), a € L=(D),

where dA(z) = %. Meanwhile, he showed that if R is a radial operator in
the trace class, then ||Rq|| < ||R||:r||al|s and R, is bounded on A?(DD). Since
the operator R is an ¢! linear combination of the projections G=W75+ 2)®
(v/7 + 127), with the trace norm of R given by the correspondent ¢!-norm of

its eigenvalues, the above result is equivalent to
(1.3) T = / W.¢;Waa(2)dA() and [[T9]] < [|allo
D

for every integer j > 0. More generally, let u be a finite Borel measure on D,
and for j > 0, Sudrez defined the following Toeplitz-type operator with symbol
w on the Bergman space (see [13]):

(1.4) T = /Dwzgjwz(l 1) 2du(2).
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Sudrez, using Carleson measure conditions, characterized the boundedness and
compactness of the operator T\ on A%(D).

Based on the research of the above scholars, we consider similar operator on
the Fock space, and later found that the operator we defined is essentially a
localized operator. Let j be a nonnegative integer, we now define the following
Toeplitz-type operators Téj ) on the Fock space F2:

(15 (T =" /C (U-1. ¢;){e;, Usg)a(2)dA(2), fog € F2.

s

Toeplitz operators have been widely studied in the contexts of Hardy and
Bergman spaces on various domains, and a large number of techniques and
methods have been developed over the past twenty years or so; see [12,15,16].
In [14], the authors give sufficient conditions for a densely-defined operator on
Fock space to be bounded or compact, under the boundedness condition. They
characterize the compactness of the operator in terms of its Berezin transform.
It is obvious that T is bounded when f € L>(C'). However, the boundedness
of Toeplitz-type operators T }J ) is not so obvious when feL*(C)and j>1.
In this paper, we will continue study the boundedness and compactness of the
operator T}J), where f € L>(C).

2. Boundedness of Toeplitz-type operators
The definition of the Weyl operator on L?(C,d)\,) is as follows:
Waw(§) = 73 (g - 2),

Let w € F2, and f € L>(C), the Gabor-Daubechies localization operator LE,w)
on F?2 defined by

(L, €) = /Cf(z)<u, Wew)(Waw, €)dv(2), ¥ u, & € F2.

So, the operator T}J ) defined in (1.5) is essentially a localization operator. Let
BC>=(C) be the space of all C*°(C) functions whose partial derivatives are
bounded. For w € F2, and f € BC*(C), Abreu, Lufs and Faustino [1] showed
that
L = Tpuy;s-

On the right side of the equation above, Toeplitz operator whose symbol is
obtained from the symbol of the localization operator by action of a differential
operator D(w), whose coefficients are constants explicitly determined by w. For
more information one refers to [4,6,7,9-11].

Englis [9] characterized the boundedness of the localization operator Lgcw)
by Bargmann transform. In this section, we use another interesting method to
prove the boundedness of Toeplitz-type operators.

Theorem 2.1. Ifa € L>®(C), then T is bounded on F2.
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Proof. For any f,g € F2, we have

(2.1) (T f,9)]

& [ KU1 IU-g.€5)la()1dAC)

%Ilalloo </C|<sz,ej>|2dA(z)>; (/C|<Uzg,ej>|2dA(z))é,

We just need to prove that there exists a positive constant M such that

IN

IA

[ 1bes)Paac) < yjnl, we F.
c
Case 1: Let m,n > j. We can calculate that

(2.2) /C(Uzwm, e (U.w", e;)dA(z)

= [ (= wre e w)(E = wre e e aa)
C

m > izl ,,,l1
_ k1 k1,,,k1 ,m—ki oz w .
_/C<§:cm(_1) whi 2 }:ll!,ej(w)>

k1=0 11=0

. o~ al2Zleqlz 2
: Z O (—1)k2apka zn—ks Z #,ej(w) e M dA(z)
2!

ko=0 1o=0
J J=kigi—k1 i~k
= CF1 (—1)krqphn ym—ha & - e (w
/C<kz_ B (1) G

J—kazi—kag i—ko

: <Z OF2(—1)kzqpka zn—ks G ,ej(w)>e-alzl dA(z)

’{)2:0
i J j—k1 pd—ke
4! ol R
== ) OmCpE(—1ht

- (G —k)'(J — F2)!

></zm+j—k1—k2§"+j_’“_k2e_a‘z‘QdA(Z)-
c
If m # n, by (2.2), we get

/ (U, w™, e;)(Uw", e;)dA(z) = 0.
c
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If m = n > j, by the proof process of (2.2),
1w epraa)

_ Z (—1)kiHh2 okr oka al"Mad ke (n+jfk1 — ky)!
a3+1 k1,ka=0 " " (j - kl) (.7 - k?) an+‘7_k1_k2

_ ! z]: (—1)ki k2 o1 o2 (n+3j—Fki—ko)!

- 1 n n
ant Pty (] - kl) (] — kg)
mn! ; 1 k1+kzck2cj k2 Ckl
T oantl Z ( ) n+j—ki—kz
kl,kQZ(]

Let
J
Lin= Y (-1fthkckci ch.

n+j—ki—ka
k1,k2=0

We prove next that I, = 1. Construct a function

n+j
F(z,y) = (y —2)"(y — 1) Zy )"k,
where z,y € (0, 1).
It is easy to calculate that I, is the coefficient of z7y" ™. The coefficient

of y"*7 is

ZZCP pcq 1)?(1 er)nﬂ‘fpfq

p=0 q=0
n J
=Y Ch(—x)P(1+z)"P (Z i1 +x)jq(_1)q>
p=0 q=0
=/,
Then
I, =1

Case 2: If m > j,n < j,orn > j, m < j,orm,n < jand m # n, by the proof
process of (2.2), we have

/ (U, w™, e;)(U,w", e;)dA(z) =0
c

Case 3: If m = n < j, by a proof process similar to (2.2), we get

mn!

/|Uw DPdA(z) = n+'1.
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Hence,

mn!

/<Uzwm78j>WdA(z) _ Jantly M=
¢ 07 m 75 n.

Write h(z) = 300 ; anz™, where ||h]|? = 307 ) 2 |a,[%. Then
(2.3) / [(U.h,e;)|?dA(2) / <ZanU w" J>

-/ Z|an|2|<Uzw",ej>|2dA<z>
Z|an|2/|vw DPdA(2)
= Z| ol? 7;’_11 = Z|nl.

This completes the proof. (I

2

dA(z)

Through this theorem, we can observe that for all h € F2, we have
«@
& [ e PaAG) = 1.
T Jo

3. Compactness of Toeplitz-type operators

Let a € L*(C). Then we can see that the Berezin transform of the Toeplitz-
type operators T is

(3.1) T (w) = (TD ko, k)

_ %/C|<Uzej,kw>|2a(z)dA(z)
it _ )

-2 [ v )P a)aac)
Oéj+1 X 2

=2 [ ey Pl )P o)
aitl

= [ leulay Pe e O aeaa ).

In particular, T(j) T, = @ when j=0. If a € L*(C), then T, is a com-
pact operator if and only 1f a vanishing at infinity, see [3]. We next use the
Berezin transformation of the Toeplitz-type operator Téj ) to characterize the
compactness of this operator.

In order to prove the compactness of Toeplitz-type operators, we need some
preparations.
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Lemma 3.1. Forw, z € C, lett = e!™(@2®)  Then we have U,U,, = 0. (w) Ve
where Vi f(u) = tf(—u) for f € F2.
Proof. Since @y, © ¢z © Py () = —1, where I is identity, for any f € F2

UwU.f(&) = f 0@z 00u()k.(pw(§))kw ()

= [0y () (—€)eOTw (O F 21" +omE~5 ]
=fo %,z(w)(—g)k%(w)(_f)e—um(aﬂ)
= Vilp. () [ (&)-
It is easy to show that V;* = Vi, therefore, U.Uy, = U, ()Vi, where t =
eilm(azﬁ). -

Lemma 3.2. For f € L>(C), we have

(3.2) (TP K. (u) = K. (u)(Tf, 1)(p-(u)).
Proof. For f € L>(C), we have

(T, 1= (w)

(

()
T 1, Ky (w)

K. ()
K. (u)
K, (u) / (UL e5){e5, UK ) f © 02 ($)AA(S)

~ K.(u) /C (1, Up ) (U iy €5 Koo () F () dA).

Since Ky (02 (v))k-(v) = Ky_)(v)kz(u), we get k. (u)U. K,y = K. Tak-
ing A = e/™(@*M using Lemma 3.1, we have U.U, = U,_(,Vx, where Vye; =
A(=1)7e;, then

K. (u) (T, 1)(¢:(u))

CR ) | (V21,0065 U5,V ) F0)AA)

(07

/C (. Uyes) (Unes Fo UK . o) f (0)dA(1)

™
(0%

—/C<KZ,Un6j><Un€j7KU>f(77)dA(n)

= (TVK.)(u). 0

Lemma 3.3. Let S be a bounded operator on F2, and let S’( ) =0 asz— oo.
Then S.1 — 0 weakly in F? as z — oo.

Proof. The proof is similar to the corresponding result in [2] or [5]. For com-
pleteness, we present an elementary proof in some details here. It suffices to
show that (S,1,w*) — 0 as z — oo for every nonnegative integer s. So fix a
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nonnegative integer s. For z,n € C, by the definition of the Berezin transform
of operator, we have

aitm A
j'm' T] 77 <Szwj7w >‘

Sop.(n) = Sa(m) =" 3"

Jym=0

Now fix r € (0,1), multiply both sides of the last equation by ﬁsea|"|2, and
then integrate over M,., where M, = {z € C': |z| < r}, to obtain

/ S o . (el A (n)

altm J g, =j+s,m

—Z S (Szw 0™ [P AR ()

7,m=0 e My

X 25+s+1 o o
e

iz g1+ 8! 0

s+1 2j | l.j+.s aw Jo.
:05 ' / 25~ g <S 1, w* +278<5sz wits for—

st Jo =0 1+ s)! Jo ztemovdx

Let now us examine the infinite sum above. It is easy to check that

2
T y —_
Jo @Temdx

T2 =
Jo ztemordx

r2

and
2
oo 2j g1 o "l tsem %y .
> m<szwawf+8>f°2 < sla~ 3 ||S]|(e — 1)
719 +8)!

r Sp—QxT
>0 fo Tde dzr

Thus given € > 0, we can choose r € (0, 1) such that

2
[oe] H T ‘+ —
a2 g (s > wj+s> fO pItse—dp ..
E B . z ) 2 —_
>0 GG+ s)! for rSe~aTdy

for all z € C. Hence we get lim, o [(S.1,w®)| < e. The proof of lemma is
completed. O

We are now ready to prove the main result of this section.

Theorem 3.4. Let a € L°°(C™). Then Topeplitz-type operator T(Ej) is compact
if and only if lim|,| o Ta(j)(z) =0.

Proof. The necessity is obvious. We will prove the sufficiency in several steps.
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Step 1. Let g, = Tégzozl € F2. We have sup,cc|lg:||r2 < |lallo. We first
observe that T, | = PM|, P = (M 1 P)*(M, 1P), where P is the pro-

1
lg=|2 lg=12
jection from L2(C,d),) onto F?2. Using Cauchy-Schwarz inequality, we have

”Mng\%P”Q = |[Tjy. |- Then

. ) 12
(3.3) (T, 1) ()] < /C [19: (@)} IKu(@)]# ] dra(o)
<M IPIKZ|2 = 55| M P2
lg-12 lg=12
alul? alul

=e || Tig Il < lalloce™*

Step 2. For lim.|z|_)(><> Téj)(z) = 0, we have Tégzpzl — 0 weakly as |z| = co. In
particular, (Téézpzl)(u) = (Tégzpzl,Ku> — 0 pointwisely as |z| — oo.

Proof. Let z,w € C and t = e*!™(@2¢=())  Then, using Lemma 3.1, we have
UZUgaz(w) = Uw‘/h
where Vie; = t(—1)7e;. So, for g,h € FZ,

(U TYU. g, h) = % / (UwU.g,¢;)(e;, UnUsh)a(w)dA(w)
C

= %/C<U<pz(n)Uzg7ej><€jvU<ﬂz(n)Uzh>a(90z(77))dA(ﬂ)
=2 [ W) es. Uyao eu )t

™

= (Tib.9.h),
then UZTéj)UZ = T,%zpz. Hence, by Lemma 3.3, we get T,%?pzl — 0 weakly as
z — 00, since lim|;| o0 Téj)(z) =0. O
Step 3. Let a € L*™°(C) and lim,|_o Téj)(z) = 0. For R > 0, let B(0,R)
denote the open disk of radius R centered at 0. Let Té% denote the operator
from F?2 into L?(C,d)\,) defined by
Ty = Mpo,m Ty,

where Mp(g gy is the multiplication operator with respect to the characteristic
function x g(o,z)(-) on B(0, R). Then Tliﬂ)z is compact and

i () _ G
Rh—r>noo ||Ta Ta R

3

|:0,

so that T,gj ) is compact.
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Proof. By a simple normal family argument, Mpo r) : : B2 — L2(C,d)\,) is

compact, and so each T(jl)% is compact. It is easy to show that (T( ))* = Ta(j ),
For g € F2, we get that

(TP = T90)g(2) = ((1 = xp0,0)Tg) (2)
= (1= xB.p()(TYg, K
= (1= xBo,r (2)(g,T, (J)Kz

- /C 9(u)(1 = Xp(0.m ()T K. (w)dAa (u),

2)
)

so T _Ty}z is the restriction to F2 of an integral operator on L?(C,d\,) with

kernel K, r(z,u) = (1 — xB(0,R) (z))(Ta(j)Kz)(u). By Schur’s test, see [16,17],
whenever there exist a positive measurable function h on C' and constants C g
and C5 such that

/C Ko r(z, 0)|h(2)dAa(2) < Cah(u), Yu € C,
/C K2 0) [h(u)dAa () < Cygh(2), Yz € C.

We get that ||TS) — Tg})sz < Ch,rCs.
2
Let h(z) =e e By (3.2), we have that

/lK“”“”h JdAa( /IT(” W5 dag(2)
-2/, 'Kz(“)”(TaiLz1><soz<u))|e’”f‘2 dA(2)

@ j —alz+ul?
-2 /C e ([T, D)5 dA(2).
However
—alz4ul? alul?  afz|?
‘Kz+u(u)|@ 2 =¢e 2 7,

and by (3.3), we have that

() alz®
|(Taoe. . V()] < lalloce™ T

Hence
/ Ko r(z ) [h(2)dAa(2) < &jal]soe ™ / 5 GAG) < Cpe™”
C u C

For |z| > R, we have

/ K (2, w)|h(u)da( / Ko r(z,u)le” 5 dA(u),




TOEPLITZ-TYPE OPERATORS ON THE FOCK SPACE Fg 967

which by (3.2) is equal to

oful?

/|K @INT9), 1) (e () e=

By the change of variables u — ¢, (u), this is equal to

dA(u).

alz—ul?

/|K (=) (T, 1)(w)e 55" dA(u)
- /| G 1)(w)]enE=Z e~ g A(w).

If 1 < p < oo with conjugate exponent ¢, then by Hélder’s inequality, we get
that

/|T5Z,L 1) ()] e~ e 5 A ()

- [0 () 2o¢\ru\2 2a\ru|2 alz—u)z| — \z u|
—W/C<|( T 1))l 25" )( =3 )dA()

@ () 2a0u2 \ P %
=< / (|<Tazw 1) (u)]e 25 ) dA<u>)

T C z

2a]ul? _ al—w2\1? 2
><</ <e 5 et WE e m T2 > dA(u)) .
C

, _ 2ajul? p %
Ol n = sup ( / <|<T512021><u>|e g ) dA<u>) .
|z|>R C

wlul2\ P ap|ul?
From (3.3), we have that <|(T(J) 1)(u )|€_%> < ||a||goe_3 50 , and from

aop.,

Let

Step 2, we have that limR_mo(T(J) 1)(u) = 0 pointwisely in u. Thus, by the

aogp

dominated convergence theorem, C’1 r — 0 as R — oco. Moreover,

q 2 2
20 ul? CoNe  alz—ul? ag|z]?  —aq|u|
<6 5 |ea(z u)z|6 2 =e 2 e 10 |

so that

2alu . azfuz 4 % az2 —uqu2 %
e </ (e 2ol le@ Wz o~ n ) dA(u)) = % (/ et dA(u)) .
™ c ™ C

Finally, we get that

/ | Ko, r(z,u)|h(u)dAo(u) < C1 rh(z), Vz € C,
c
where C1 p — 0 as R — oco. By Schur’s test, this proves Step 3.

This completes the proof.
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In this paper, we only solve the boundedness and compactness of Toeplitz-
type operators induced by bounded symbols. Recall that BMO as the vector
space of locally integrable f on C such that

sup/c |fow, — f(z)|dAa < 0.

Coburn and Isralowitz [5] studied that the Toeplitz operator induced by BMO
is bounded (compact) if and only if it’s Berezin transform is bounded (vanish-
ing at infinity). However, the boundedness and compactness of Toeplitz-type
operators induced by BM O are not clear. So, we raise the following conjecture.

Conjecture 3.5. Let f € BMO. Then the Toeplitz-type operator induced by
BMO s bounded (compact) if and only if its Berezin transform is bounded
(vanishing at infinity).

Acknowledgements. The authors are very grateful to the referee for his (or
her) helpful suggestions and comments.
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