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DYNAMICS OF RANDOM DYNAMICAL SYSTEMS

Enkhbayar Azjargal, Zorigt Choinkhor, and Nyamdavaa Tsegmid

Abstract. In this paper, we introduce the concept of ω-expansive of ran-

dom map on compact metric spaces P. Also we introduce the definitions

of positively, negatively shadowing property and shadowing property for
two-sided RDS. Then we show that if φ is ω-expansive and has the shad-

owing property for ω, then φ is topologically stable for ω.

1. Introduction

The shadowing property and expansivity plays an important role in the
study of dynamical systems. In the last few years, many dynamists have stud-
ied various shadowing properties and expansivity, and its relationship with
topological stability. The research related to them involves many aspects of
the modern theory of dynamical systems, such as the theory of stability (see
[1, 5–7]), etc. The theory of random dynamical system studies the action of
random maps, drawn from a collection with prescribed probability, on a state
space. Some results about various properties for RDS can be seen in [2,8]. The
concept of expansivity for dynamical systems has been generalized to RDS in
[3]. In [4], the authors defined a RDS and random sets in an uniform space
and studied expansivity of an uniform random operator.

In this paper we shall consider the shadowing property, expansivity and sta-
bility for a measurable random dynamical system on a compact metric space,
with a θ-shift map. In this section we give the definition of expansivity and
definitions of a positively (negatively) shadowing and shadowing in RDS. In
Section 2, we prove some essential properties of the shadowing property, ex-
pansivity for RDS and stability.

Let P be a compact metric space with metric d. A homeomorphism f :
P → P is expansive if there is a constant e > 0 such that x ̸= y (x, y ∈ P)
implies d(fn(x), fn(y)) > e for some integer n. A sequence points {xi}i∈Z of a
compact metric space P is called a δ-pseudo orbit of f if d(f(xi), xi+1) < δ for
i ∈ Z. Given ε > 0 a δ-pseudo orbit {xi}i∈Z is said to be ε-shadowed by a point
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x ∈ P if d(f i(x), xi) < ε for every i ∈ Z. We say that f has the shadowing
property if for every ε > 0 there is δ > 0 such that every δ-pseudo orbit of f
can be ε-shadowed by some point of P [1, 5].

We assume that P is a compact metric space, Γ is a finite family of continuous
maps from P into itself and Q is the probability measure on the σ-field of Γ.
The space Ω is the full shift, Ω = ΓZ, which is the set of all possible two sided
infinitely long sequences of deterministic transformations, i.e.,

Ω = {ω : (. . . , f−1, f0, f1, . . . , fk, . . .) | fk ∈ Γ}.

Let P be probability measure on σ-field of Ω.

Definition 1 ([8, Definition 2.1]). (Ω, F,P, θ) is a metric dynamical system
if (Ω, F,P) is a probability space and θ(t) : Ω → Ω, t ∈ Z is a family of
measure-preserving transformations such that

1. θ(0) = id, θ(s) ◦ θ(t) = θ(s+ t) for every s, t ∈ Z.
2. The mapping (t, ω) → θ(t)ω is measurable.
3. θ(t)P = P for every t ∈ Z.

Definition 2 ([8, Definition 2.2]). A measurable random dynamical system
(RDS) on the complete separable metric space (P, d) over a metric dynamical
system (Ω, F,P, θ) is a map Z × Ω × P → P : (t, ω, i) → φ(t, ω)i, with the
following properties:

1. The map (t, ω, i) → φ(t, ω)i is B(Z)⊗ F ⊗B(P), B(P)-measurable.
2. The map i → φ(t, ω)i satisfies the cocycle property:

φ(0, ω) = id, φ(s+ t, ω) = φ(s, θ(t)ω) ◦ φ(t, ω)

for every s, t ∈ Z and ω ∈ Ω.

From the definition, the RDS is driven by the base flow and for one particular
noise realization ω, one can treat i → φ(t, ω)i as a non-autonomous dynamical
system, which defines one-point motion.

Remark 1.1. In this paper, P is the Bernoulli measure defined on the cylinder
set,

P([α0, α1, . . . , αk]) = Q(α0)Q(α1) · · ·Q(αk),

i.e., maps at different steps are chosen independently with the same probability
measure Q and θ is a shift map.

Since θ is a shift map, we have
φ(n, ω)x = fn−1 ◦ fn−2 ◦ · · · ◦ f0(x), n ≥ 1;

φ(0, ω)x = x, n = 0;

φ(n, ω)x = fn ◦ fn+1 ◦ · · · ◦ f−1(x), n ≤ −1.

The ω-orbit of a state (point) x ∈ P is the sequence {φ(n, ω)x}n∈Z.
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Definition 3. Let (P, d) be a compact metric space and ω ∈ Ω. A random map
φ : P → P is said to be ω-expansive, if there exists a constant e > 0 (called an
expansivity constant) such that for any x, y ∈ P, x ̸= y, d(φ(n, ω)x, φ(n, ω)y) >
e for some n ∈ Z. Equivalently, if for x, y ∈ P, d(φ(n, ω)x, φ(n, ω)y) ⩽ e for all
n ∈ Z, then x = y.

Remark 1.2. If in the above definition

{
fn = f, n ≥ 0;
fn = f−1, n ≤ −1

and θ-shift map,

then ω-expansivity of random map is equivalent to expansivity of f on P.

Definition 4. For δ > 0, a (δ, ω)-positive (negative) pseudo orbit is a sequence
{xk}k∈Z of points (states) in X satisfying

d(fk(xk), xk+1) < δ (d(f−k−1(x−k), x−k−1) < δ)

for all k ∈ N0, where fk is k-th component of ω, ω ∈ Ω.

Definition 5. We say that φ has the positively (negatively) shadowing property,
for ω if ∀ε > 0, ∃δ > 0 such that each (δ, ω)-positive (negative) pseudo orbit
for φ is ε-shadowed by some point of P.

Definition 6. We say that φ has the shadowing property for ω if for every
ε > 0, there is δ > 0 such that for every (δ, ω)-positive and negative pseudo
orbit {xk}k∈Z of φ, there exists y ∈ P satisfying d(φ(i, ω)y, xi) < ε for all i ∈ Z

Remark 1.3. If in the above definition

{
fn = f, n ≥ 0;
fn = f−1, n ≤ −1

and θ-shift map,

then shadowing property of random map for ω is equivalent to shadowing prop-
erty of f on P.

2. The main result

Theorem 2.1. Let f : P → P be a homeomorphism on the compact metric
space (P, d). If φ has the positively shadowing property for ω = {fi} ∈ ΓZ

satisfying f−k = fk−1, k ∈ N, then φ has the negatively shadowing property for
ω.

Proof. Suppose that φ has the positively shadowing property for ω. Let ε > 0.
Take δ > 0 such that (δ, ω)-positively pseudo orbit for φ is ε-shadowed by some
point of X. Let {x−k}k∈N0

be a (δ, ω)-negatively pseudo orbit for φ. Define a
new sequence {yk}k∈N0 by yk = x−k. Since f−k = fk−1 for all k ∈ N0, {yk}k∈N0

is (δ, ω)-positively pseudo orbit for φ. Then {yk}k∈N0 is ε-shadowed by some
point of X. Therefore φ has the negatively shadowing property for ω. □

Theorem 2.2. Let f : P → P be a homeomorphism on the compact metric
space (X, d). Ω = ΓZ, here Γ = {f, f−1}. If f has the shadowing property and

ω =

{
f, for − k ≤ i ≤ k − 1;
f−1, otherwise,

then φ has the positively and negatively

shadowing property for ω.
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Proof. Let ε > 0 be given. Then there exists ε1 > 0 such that ε1 < ε
2 and

d(x, y) < ε1 implies

max{d(f−i(x), f−j(y)) | i = 0, . . . , k} <
ε

2
.

Let ω = (· · · f−1 f · · · f︸ ︷︷ ︸
k

f · · · f︸ ︷︷ ︸
k

f−1 · · · ). Then choose δ1 > 0 such that ∀δ1-

pseudo orbit for f is ε1
2 -shadowed by some y ∈ P. Also choose δ2 > 0 such

that ∀δ2-pseudo orbit for f−1 is ε1
2 -shadowed by some z ∈ P. We can take

δ = min{δ1, δ2}.
Claim: Each (δ, ω)-pseudo orbit for φ is ε-shadowed by some point of P.
Let {xn}n∈Z be a (δ, ω)-pseudo orbit for φ. Then

d(f(xi), xi+1) < δ, 0 ⩽ i ⩽ k,

d(f(xi+1), xi) < δ, −k ⩽ i ⩽ −1,

d(f−1(xi), xi+1) < δ, k + 1 ⩽ i,

d(f−1(xi+1), xi) < δ, i ⩽ −k − 1.

Therefore if y is shadowing point by f , then d(fk(xk), y) < ε1 implies

d(fk−l(xk), f
−l(y)) <

ε

2
.

So

d(xk−l, f
−l(y)) ⩽ d(xk−l, f

k−l(y)) + d(fk−l(y), f−l(y)) < ε1 +
ε

2
< ε.

If f−k(y) = a, then d(φ(n, ω)a, xn) < ε, n ∈ N0.
Therefore φ has the positively shadowing property. By Theorem 2.1, φ has

the negatively shadowing property. □

Lemma 2.3. Let φ : P → P be an ω-expansive random map with the shadow-
ing property. If ε < e/2 and δ corresponds to ε as in Definition 5, then there
is a unique x ∈ P which ε-shadowed a given (δ, ω)-pseudo orbit.

Proof. If y also ε-traces {xn}n∈Z, then

d(φ(n, ω)x, φ(n, ω)y) ≤ d(φ(n, ω)x, xn) + d(xn, φ(n, ω)y) < 2ε < e,∀n ∈ Z

and x = y by expansivity. □

Theorem 2.4. Let φ : P → P be an ω-expansive random map with the pos-
itively and negatively shadowing property for ω. Then φ has the shadowing
property for ω.

Proof. For a given ω, let e be an expansive constant of the ω-expansive. Let
{xn}n∈Z ⊂ P. Take 0 < ε < e

2 . By the assumption, we can choose δ1 > 0 such
that a (δ1, ω)-positive pseudo orbit {xn}n≥0 for φ is ε-shadowed by some y ∈ P.
Also choose δ2 > 0 such that a (δ2, ω)-negative pseudo orbit {xn}n≤0 for φ is
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ε-shadowed by some z ∈ P. We can take δ = min{δ1, δ2}. Then {xn}n∈Z is a
(δ, ω)-positive and negative pseudo orbit of φ for ω.

d(φ(n, ω)y, φ(n, ω)z) ≤ d(φ(n, ω)y, xn) + d(xn, φ(n, ω)z) < 2ε < e,∀n ∈ Z
and y = z by ω-expansivity. Therefore {xn}n∈Z is ε-shadowed by some point
of P and φ has the shadowing property for ω. □

For ω = (fi)i∈Z, we define ωk = (gn)n∈Z by

gn = f(n+1)k−1 ◦ f(n+1)k−2 ◦ · · · ◦ fnk, n ⩾ 0,

gn = fnk ◦ fnk+1 ◦ · · · ◦ fnk+k−1, n ⩽ −1.

Theorem 2.5. Let k be a positive integer and ω ∈ ΓZ. If φ is ωk-expansive,
then φ is ω-expansive.

Proof. Let ωk = {gi}i∈Z and e be an expansive constant of the ωk-expansive.
Then for any x, y ∈ P, x ̸= y, there exists n ∈ Z such that

d(φ(n, ωk)x, φ(n, ωk)y) > e.

For n ⩾ 0,

d(φ(n, ωk)x, φ(n, ωk)y) = d(gn−1 ◦ gn−2 ◦ · · · ◦ g0(x), gn−1 ◦ gn−2 ◦ · · · ◦ g0(y))
= d(fnk−1 ◦ · · · ◦ f0(x), fnk−1 ◦ · · · ◦ f0(y))
= d(φ(nk − 1, ω)x, φ(nk − 1, ω)y) > e.

For n < 0,

d(gn ◦gn+1 ◦ · · · ◦g−1(x), gn ◦gn+1 ◦ · · · ◦g−1(y)) = d(φ(nk, ω)x, φ(nk, ω)y) > e.

Then φ is ω-expansive. □

Remark 2.6. In general, the converse of Theorem 2.5 is not true. Indeed, we
can choose ω ∈ ΓZ such that each gn is the identity maps on P.

Theorem 2.7. Let k be a positive integer and ω ∈ ΓZ. If φ has the shadowing
property for ω, then φ has the shadowing property for ωk.

Proof. Let ε > 0 be given. Since φ has the shadowing property for ω, there
exists a δ > 0 such that every (δ, ω)-pseudo orbit for φ is ε-shadowed by some
point of P. Let {yi}i∈Z be a (δ, ωk)-pseudo orbit for φ. Then

d(gn(yn), yn+1) < δ, n ⩾ 0,

d(gn(yn+1), yn) < δ, n ⩽ −1,

where

gn = f(n+1)k−1 ◦ f(n+1)k−2 ◦ · · · ◦ fnk, n ⩾ 0,

gn = fnk ◦ fnk+1 ◦ · · · ◦ fnk+k−1, n ⩽ −1.

Put xnk = yn and for 1 ≤ j ≤ k − 1

xnk+j = fnk+j−1 ◦ · · · ◦ fnk(yn), n ⩾ 0,
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x(n+1)k−j = f(n+1)k−j ◦ · · · ◦ f(n+1)k−1(yn), n ⩽ −1.

We show that {xi}i∈Z is a (δ, ω)-pseudo orbit for φ. For any j, 0 ⩽ j ⩽ k − 2

d(fnk+j(xnk+j), xnk+j+1) = 0, n ⩾ 0.

For any j, 1 ⩽ j ⩽ k − 1

d(f(n+1)k−j(x(n+1)k−j+1), x(n+1)k−j) = 0, n ⩽ −1,

by the construction of {xi}. Now for j = k − 1

d(fnk+k−1(xnk+k−1), xnk+k) = d(fnk+k−1(fnk+k−2 ◦ · · · ◦ fnk)(yn), yn+1)

= d(gn(yn), yn+1) < δ, n ⩾ 0,

for j = 0

d(fnk(xnk+1), xnk) = d(fnk(fnk+1 ◦ · · · ◦ fnk+k−1)(yn+1), yn)

= d(gn(yn+1), yn) < δ, n ⩽ −1.

By φ has shadowing property, {xi}i∈Z is ε-traced by some y ∈ P, i.e.,

d(φ(n, ω)y, xn) < ε.

In particular for n = km,

d(φ(km, ω)y, xkm) = d(φ(m,ωk)y, ym) < ε, m ∈ Z.

Thus φ has shadowing property for ωk. □

Let (P, d) be a compact metric space. Define Γ1 = {f ∈ Γ | f -continuous}.
Then (Γ1, d1) is a metric space, where

d1(f, g) = sup
x∈P

d(f(x), g(x)), f, g ∈ Γ1.

We define a metric d2 on ΓZ
1 ,

d2(ω1, ω2) = sup
n∈Z

d1(fn, gn),

where ω1 = {fi}i∈Z, ω2 = {gi}i∈Z.

Definition 7. A random map φ is topologically stable for ω ∈ ΓZ
1 , if for every

ε > 0, there exists a number δ ∈ (0, 1) such that for ω∗ with d2(ω, ω
∗) < δ

there is a continuous map h such that for all x ∈ P, d(h(x), x) < ε and
d1(φ(n, ω)h, φ(n, ω

∗)) < ε for ∀n ∈ Z.

Theorem 2.8. If a random map φ on compact metric space P is ω-expansive
and has shadowing property for ω, then φ is topologically stable for ω ∈ ΓZ

1 .

Proof. Let e > 0 be an ω-expansive constant of φ, ω = {fi}i∈Z. Fix 0 < ε < e
3 .

Let 0 < δ < min{ e
3 , 1} be such that every (δ, ω)-pseudo orbit can be ε-shadowed

by some point of P. Let {xi}i∈Z be (δ, ω)-shadowed by x ∈ P. By Lemma 2.3,
there exists a unique x ∈ P which ε-shadows a given (δ, ω)-pseudo orbit {xi}i∈Z.
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Let ω∗ be ω∗ = {f∗
i }i∈Z ∈ ΓZ

1 such that d2(ω, ω
∗) < δ. Then for a sequence

y∗ = {φ(n, ω∗)y}n∈Z, we have

d(fn(φ(n, ω
∗)y), φ(n+1, ω∗)y)=d(fn(φ(n, ω

∗)y), f∗
n(φ(n, ω

∗)y))<δ, n ⩾ 0,

d(fn(φ(n+1, ω∗)y), φ(n, ω∗)y)=d(fn(φ(n+1, ω∗)y), f∗
n(φ(n+1, ω∗)y))<δ, n⩽−1.

Hence y∗ is a (δ, ω)-pseudo orbit. Thus there exists a unique h(y) ∈ P which
is the ε-shadowing point for y∗. We can define a map h : P −→ P with

(2.1) d(φ(n, ω)h(y), φ(n, ω∗)y) < ε

for all n ∈ Z and y ∈ P. Letting n = 0, we have d(h(y), y) < ε for each y ∈ P.
Finally, we show that h is continuous. Let λ > 0. Then we can choose N > 0

such that |n| ⩽ N ,

(2.2) d(φ(n, ω)x, φ(n, ω)y) < e ⇒ d(x, y) < λ.

Suppose (2.2) does not hold. Let α be a finite open cover of P with diameter
less than e. Then there exists an ε1 > 0 such that for each n > 0, there exist
xn, yn ∈ P with d(xn, yn) > ε1 and An,k ∈ α (−n ⩽ k ⩽ n) with

d(φ(k, ω)xn, φ(k, ω)yn) ∈ An,k.

Since P is compact, there exist x, y ∈ P such that xn → x, yn → y and x ̸= y.
For fixed k, consider the sets An,k for n > 0. Then infinitely many of An,k

coincide to some Ak ∈ α. Since xn, yn ∈ A0 for infinitely many n > 0, we have
x, y ∈ A0. Similarly, for each k, φ(k, ω)xn, φ(k, ω)yn ∈ Ak for infinitely many
n > 0. We have φ(k, ω)x, φ(k, ω)y ∈ Ak. Since diam(Ak) = diam(Ak) < e, we
have

d(φ(k, ω)x, φ(k, ω)y) < e, ∀k ∈ Z
which gives a contradiction to the fact that φ is ω-expansive.

Since ω∗ = {f∗
i }i∈Z and f∗

i is an invertible and continuous map on P, we
can choose η such that d(x, y) < η implies

(2.3) d(φ(n, ω∗)x, φ(n, ω∗)y) <
e

3
for |n| < N.

If d(x, y) < η, then by (2.1), (2.3) we have

d(φ(n, ω)h(x), φ(n, ω)h(y))

⩽ d(φ(n, ω)h(x), φ(n, ω∗)x) + d(φ(n, ω∗)x, φ(n, ω∗)y)

+ d(φ(n, ω∗)y, φ(n, ω)h(y))

⩽ ε+
e

3
+ ε < e, |n| ⩽ N.

Therefore d(x, y) < η implies d(h(x), h(y)) < λ and the continuity of h is
proved. □

Example 2.9. Let the space P be {0, 1}Z with the metric d defined by d(x, y) =
2−m if m is the largest natural number with xj = yj ,∀|j| < m, and d(x, y) = 1
if x0 ̸= y0. Let σ : P → P be a shift homeomorphism defined by (σx)j = xj+1,
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where x = (xj)
∞
−∞. If we choose ω = {fi}i∈Z, fi ∈ Γ = {σ, σ2, . . . , σk}, then φ

is not ω-expansive.

Proof. Let ε > 0. Then there exists a natural m such that 1
2m < ε. We can

choose x = {xk}k∈Z, y = {yk}k∈Z such that xk = yk for all k ≥ −m and
xk ̸= yk for all k < −m.

Then ∀n ∈ Z, d(φ(n, ω)x, φ(n, ω)y) < ε and x ̸= y. Therefore φ is not
ω-expansive. □

Example 2.10. In Example 2.9, we choose ω = {fi}i∈Z,

{
fi = σ, i ≥ 0;
fi = σ−1, i ≤ −1.

Then φ is ω-expansive and has the shadowing property. Indeed, for ε > 0
choose the smallest natural number m such that 2−m < ε. Let {xi}i∈Z be
a (2−(m+1), ω)-pseudo orbit for φ and xi = (. . . , xi

−1, x
i
0, x

i
1, . . .). Then when

|k| ≤ m, we have

xi
k+1 = (σxi)k = xi+1

k , i ≥ 0

and

xi
k = (σ−1xi+1)k = xi+1

k−1, i ≤ −1.

Define a point x by x = (. . . , x−1
0 , x0

0, x
1
0, . . .). Then when |k| ≤ m, we have

(σix)k = xi+k
0 = xi+k−1

1 = · · · = xi
k, i ≥ 0,

(σix)k = xi+k
0 = xi+k−1

1 = · · · = xi
k, i ≤ −1.

Therefore, d(σi(x), xi) ≤ 2−(m+1) < 2−m < ε for i ∈ Z, i.e., the point x is an
ε-shadowing point of {xi}i∈Z.
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