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SEMI-SYMMETRIC STRUCTURE JACOBI OPERATOR FOR

REAL HYPERSURFACES IN THE COMPLEX QUADRIC

Imsoon Jeong, Gyu Jong Kim, and Changhwa Woo

Abstract. In this paper, we introduce the notion of semi-symmetric

structure Jacobi operator for Hopf real hypersufaces in the complex quad-
ric Qm = SOm+2/SOmSO2. Next we prove that there does not exist any

Hopf real hypersurface in the complex quadric Qm = SOm+2/SOmSO2

with semi-symmetric structure Jacobi operator. As a corollary, we also

get a non-existence property of Hopf real hypersurfaces in the complex

quadric Qm with either symmetric (parallel), or recurrent structure Ja-
cobi operator.

Introduction

The complex quadric Qm = SOm+2/SOmSO2 is a compact Hermitian sym-
metric space of rank 2 which is a complex hypersurface in the complex projec-
tive space CPm+1 (see [5, 6, 11, 17, 19]). Qm is equipped with two remarkable
geometric structures: a Kähler structure (J, g) and a parallel rank 2 subbun-
dle A of the endomorphism bundle End (TQm), which consists of all the real
structures on the tangent space of Qm. Q1 is isometric to the round 2-sphere
S2. For m ≥ 2 the triple (Qm, J, g) is a Hermitian symmetric space of rank
two and its maximal sectional curvature is equal to 4. Q2 is isometric to the
Riemannian product S2 × S2. Thus in this paper, we assume m ≥ 3.

A real hypersurface M in Qm is an immersed submanifold of real codi-
mension 1. Then the Kahler structure (J, g) on Qm induces on M an almost
contact metric structure (ϕ, ξ, η, g) in the following way: Let us denote by N a
unit normal vector field on M in Qm, and take the Reeb vector field on M as
ξ = −JN . If η(X) = g(X, ξ) for any X tangent to M , where in this case g is
the restriction to M of the Riemannian metric of Qm, we can write

JX = ϕX + η(X)N,
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where ϕX denotes the tangential component of JX. We say that a real hyper-
surface M is a Hopf hypersurface if the Reeb vector field ξ of M is principal,
that is, Sξ = g(Sξ, ξ)ξ = αξ, where S denotes the shape operator of M . It
is known that the Reeb flow on M is geodesic if and only if ξ is a principal
curvature vector of M everywhere. In particular, when the Reeb curvature
function α = g(Sξ, ξ) is identically vanishing, we say that M has a vanishing
geodesic Reeb flow. Otherwise, a real hypersurface M has a non-vanishing
geodesic Reeb flow.

In this paper the geometric properties of real hypersurfaces M in complex
quadric Qm, which are tubes of radius r (0 < r < π

2 ) around the totally

geodesic CP l in Qm, when m = 2l or tubes of radius r (0 < r < π
2
√
2
) around

the totally geodesic Qm−1 in Qm, are presented. The condition of isometric
Reeb flow is equivalent to the commuting condition of the shape operator S
with the structure tensor ϕ of M .

The Reeb flow on a real hypersurface M in a Kähler manifold (M̃, J, g) is
isometric if M satisfies the property Lξg = 0, where Lξ is the Lie derivative in
the direction of ξ. Okumura [11] proved that the Reeb flow on a real hypersur-
face in CPm = SUm+1/S (U1Um) is isometric if and only if M is an open part
of a tube around a totally geodesic CP k in CPm for some k ∈ {0, . . . ,m− 1}.

Moreover, in a paper due to Suh [20], we find the following result for the
complex quadric Qm = SOm+2/SO2SOm:

Theorem A. Let M be a real hypersurface of the complex quadric Qm, m ≥ 3.
Then the Reeb flow on M is isometric if and only if m is even, say m = 2l,
and M is an open part of a tube around a totally geodesic CP l ⊂ Qm.

In this paper, we consider the structure Jacobi operator Rξ = R(·, ξ)ξ of the
real hypersurface M , where R is the Riemannian curvature tensor and ξ is the
Reeb vector field of M .

Many geometers considered the parallelism of the tensor field Rξ of type (1,1)
on M . Among them, Suh [24] considered the notion of parallel structure Jacobi
operator of real hypersurfaces in Qm, that is, ∇XRξ = 0 for any X ∈ TM and
obtained a non-existence property in the following:

Theorem B. There does not exist any Hopf real hypersurface in Qm, m ≥ 3,
with parallel structure Jacobi operator.

In this paper, we consider a weaker condition on a tensor type (1,1) on M
in the complex quadric Qm, namely, semi-symmetry. Actually, in [1] a tensor
field F of type (1, s) on a Riemannian manifold is said to be semi-symmetric if
R ·F = 0, where the Riemannian curvature tensor R of M acts as a derivation
on F . Geometers have proved various results concerning the semi-symmetric
conditions of several tensors on real hypersurfaces in complex space forms (see
[1, 4, 10,12,16]).
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Recently, Lee, Suh, and Woo ([9]) applied the notion of semi-symmetry of
the Ricci tensor, what we call Ricci semi-symmetry, to a real hypersurface in
complex quadric Qm and proved the following:

Theorem C. Let M be a Hopf real hypersurface in the complex quadric Qm,
m ≥ 3, with semi-symmetric Ricci tensor. Then M is locally congruent to one
of the following:

(1) A tube of radius r over CP k immersed as a totally geodesic submanifold
in Qm.

(2) For m ≥ 4, M has 4-distinct constant principal curvatures

α, β = γ = 0, λ =
−α+

√
α2 + 4(m− 3) {(m− 2)α2 + 3(m− 3)}

2(m− 3)

and

µ =
−α−

√
α2 + 4(m− 3) {(m− 2)α2 + 3(m− 3)}

2(m− 3)

whose corresponding principal curvature spaces satisfy ξ ∈ Tα, Aξ,AN ∈ Tβ=γ ,
Tλ and Tµ have multiplicities 1, 2, m − 2 and m − 2, respectively, where the
Reeb function α is constant on M .

(3) M has 4-distinct constant principal curvatures given by

α, β = γ = 0, λ = − 1

α
, and µ = − α

α2 + 2

whose corresponding principal curvature spaces and multiplicities are the same
as in (2).

(4) For m = 3, M has 3-distinct principal curvatures given by

α = 0, β = γ = 0, λ =
h+

√
h2 + 12

2
, and µ =

h−
√
h2 + 12

2
,

where h denotes the trace of S.

Motivated by these works, in this paper we want to give a classification of
semi-symmetric structure Jacobi operator for Hopf real hypersurfaces in the
complex quadric Qm, m ≥ 3, and prove the following theorem.

Main Theorem. There does not exist any Hopf real hypersurface M with
semi-symmetric structure Jacobi operator in the complex quadric Qm, m ≥ 3.

By the results given in [2] and [3], respectively, we know that if a tensor
field is symmetric (parallel) or recurrent, it naturally satisfies semi-symmetry.
Hence, we obtain the following corollary:

Corollary ([24]). There does not exist any connected Hopf real hypersurface
in the complex quadric Qm, m≥3, with parallel or recurrent structure Jacobi
operator.
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This paper is composed as follows: In Section 1, we give differential geomet-
ric structures of the complex quadric Qm and some fundamental identities. In
Section 2, we recall important lemmas for real hypersurfaces of the complex
quadric Qm. Finally, in Section 3, we prove a key lemma which states that the
unit normal vector field N on M is singular, that is, N is A-isotropic or A-
principal under our assumption. In both cases, we have a contradiction which
gives a complete proof of our theorem.

1. The complex quadric

CPm+1 stands for the (m+1)-dimensional complex projective space of con-
stant holomorphic sectional curvature 4 with respect to the Fubini-Study met-
ric. A point [z] in CPm+1 is the complex span of z, i.e., [z] = {λz | λ ∈ C},
where z is a nonzero vector of Cm+2. For each [z] in CPm+1 the tangent space
T[z]CPm+1 is identified with the orthogonal complement Cm+2 ⊖ [z] of [z] in

Cm+2.
The m-dimensional complex quadric Qm = SOm+2/SOmSO2 is a complex

hypersurface defined by the quadratic equation z21 + · · · + z2m+2 = 0, where
(z1, . . . , zm+2) ∈ CPm+1, which is isometric to the real Grassmannian of ori-
ented two-planes of Rm+2 and is a compact Hermitian symmetric space of rank
two.

At each [z] in Qm the tangent space T[z]Q
m can be identified canonically

with the orthogonal complement Cm+2 ⊖ ([z]⊕ [ρ]) of [z]⊕ [ρ] in Cm+2, where
ρ is a unit normal vector of Qm in CPm+1 at the point [z]. The shape operator
Aρ of Qm with respect to the unit normal vector ρ is given by

Aρw = w̄

for all w ∈ T[z]Q
m. The shape operator A = Aρ restricted to T[z]Q

m is a

complex conjugation and acts as an involution, A2 = I. If V (Aρ) is the (+1)-
eigenspace, we have the following decomposition for Aρ

T[z]Q
m = V (Aρ)⊕ JV (Aρ) .

The Gauss equation for the complex hypersurface Qm ⊂ CPm+1 implies
that the Riemannian curvature tensor R̄ of Qm can be expressed in terms of
the Riemannian metric g, the complex structure J and a generic real structure
A:

R̄(X,Y )Z = g(Y,Z)X − g(X,Z)Y + g(JY, Z)JX

− g(JX,Z)JY − 2g(JX, Y )JZ + g(AY,Z)AX

− g(AX,Z)AY + g(JAY,Z)JAX − g(JAX,Z)JAY

for any X,Y, Z ∈ TzQ
m, z ∈ Qm.

A nonzero tangent vectorW at a point of Qm is called singular if it is tangent
to more than one maximal flat in Qm. There are two types of singular tangent
vectors for Qm, A-principal or A-isotropic vectors.
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- If there exists a conjugation A such that W ∈ V (A) := Eig(A, 1), then W is
singular. Such a singular tangent vector is called A-principal.
- If there exist a real structure A and orthonormal vectors X,Y ∈ V (A) such

that W/∥W∥ = (X + JY )/
√
2, then W is singular and is called A-isotropic.

For every unit vector field W tangent to Qm, there is a complex conjugation
A and orthonormal vectors X,Y ∈ V (A) such that

W = cos(t)X + sin(t)JY

for some t ∈ [0, π/4]. Singular vectors correspond to the values t = 0 and
t = π/4.

2. Preliminaries

In this section, we recall some important lemmas for real hypersurfaces of
the complex quadric Qm, which have been proven in [7,13–15,17,20–23,25,26].

Let M be a real hypersurface in Qm and denote by (ϕ, ξ, η, g) the induced
almost contact metric structure on M and by ∇ the induced Riemannian con-
nection on M . Note that ξ = −JN , where N is a unit normal vector field
of M . The vector field ξ is known as the Reeb vector field of M and η is
the 1-form defined by η(X) = g(ξ,X) for any tangent vector field X on M .
The tangent bundle TM of M splits orthogonally into TM = C

⊕
Rξ, where

C = ker(η) is the maximal complex subbundle of TM . The structure tensor
field ϕ restricted to C coincides with the complex structure J restricted to C,
and we have ϕξ = 0. At each point z ∈ M we define

Qz = {X ∈ TzM | AX ∈ TzM for all A ∈ Uz} ,

which is the maximal Uz-invariant subspace of TzM . If the integral curves of
ξ are geodesics in M , the hypersurface M is called a Hopf hypersurface. The
integral curves of ξ are geodesics in M if and only if ξ is a principal curvature
vector of M everywhere. If we assume that M is a Hopf hypersurface, then
we have Sξ = αξ, where S denotes the shape operator of real hypersurfaces M
with Reeb curvature α = g(Sξ, ξ).

By the Kähler structure J of the complex quadric Qm, one can write:

JX = ϕX + η(X)N

for any tangent vector field X on M , where ϕX = tan(JX).
Then it naturally satisfies the following relations:

ϕ2X = −X + η(X)ξ, η(ξ) = 1, ϕξ = 0.

The Gauss and Weingarten formulas for M are given as ∇̄XY = ∇XY +
g(SX, Y )N and ∇̄XN = −S(X) for any X,Y ∈ TzM and N ∈ T⊥

z M , z ∈ M .
The curvature tensor R(X,Y )Z for a real hypersurface M in Qm is given by

R(X,Y )Z = g(Y,Z)X − g(X,Z)Y + g(ϕY,Z)ϕX

− g(ϕX,Z)ϕY − 2g(ϕX, Y )ϕZ + g(AY,Z)AX
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− g(AX,Z)AY + g(JAY,Z)JAX − g(JAX,Z)JAY

+ g(SY,Z)SX − g(SX,Z)SY

for any X,Y, Z ∈ TM .
Since Qm has a real structure A, we decompose AX into its tangential and

normal components for a fixed A ∈ A[z] :=
{
Aλρ | λ ∈ S1 ⊂ C

}
andX ∈ T[z]M ,

[z](=: x) ∈ Qm : AX = BX + ρ(X)N , where BX is the tangential component
of AX and

ρ(X) = g(AX,N) = g(X,AN) = g(X,AJξ) = g(JX,Aξ).

By taking the covariant derivative of A, we have (∇̄XA)Y = q(X)JAY for
any X,Y ∈ TM , where q(X) is any one-form [19].

Lemma 2.1 ([20]). For each x ∈ M , we have:
(i) If Nx is A-principal, then Qx = Cx.
(ii) If Nx is not A-principal, there exist a conjugation A ∈ A and orthonor-

mal vectors Z1, Z2 ∈ V (A) such that Nx = cos(t)Z1 + sin(t)JZ2 for some t ∈
(0, π/4]. Then we have Qx = Cx ⊖ C(JX + Y ).

Moreover, at each point x ∈ M , we can choose A ∈ Ax such that

N = cos(t)Z1 + sin(t)JZ2

for some orthonormal vectors Z1, Z2 ∈ V (A) and 0 ≤ t ≤ π
4 (see [18, Propo-

sition 3]). Note that t is a function on M . First of all, since ξ = −JN , we
have 

ξ = sin(t)Z2 − cos(t)JZ1,

AN = cos(t)Z1 − sin(t)JZ2,

Aξ = sin(t)Z2 + cos(t)JZ1.

This implies g(ξ, AN) = 0 and g(Aξ, ξ) = −g(AN,N) = − cos(2t) on M .
We now assume that M is a Hopf real hypersurface. Then the shape operator
S of M in Qm satisfies Sξ = αξ with the Reeb function α = g(Sξ, ξ) on M .

By virtue of the Codazzi equation, we obtain the following lemma.

Lemma 2.2 ([23]). Let M be a Hopf real hypersurface in Qm, m ≥ 3. Then
we obtain

dα(X) = dα(ξ)η(X) + 2g(Aξ, ξ)g(X,AN)

and

2g(SϕSX, Y )− αg((ϕS + Sϕ)X,Y )− 2g(ϕX, Y ) + g(X,AN)g(Y,Aξ)

− g(Y,AN)g(X,Aξ)− g(X,Aξ)g(JY,Aξ) + g(Y,Aξ)g(JX,Aξ)

− 2g(X,AN)g(ξ, Aξ)η(Y ) + 2g(Y,AN)g(ξ, Aξ)η(X) = 0

for any tangent vector fields X and Y on M .

By virtue of the Codazzi equation, we get the following two lemmas.
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Lemma 2.3 ([20]). Let M be a Hopf real hypersurface in Qm such that the
normal vector field N is A-principal everywhere. Then the Reeb function α is
constant. Moreover, if X ∈ C is a principal curvature vector of M with prin-
cipal curvature λ, then 2λ ̸= α and its corresponding vector ϕX is a principal
curvature vector of M with principal curvature αλ+2

2λ−α .

Lemma 2.4 ([20]). Let M be a Hopf real hypersurface in Qm, m ≥ 3, such that
the normal vector field N is A-isotropic everywhere. Then the Reeb function α
is constant.

Hereafter, unless otherwise stated, X, Y and Z denote any tangent vector
fields on M .

3. Semi-symmetric structure Jacobi operator

Suppose that the structure Jacobi operator of M is semi-symmetric, that is,
M satisfies the condition (R(X,Y )Rξ)Z = 0. We see that the given condition
is equivalent to

(∗) R(X,Y )(RξZ) = Rξ(R(X,Y )Z).

The structure Jacobi operator Rξ is defined by Rξ(X) = R(X, ξ)ξ, where R
denotes the Riemannian curvature tensor onM . Then from the Gauss equation,
it can be written as

(3.1)

Rξ(X) = R(X, ξ)ξ

= X − η(X)ξ + β(AX)T − g(AX, ξ)Aξ − g(AX,N)(AN)T

+ αSX − g(SX, ξ)Sξ,

where we have put α = g(Sξ, ξ), β = g(Aξ, ξ) and (AY )T (resp., (AN)T )
denotes the tangential part of AY (resp., AN).

Since the structure Jacobi operator Rξ comes from the Riemannian curva-
ture tensor R of M in Qm, we have the following theorem [3]:

Theorem 3.1. Let Mn be an n-dimensional almost contact metric manifold.
Then the structure Jacobi operator Rξ is semi-symmetric if and only if the
structure Jacobi operator vanishes, that is, Rξ = 0.

Proof. Suppose the structure Jacobi operator is semi-symmetric. Then

R(X,Y )RξZ −Rξ

(
R(X,Y )Z

)
=

(
R(X,Y ) ·Rξ

)
Z = 0.

In particular, for Y = Z = ξ, we obtain R2
ξX = 0. Since Rξ is symmetric,

there exists a basis {ej} for j ∈ {1, . . . , n} such that Rξ(ej) = λjej , where λj

denotes the corresponding eigenvalue associated to ej . This gives us

R2
ξ(ej) = λj

2ej = 0.

This means that λj = 0 for all j ∈ {1, . . . , n}. Then we have that the structure
Jacobi operator vanishes. The converse holds trivially. □
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So the condition of semi-symmetric structure Jacobi operator is equivalent to
the vanishing of the structure Jacobi operator. From now on, we may consider
vanishing structure Jacobi operator instead of structure Jacobi operator for
real hypersurfaces in the complex quadric Qm. Since Rξ = 0, it yields that the
structure Jacobi operator is of Codazzi type, from the result of [26].

Lemma 3.2. Let M be a real hypersurface in the complex quadric Qm, m ≥ 3,
with vanishing structure Jacobi operator. Then the unit normal vector field N
is singular, that is, N is A-isotropic or A-principal.

By virtue of Lemma 3.2, we know that the normal vector field N is a singular
tangent vector field. We will introduce the following proposition, and prove a
key lemma which plays an important role in the proof of our Main Theorem in
the introduction.

On the other hand, from [20], a tube M of radius r, 0 < r < π
2 , around the

totally geodesic CP l in Qm, m = 2l is denoted by TA. The model space TA has
four distinct constant principal curvatures as follows. From now on, we may
put m = 2l.

Table 1.

Principal curvature Eigenspace Multiplicity
α = 2 cot(2r) Tα = F = Rξ 1

γ = 0 Tγ = C ⊖ Q 2
δ = − tan(r) Tδ = TCP k ⊖ (C ⊖ Q) l − 2
σ = cot(r) Tσ = νCP k ⊖ CνM l − 2

From the table and Lemmas 2.3 and 2.4 in Section 2, it follows that:

Proposition A. Let M be the tube of radius 0 < r < π
2 around the totally

geodesic CP l in Qm (m = 2l), l ≥ 2. Then the following statements hold:
(i) M is a Hopf hypersurface.
(ii) The tangent bundle TM and the normal bundle νM of M consist of

A-isotropic singular tangent vectors of Qm.
(iii) M has four distinct constant principal curvatures. Their values and

corresponding principal curvature spaces and multiplicities are given in Table
1. The real structure A determined by the A-isotropic unit normal vector at [z]
maps T[z]CP k ⊖

(
C[z] ⊖Q[z]

)
onto ν[z]CP k ⊖ Cν[z]M , and vice versa.

(iv) The shape operator S of M and the structure tensor field ϕ of M com-
mute with each other, that is, Sϕ = ϕS.

(v) The Reeb flow on M is an isometric flow.

By virtue of Proposition A, we can prove the following lemma.

Lemma 3.3. There does not exist any real hypersurface in the complex quadric
Qm, m ≥ 3, with vanishing structure Jacobi operator and A-isotropic normal
vector field.



SEMI-SYMMETRIC STRUCTURE JACOBI OPERATORS 857

Proof. Assume that Rξ = 0 and the unit normal vector field N is A-isotropic
for a Hopf real hypersurface M in the complex quadric Qm. Then the normal
vector field N of M can be written as

N =
1√
2
(Z1 + JZ2)

for Z1, Z2 ∈ V (A), where V (A) denotes the (+1)-eigenspace of the complex
conjugation A ∈ A. Then it follows that

AN =
1√
2
(Z1−JZ2) , AJN = − 1√

2
(JZ1+Z2) , and JN =

1√
2
(JZ1−Z2) .

Then it gives

g(ξ, Aξ) = g(JN,AJN) = 0, g(ξ, AN) = 0, and g(AN,N) = 0

which means that these vector fields AN and Aξ are tangent to M . By
virtue of these formulas for A-isotropic unit vector field and as g(JAX, ξ) =
−g(AX, Jξ) = −g(AX,N), the structure Jacobi operator Rξ can be rearranged
as follows:

RξX = X − η(X)ξ − g(AX, ξ)Aξ − g(X,AN)AN + αSX − α2η(X)ξ.

Case I. α does not vanish, that is, α ̸= 0.
Then, by using ϕAξ = −AN and ϕAN = Aξ, we see that

0 = ϕRξX −RξϕX = α(ϕS − Sϕ)X − g(AX, ξ)ϕAξ + g(AϕX, ξ)Aξ

− g(AX,N)ϕAN + g(AϕX,N)AN

= α(ϕS − Sϕ)X,

where we have used ϕAξ = −AN and Aξ = ϕAN .
This gives (ϕS − Sϕ)X = 0 for any vector field X on M .

Case II. α vanishes, that is, α = 0.

0 = RξX =X − η(X)ξ − g(AX, ξ)Aξ − g(X,AN)AN.(3.2)

Substituting X by SϕX into the equation (3.2), then we have

0 = RξSϕX = SϕX − η(SϕX)ξ − g(ASϕX, ξ)Aξ − g(SϕX,AN)AN

= SϕX,
(3.3)

where we have used SAN = 0 and SAξ = 0 (see [27, Lemma 6.1]).
Using symmetry of S and skew-symmetry of ϕ in (3.3), we have

(3.4) ϕSX = 0.

Then by virtue of (3.3) and (3.4), we have SϕX−ϕSX = 0 for any vector field
X on M . That is, the shape operator S commutes with the structure tensor
field ϕ. Thus M has isometric Reeb flow.

Let us consider the converse problem, whether the structure Jacobi operator
Rξ for a real hypersurface of type TA satisfies the condition (∗) or does not.



858 I. JEONG, G. J. KIM, AND C. WOO

Under the condition of vanishing structure Jacobi operator Rξ = 0, it follows
that

0 = RξX

= X − η(X)ξ − g(AX, ξ)Aξ − g(X,AN)AN + αSX − α2η(X)ξ.
(3.5)

Taking X = W ∈ Tδ and using [27, Lemma 6.1], then we have

(3.6) RξW = (1 + αδ)W = tan2 rW.

Since the radius r should be positive, Rξ cannot vanish. This gives us a
contradiction. Accordingly, we get a complete proof of our lemma. □

As a sequel, let us consider that N is A-principal. Lee and Suh [8] proved:

Proposition B ([8]). Let M be a Hopf real hypersurface in the complex quadric
Qm, m ≥ 3. Then M has an A-principal singular normal vector field N if and
only if M is a contact real hypersurface with constant mean curvature and
non-vanishing Reeb function in Qm.

In order to give the non-existence property for real hypersurfaces with van-
ishing structure Jacobi operator and A-principal N in Qm, we need the follow-
ing lemma and proposition.

Lemma A ([8]). Let M be a real hypersurface in the complex quadric Qm,
m ≥ 3, with A-principal singular normal vector field N . Then we obtain:

(i) AX = BX,
(ii) AϕX = −ϕAX,
(iii) AϕSX = −ϕSX and q(X) = 2g(SX, ξ),
(iv) ASX = SX − 2g(SX, ξ)ξ and SAX = SX − 2η(X)Sξ

for any X ∈ TzM , z ∈ M , where BX = (AX)T denotes the tangential part of
the vector field AX on M in Qm.

On the other hand, from Suh [21], we know that the model space TB has
three distinct constant principal curvatures as follows.

Proposition C ([21]). Let TB be the tube of radius 0 < r < π
2
√
2
around the

m-dimensional sphere Sm which is embedded in Qm as a real form of Qm.
Then the following facts hold (m = 2l):

(i) TB is a Hopf hypersurface.
(ii) The normal bundle of TB consists of A-principal singular vector fields.
(iii) TB has three distinct constant principal curvatures.

principal curvature eigenspace multiplicity
σ = 0 Tσ = JV (A) ∩ C l − 1

δ =
√
2 tan(

√
2r) Tδ = V (A) ∩ C l − 1

α = −
√
2 cot(

√
2r) Tα = Rξ 1

(iv) Sϕ+ ϕS = τϕ, τ = − 2
α (TB is a contact hypersurface).
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Now, we want to check whether the model space of type TB satisfies the
vanishing structure Jacobi operator. Thus we will prove the following lemma:

Lemma 3.4. There does not exist any real hypersurface in the complex quadric
Qm, m ≥ 3, with vanishing structure Jacobi operator and A-principal normal
vector field.

Proof. By Proposition B, under the condition of Hopf and A-principal normal
vector field, M becomes a contact real hypersurface. Thus we consider the
converse problem, whether the structure Jacobi operator Rξ of TB satisfies the
condition of semi-symmetry.

We consider a Hopf real hypersurface M in Qm with A-principal unit normal
vector field N . Then N satisfies AN = N for a complex conjugation A ∈ A.
It implies that AY is tangent to M for all Y ∈ TxM , x ∈ M (in particular,
Aξ = −AJN = JAN = JN = −ξ ∈ TxM). Then the structure Jacobi opera-
tor Rξ on M is given by

(3.7) RξY = Y − 2η(Y )ξ −AY + αSY − α2η(Y )ξ.

Using Proposition C and taking Y = W ∈ Tδ into (3.8), we have

(3.8)

RξW = W − 2η(W )ξ −AW + αSW − α2η(W )ξ

= αδW

= −2W.

Thus the structure Jacobi operator Rξ does not vanish, this gives a contra-
diction. So give a complete proof of our lemma. □

Remark 3.5. By virtue of Lemma A(iv), we know that Tσ ⊂ J(V (A)) and
Tδ ⊂ V (A), because ASY = SY for Y ∈ Tδ ̸=0. Moreover, Aξ = −ξ and
AN = N , accordingly, we have Tδ ⊕ [N ] = V (A) and Tσ ⊕ [ξ] = JV (A).

Summing up all of the facts mentioned above, we complete the proof of our
Main Theorem in the introduction.
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[14] J. D. Pérez, Some real hypersurfaces in complex and complex hyperbolic quadrics, Bull.

Malays. Math. Sci. Soc. 43 (2020), no. 2, 1709–1718. https://doi.org/10.1007/s40840-

019-00769-x
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[17] J. D. Pérez and Y. J. Suh, Derivatives of the shape operator of real hypersurfaces in

the complex quadric, Results Math. 73 (2018), no. 3, Paper No. 126, 10 pp. https:

//doi.org/10.1007/s00025-018-0888-4

[18] H. Reckziegel, On the geometry of the complex quadric, in Geometry and topology

of submanifolds, VIII (Brussels, 1995/Nordfjordeid, 1995), 302–315, World Sci. Publ.,
River Edge, NJ, 1996.

[19] B. Smyth, Differential geometry of complex hypersurfaces, Ann. of Math. (2) 85 (1967),

246–266. https://doi.org/10.2307/1970441
[20] Y. J. Suh, Real hypersurfaces in the complex quadric with Reeb parallel shape opera-

tor, Internat. J. Math. 25 (2014), no. 6, 1450059, 17 pp. https://doi.org/10.1142/

S0129167X14500591

[21] Y. J. Suh, Real hypersurfaces in the complex quadric with Reeb invariant shape operator,

Differential Geom. Appl. 38 (2015), 10–21. https://doi.org/10.1016/j.difgeo.2014.

11.003

[22] Y. J. Suh, Real hypersurfaces in the complex quadric with parallel Ricci tensor, Adv.

Math. 281 (2015), 886–905. https://doi.org/10.1016/j.aim.2015.05.012

[23] Y. J. Suh, Real hypersurfaces in the complex quadric with parallel normal Jacobi op-
erator, Math. Nachr. 290 (2017), no. 2-3, 442–451. https://doi.org/10.1002/mana.

201500428

https://doi.org/10.1007/s10231-019-00827-y
https://doi.org/10.1007/s10231-019-00827-y
https://doi.org/10.1112/blms.12386
https://doi.org/10.1007/s11040-020-09370-2
https://doi.org/10.1016/j.geomphys.2021.104177
https://doi.org/10.2307/1998631
https://doi.org/10.1016/j.difgeo.2016.10.004
https://doi.org/10.1016/j.difgeo.2016.10.004
https://doi.org/10.5486/pmd.2019.8424
https://doi.org/10.5486/pmd.2019.8424
https://doi.org/10.1007/s40840-019-00769-x
https://doi.org/10.1007/s40840-019-00769-x
https://doi.org/10.5666/KMJ.2009.49.2.211
https://doi.org/10.1007/s00025-018-0888-4
https://doi.org/10.1007/s00025-018-0888-4
https://doi.org/10.2307/1970441
https://doi.org/10.1142/S0129167X14500591
https://doi.org/10.1142/S0129167X14500591
https://doi.org/10.1016/j.difgeo.2014.11.003
https://doi.org/10.1016/j.difgeo.2014.11.003
https://doi.org/10.1016/j.aim.2015.05.012
https://doi.org/10.1002/mana.201500428
https://doi.org/10.1002/mana.201500428


SEMI-SYMMETRIC STRUCTURE JACOBI OPERATORS 861

[24] Y. J. Suh, Real hypersurfaces in the complex quadric with parallel structure Jacobi oper-

ator, Differential Geom. Appl. 51 (2017), 33–48. https://doi.org/10.1016/j.difgeo.

2017.01.001

[25] Y. J. Suh, Real hypersurfaces in the complex hyperbolic quadrics with isometric Reeb

flow, Commun. Contemp. Math. 20 (2018), no. 2, 1750031, 20 pp. https://doi.org/
10.1142/S0219199717500316

[26] Y. J. Suh, Real hypersurfaces in the complex quadric whose structure Jacobi operator

is of Codazzi type, Math. Nachr. 292 (2019), no. 6, 1375–1391. https://doi.org/10.
1002/mana.201800184

[27] Y. J. Suh and G. J. Kim, Real hypersurfaces in the complex quadric with Lie invariant

structure Jacobi operator, Canad. Math. Bull. 63 (2020), no. 1, 204–221. https://doi.
org/10.4153/s0008439519000080

Imsoon Jeong

Department of Mathematics Education

Cheongju University
Chungcheongbuk-do 28503, Korea

Email address: isjeong@cju.ac.kr

Gyu Jong Kim

Department of Mathematics Education

Woosuk University
Jeollabuk-do, 55338, Korea

Email address: hb2107@naver.com

Changhwa Woo

Department of Applied Mathematics

Pukyong National University
Busan 48513, Korea

Email address: legalgwch@pknu.ac.kr

https://doi.org/10.1016/j.difgeo.2017.01.001
https://doi.org/10.1016/j.difgeo.2017.01.001
https://doi.org/10.1142/S0219199717500316
https://doi.org/10.1142/S0219199717500316
https://doi.org/10.1002/mana.201800184
https://doi.org/10.1002/mana.201800184
https://doi.org/10.4153/s0008439519000080
https://doi.org/10.4153/s0008439519000080

