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HYPERSURFACES WITH PRESCRIBED MEAN CURVATURE
IN MEASURE METRIC SPACE

ZHENGMAO CHEN

ABSTRACT. For any given function f, we focus on the so-called pre-
scribed mean curvature problem for the measure e Ul g provided
that e—f(21%) ¢ LY(R™*1). More precisely, we prove that there exists a
smooth hypersurface M whose metric is ds? = dp? + p?dé? and whose
mean curvature function is

1 uP 2
,?ef(p e3)
np

for any given real constants p, 5 and functions f and v where u and p are
the support function and radial function of M, respectively. Equivalently,
we get the existence of a smooth solution to the following quasilinear
equation on the unit sphere S™,

p2p+27n*66f<92)
ya
(p? +1Vp|?)2
under some conditions. Our proof is based on the powerful method of
continuity. In particular, if we take f(t) = %, this may be prescribed
mean curvature problem in Gauss measure space and it can be seen as
an embedded result in Gauss measure space which will be needed in
our forthcoming papers on the differential geometric analysis in Gauss

measure space, such as Gauss-Bonnet-Chern theorem and its application
on positive mass theorem and the Steiner-Weyl type formula, the Plateau

PipPj 2
(0ij = o z)(—Pji + —pipi + pdji) =¥
; T velr T T ’

problem and so on.

1. Introduction

In the theory of classical differential geometry, the existence of hypersurfaces
with certain curvature function is a classical topic and such problem can be
described as follows: given a function f defined on the unit sphere S™, does there
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exist a hypersurface M C R™*! such that curvature function of M satisfies the
following equation

(1) or = f(8),

where o is the normalized elementary symmetric function of order k of the
principal curvatures A1, Ao, ..., A, of M, that is,

1
(2) ok = AR Z iy Aig + 0+ Aiyg
iy <ia<ig
for any fixed k € {1,2,...,n}. In particular, if k = 1, oy is the mean curvature.

If & = n, o, is the Gaussian curvature and equation (1) is associated to the
classical Minkowski problem which was posed and solved by Minkowski [32,33]
provided 1 is the density of the delta measure or a continuous function. The
works of Minkowski were extended by Aleksandrov and Jessen and Fenchel
independently provided %df is a Borel measure defined on the unit sphere S™,
see Schuneider [42]. Based on the theory of Monge-Ampere equation, Lewy
[30], Nirenberg [35], Cheng and Yau [10], Pogorelov [39] and Caffarelli [6, 7]
analyzed the existence of convex solutions to equation (1) in Hélder or Sobolev
Space. For the intermediate case, it follows from classical Steiner formula
that o, = dv{;’;"“ where dW,,_j and do are the infinitesimal of (n — k)-th
quermassintegrals measure and surface measure of M, respectively, for any
fixed 1 < k < n, see Santalo [40] or Burago and Zalgaller [5]. Therefore, oy
is called the k-th mean curvature and the equation (1) is associated to the
so-called Christoffel-Minkowski problem which was solved by Guan and Ma
[24].

By using the co-area formula, Federer [17] introduced curvature measures
under the hypothesis of positive reach. In convex frame, the curvature measure
of a convex body was deduced by Schneider [42]. Based on the potential theory,
Wang et al. [13,14] introduced some notions of k-th mean curvature measure.
Some interesting oy curvatures were also introduced by Case et al. [8,9]. In
polar coordinate system, the second fundamental form b = (bij)an and the
metric g = (gij)nxn of the hypersurface can be written in the term of the radial
function of the hypersurface. Since the principal curvatures {\;}?; are the
eigenvalues of g~'b, we can see that k-th mean curvature can be written in the
term of the radial function of the hypersurface. In this direction, Guan, Li and
Li [23] provided the following interesting formula of k-th curvature measure:

(3) CM(E)= | o\/detgd¢
E

for any Borel E C S™ and gave the existence of hypersurface which was pre-
scribed k-th mean curvature measure. Some associated and interesting results
can also be seen in Guan and Spruck [26], Guan and Guan [22] and Guan, Ren
and Wang [25].



HYPERSURFACES WITH PRESCRIBED MEAN CURVATURE 1087

As an interesting and important measure in probability theory, several as-
pects of the theory of differential geometric analysis associated to the Gauss
measure have been developed, see Bogachev [2]. In particular, the Brunn-
Minkowski inequality for the Gauss measure has been discussed by several
authors, see Borell [3], Brascamp and Lieb [4], and Gardner and Zvavitch [18]
and so on. As an interesting aspect of convex geometry, Huang, Xi and Zhao
[28] posed and solved the Minkowski problem in Gauss measure space. Later,
the L, Minkowski problem for Gauss measure has been established by Liu
[31]. Following classical construction of surface area measure introduced by
Minkowski, the notions of surface area measure in Gauss measure space intro-
duced by Huang, Xi and Zhao [28] is based on the following beautiful variational
formula:

(1) iy 22D [ i),

t—0 t

where K and L are two convex bodies containing the origin O at their interiors,
hy, is the support function of L, 7, (K) is the Gauss measure of K (see Bogachev
[2]) and Gk is called the surface area measure of the convex body K, that is,

1 =|?
(6) GK(E) = 7n+1/ edeHnil
@2m)y =z S
for any Borel set & C S", where v, ! is the generalized inverse of Gauss mapping
of K. In particular, if K is smooth and strictly convex, we have

P
(7) Gre(B) = oy [ <
K = m
@em Je on
for any Borel set E C S™, where pg is the radial function of K. Moreover,
motivated by some works on Kéhler geometry and by using the powerful opti-
mal transport theory, Cordero-Erausquina and Klartag [11] constructed a mo-

ment measure whose density is e=fl=1) provided f is convex and e=fll=l) ¢
LY(R"*1), see also Santambrogio [41]. The main results of [3,4,11,18,28] can
be seen as interesting generalizations of classical results in integral geometry
and more results have been discussed by Gel'fand et al. [19] or Santalo [40].
It is worth mentioning that the works of Cordero-Erausquina and Klartag
[11] and Huang, Xi and Zhao [28] focus on the Gauss curvature of hypersurface
in Gauss measure space. Among the Gauss curvature, mean curvature is also
a class of important curvature in the differential geometry. In particular, a
hypersurface whose mean curvature vanishes is called the minimal hypersurface.
The minimal hypersurface problem is associated to the Plateau problem which
is a great motivation of modern variational methods and geometric measure
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theory, see Almgren [1], Courant [12], Pitts [38], Giusti [21], Osserman [36],
Struwe [44] or Dierkes, Hildebrandt and Sauvigny [15] and so on. More and
more variants of classical Plateau problem have been posed and solved, see
for example Morrey [34], Harvey and Lawson [27], Jost [29], Trudinger and
Wang [46], Petrache and Riviere [37] and so on. Moreover, by using Gauss-
Bonnet theorem and the theory of minimal hypersurface, Schoen and Yau [43]
established the positive mass theorem in general relativity. More comments on
the theory of minimal surfaces can be referred to Osserman [36].

In the present paper, motivated by the works of Huang, Xi and Zhao [28] and
Cordero-Erausquina and Klartag [11], for any f satisfying e~/ (12[*) ¢ L1(Rn+1),
we may consider the measure

(8) F(E) = /Ee_f(‘xlz)dx

for any Borel set E C S™ and focus on prescribing mean curvature problem for
the measure e~/ (1) dz which may be an attempt on some differential geometric
analysis in measure metric space, such as Gauss-Bonnet-Chern theorem and
its application on positive mass theorem, the Steiner-Weyl type formula, the
Plateau problem and so on. Motivated by (3) and (7), we may call the function

9) eI g\ /det g

the mean curvature function for the measure e=#(€*)dz. In the present paper,

we focus on the existence of hypersurface provided the mean curvature function
2

is %w(f) for the measure e=7(#1")dz, that is

(10) e FP) g\ /det g = %@/J(g),

where u and p are the support function and radial function of the hypersurface
M, respectively, that is,

(11) u(y) = max{z -y : Vo € M} Yy € R" !
and
(12) ply) =max{\ >0:\y € M} Vy € R"1.

In polar coordinate system, if the metric of hypersurface is ds? = dp?+p?d€?,
we can see that

1 .
(13) o1 = ﬁzg”bﬁ
.3

1 1 (61 — — PP
P2+ [Vp2 Y PP+ |Vl

2
)(=pij + P + pdij),

and
2

(14) detg = p" Vo2 + Vo2, u= ——e
VP +|Vpl?
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(see Lemma 4.1 in Section 4. Appendix). Therefore, we focus on the existence
of smooth solutions to the following equation on the unit sphere S™:

2

pip; 2 p2rt2=n=Bef (%)
15 > (015 — 52— )(=pji + =pipi + pdji) = v — .
0 G o e ) =

Before stating the main result of the present paper, we assume the following
conditions hold.
(A1) f € CYR) and 0 < ¢ € CH(S™) satisfying

(16) |flor ) + [¥lor(sny < oo,
—1 2 n—1
17)  lim el @prlon=B o T2y oS (P)yptlon—p T2
an - fge © mad( G
(A.2)
(18) p—pB<n if2p—F>n-—2,
p>—2 if2p—pB<n-—2.

The main result of the present paper can be stated as follows:

Theorem 1.1. For any fited n > 1, suppose the conditions (A.1) ~ (A.2) hold.
Then there exists a solution p € C%(S™) to equation (15) satisfying

(19) Iollcrsny <e,
where ¢ depends only on p, B, f and 1.

Remark 1.2. If f =0, p = = 0, Theorem 1.1 has been proved by Treibergs
and Wei [45]. Similar topics can be referred to Yau [47].

Remark 1.3. This can be seen as an embedded result in Gauss measure space
and such result will be needed in our forthcoming papers on the differential
geometric analysis on some generalizations of some classical theorems in theo-
ries of curve and surfaces to Gauss measure space, such as Gauss-Bonnet-Chern
theorem and its application on positive mass theorem, (see do Carmo [16] and
Schoen and Yau [43]), the Steiner-Weyl type formula, (see Burago and Zalgaller
[5], Schneider [42]). In our project, we also focus on formulation of the Plateau
problem in the Gauss measure space via the variational method.

The proof of Theorem 1.1 is based on well-known continuous method and
one of cores is the a priori bounds of solutions to the following problem on the
unit sphere S™:

(20) > aijpis = (0> + [Vp)bi5 — pipj)pij = (& p, |V pl?).
i

The rest of paper is organized as follows: In Section 2, we get gradient
estimate of solutions. In Section 3, we prove Theorem 1.1.
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2. Gradient estimate

In this section, we consider the a priori bounds of solutions to the following
equation on the unit sphere S™:

p2p+27nfﬁef(P2)
£ -
2

Pipj 2
21 0i ——————)(=pji + —pipi + pdj;) =
(21) > (6 )(=p; PP pdji) =P CEE)

T2 2
o p? +[Vpl
which is equivalent to the following equation,

2 p2P2—n=Bcf(p*)
(22) Y (P> +|Vp*)6ij — pips)(—pji + =pjpi + pdji) = V—————
z} P (P? +1Vpl?)

p=2 "
2

We let a;; = (p? + |Vp|?)dij — pip;. Then

2ai» 2
(23) > pJ pipi = ;((p2 +IVpP)Sip? = > p3p3) = 2p|Vp|?
i i
and
(24) > aiipdji = paigds = p(n(p® +[Vol?) — [Vpl).
i

Putting (24) into (22), we have
ef (p%) p2p+2-—n—p5
(0* + Vo) 7
ef(p?) p2pt2-n—p
(0 + Vo)
In divergence form, equation (25) can be rewritten as follows:
Vp )
VP +|Vpl?
2 2 ef(pQ)Psz_n_B p|Vpl*
= p(np” + (n = 1)[Vp[") = 4(€) LIV (R Vet
Therefore, we focus on the a priori bounds of solution to the following problem:

(27) > aijpi; = b p, [Vol?),

(]

2
(25) > aipii = aij(;pjpi + pbji) — (&)

,J

= p(np* + (n —1)|Vp|?) — (&)

(26)  div(

where b = b(z, s, w) satisfies the following condition;
(B.0)if2p—f>n—2,

max{p+4—n—_,2} pt+4—n—_
‘b| SA()’U] ,|b1| §A1w 2 s
max{p+3—n—p,2} max{p+2—n—p3,—3}
bs > _A2w 2 abw > —A3U} 2
for large w; if 2p — B < n — 2,
max{2—p,2} max{2—p,2} max{—p,—3}

|b| S Ao’w 2 s |bz| S Al’LU 2 ,bs 7A2’w7%,bw Z 7A3U}

v
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for large w.
This main result of this section can be stated as follows:

Theorem 2.1. For any fived n > 1, we let p € CY(S™) be a solution to (27).
Suppose that f and Y are continuous on S™ satisfying

(28) |flor ) + [¥lor(sny < oo,

p and [ satisfies

(29) {p—ﬁ<n if2p— B >n-2,
p>—2 if2p— B <n—2

and

(30) 0 <m = min p(§) < M = max p(§) < oo.

£esn £esn

Then there exists a positive constant ¢, depends only on f, ¥, Ag, A1, Aa, As,
m and M, such that

(31) sup [Vp(§)] < ¢ < o0.
£€Sn

Proof. The proof is based on Maximum Principle. We let G = e*v = €2/ |Vp|%.
Suppose that sup G is achieved at the point £ = &y € S™. Then, at £ = &,

(32) 0 =G, = 2e*(vp; + Sipipii)

for any fixed i € {1,2,...,n} and and (G;j)nxn is non-positive. Direct calcu-
lation deduces that

Gij = 2€*"(vpij + 28 apapaipi + Tipiipii + Tipipiij) + 4€*P pi(vui + Sipepri).

Therefore, since (a;j)nxn is positive, we have

(33) 0> aij(vpij + 25apapaipi + Sipiipii + Sipipiij)
i
+2 Z aijpj(vpi + Zepipri) = S 1
i

at the point & = £, where
(34) I = 'Uzaijpij; Iy = 2%00i5 paPaipis 13 = Xijiaijp1;pii,
4,J
and
(35) Iy = XijiaiZipipiz, Is = 22 aijpj(vpi + Xtpipi)-
,J
Without loss of generalization, we may assume that v(&) = |Vp(&)|? > 1.

Otherwise, inequality (31) is trivial.
By choosing suitable coordinate, we may assume that

(36) Pi = 51'1\@
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at the point & = §y. This means that (a;;)nxn is diagonal at the point & = &.
Moreover, it follows from (32) and (36) that

(37) P1i = —’U57;1, Ela” = (’ﬂ — ].)U + np2
and
b — v?
38 Yipii = —5——
( ) P p2 + o

at the point £ = &.
We now get the bounds of 7_;I;. At the first step, we first analyze the
term I1 = v a;jp;;. It is easy to see that
1)

(39) 11 = vZaijpij
i5J

= vX;Q4Pii

max{p+6—n—p3,4}
2

—A’U 1f2 - >n_2a
=vb > OM . pohe
_AOU 2 1f2p_/6<n_27

at the point £ = &.
We next estimate the term o = 23,0045 paPajpi-
(40) IQ = 2Eijaaijpapajpi = 2a11p%p11 = 72p21)2

at the point £ = &.
We next estimate the term I3 = ;1045015 p1-
Since a;; = (p* +v)d;; — pip;, we have

(41) ai > p?
for any fixed ¢ € {1,2,...,n} and therefore
(42) I3 = Syaiipy; > p*Supi; > 0

at the point £ = &.
We next estimate the term Iy = X;;1p10:5p1:5-
Since Y- a;jpij = b and a;; = (p* + v)d;; — pip;, we have
0,J

(43) > aipige + Y (2(ppr + Skprpii)dis — (pieps + pipi))pis = be
4] ,J
for any fixed ¢t € {1,2,...,n}. Multiplying p; on both sides of (43) and taking
sum for the index t, we get
(44) Sijtaijpipije + Siji2(ppi + Skpeprprt)0ijpig
— Xit(pitp; + pipjt)pijpr = Libipy.
At the point £ = &y, we have,

(45) Siaip1pin = bipr — 203 (p + p11)Sipii + Sipt (071 + pripin)-



HYPERSURFACES WITH PRESCRIBED MEAN CURVATURE 1093

By Ricci identity,

(46) Seipi(prii — piat) = nSip; = nv

at the point £ = &. Combining (44), (45) and (46), we have

(A7) Siaiup1pri = nvXiai — 205 (p + p11)Zipii + bipr + Zip2 (p4 + pripi1)
=141 + Lso + Iya,

where

(48) Ly = nvXiai; — 203 (p + p11)Zipiis Luo = bipr, Lus = Sipt (03 + pripi1)-

We first estimate the term Iy; = nvX;ai; — 203 (p + p11)Sipii-
It is easy to see that

(49) Iy = nvXiai; — 203 (p + p11) Sipii
20(p —v)(b —v?)
_ 2 —
= nv(nv + np?) g

> (n? - 3% —c

for sufficiently large v(&p).
We next estimate the term I;o = byp;. Since

0b ob 0b
(50) bip1 = R + 3710’)% + QZj%ijjlpl,
it follows that
(51) D < IVIVe
O Pl =

which means that

ab S { —Alvp%;niﬂ if2p—pB>n-—2,

52 —_— max{3—p
(52) 8x1p1_ {3-p,3}

AT =z if2p—-fF<n-—2
It is easy to see that
(53) 9%, s _Az”:m{pﬁgnfﬁ'“ if2p—p>n-2,
dp T | —Apw 2 if2p— B <n—2.
Since u; = d;1, we have
ab b
(54) % L %PMP%
20b { AT oy -2,

UV =2 max{4—p, .
v —Asv et if2p—p<n—2

for sufficiently large v(&p). Putting (52), (53) and (54) into (50), we have

(55) Lp=bipy >4 ~Artdzt A" ipp g2,
42 = 01p1 =2 max{4—p,3} .
—(A; 4+ Az + A3)v 2 if2p—0B<n—2
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for sufficiently large v(&p).
We next deal with the term I3 = ;03 (p? + p1ipi1)-
From (37), we see

(56) Lis = pi(Sipfy + p1h) = 2pipt) = 20°
at the point £ = &.
Therefore, putting (49), (55) and (56) into (47), we get
3
(57) I4 2 5’[13 - (Al + A2 + Ag)’UTO — C
for sufficiently large v(§p) where

{ max{p+6—n—/3,4} if 2p B 6 >n— 2’
T0 —

58 2
(58) mex{4-p4} if2p—B<n—2.

It follows from (32) that
(59) Is =2 Z aijpj(vpi + Xipepri) =0
.3
at the point £ = &.
Therefore, it follows from (39), (40), (42), (57), (59) and (33) that

3 3

(60) 0>%> ,1; > Chie (Ag + A1 + Ag + A3)v™ — ¢
at the point £ = &.
Since
(61) p—B<n if2p—0B>n-—2,
p>—2 if2p—pB<n-—2
we have
(62) T < 3.

Therefore, there exists a constant ¢, depends only on n,f, ¥, Ag, A1, As, Az, m
and M, such that

(63) vP<e
for sufficiently large v(£y). Multiplying €% on both sides of (63) and we have,
(64) G3(xg) < ce® < ¢

due to the assumption M = mgax p(€) < co. (64) implies that

(65) ey < c

at the point £ = &. Since m = gnign p(€) > 0, we can get the conclusion of
csn

Theorem 2.1. (|
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3. The proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1.
Motivated by Treibergs and Wei [45], we consider the following auxiliary
problem with a parameter ¢ € [0, 1] on the unit sphere S™,

Vut

Vi + IVl

where g(€) = pi((n — 1)p? + n|Vp|?) — ()

(66) Li[pt](u) = div( ) —ur = t(g(&) — pi),

(02) 2p42—m—
el P p2rt2—n ° pe|Vpi|?

p=2 3 -
(P+IVpe]?) 2 (P2 +IVpe|?)2

Lemma 3.1. For any fivted n > 1, and t € [0,1], we let p; € C*(S™) be a
solution to

Lilpelpe = 0

for any t € [0,1]. Suppose the condition (A.1) holds. Then there exists a
constant c, independent on t, such that

0<cl< |pt‘CO(Sn) <c
for any t € [0,1].
Proof. We consider the following extremal problem,

(67) Re = maxpi(8)

for any fixed t € [0, 1]. It follows from the compactness of S™ and the continuity
of p; that there exists £; € S™ such that

(68) Ry = pi(&1)

for any fixed ¢ € [0,1]. Suppose that there exists a sequence {¢;}52; C [0, 1]
such that

(69) Ry, = o0

as j — oo. It follows from (66) and the condition (A.1) that at the point £ = &1,

(70) Llpilpe; = t5(9(60) = pr;)
— R p(e) (s

¥(&1)
> _thtj = L[Rtj]Rtj

2
— oI prrizn=hy g,

as j — oo. However, there exists a contradiction from (70). This implies there
exists a positive constant ¢ > 0, independent of ¢, such that

(71) R <c< o
for any fixed t € [0,1]. We next consider the following extremal problem,

(72) re = Egsljgl pi(€)
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for any fixed ¢ € [0,1]. By a similar argument mentioned above, there exists a
positive constant ¢ > 0, independent of ¢ such that

1
(73) re==>0
for any fixed ¢ € [0,1]. (71) and (73) yield the desired conclusion of Lemma
3.1. (]

As a corollary of Lemma 3.1 and some arguments of Theorem 2.1, we have:
Corollary 3.2. For any fized n > 1 and t € [0,1], we let p, € C*(S") be a
solution to

Li[pidpe =0
for any t € [0,1]. Suppose the conditions (A.1) and (A.2) hold. Then there
exists a constant c, independent on t, such that
0<e ! <lptlorem <e
for any t € [0,1].

Now, we are in a position to prove Theorem 1.1.

Proof. The final proof of Theorem 1.1 follows from a fixed point argument.
Following some arguments of Treibergs and Wei [45], we let C(S™), C1(S™) and
C12(S™) be some Banach spaces on S™ with the standard norm. Define

(74) B, ={pe Ch*(S") : |plora(m <1}
We let

. Vu
(75) Li[ptlu = div(————==) — u

Vi + Vp]?
Suppose that L;[p;] has an inverse in C1:*(S™) and H, be the inverse of L;[p]
in C1*(S™). Then

(76) Li[ptJu = t(g9(§) — pt) & u=tH(g(§) — pt) = Ki(pr).
Suppose that p is a solution to problem (15), we have
(77) p=Ki(p)

which means that a fixed point of K is a solution to (15). Therefore, it suffices
to prove the existence of a fixed point of K; in C1*(S"). To achieve this goal,
we prove that there exists a fixed point of K; in C1*(S™) for any fixed ¢ € [0, 1]
provided L;[p;] has an inverse in C1:*(S™). Now we divide the proof of Theorem
1.1 into two steps.

Step 1. We prove that L;[p;] has an inverse in C'1*(S").

To get this goal, we claim the following argument,
Claim. For any fized t € [0,1], we let Li[p;] be the operator defined in (75).
Then

(i) Li[ps] is self-adjoint;

(ii) The kernel of Li[p:] is trivial.
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Indeed, part (i) follows from that definition of Li[p:]. Therefore, it suffices
to show part (ii). Suppose that L;[p;]Ju = 0 for any u € CH*(S"). Tt follows
from the divergence theorem that

Vul?
(18) 0= —/ Lipdun = [ (——L
" s VPL+ Vo

which means that v = 0 for any fixed ¢ € [0,1]. By the arbitrariness of u, we
see that

(79) {ue C*(S™) : Lilpifu = 0} = {0}

+u2)d§2/ u?de

Sn

which is the argument of part (ii).
Therefore, it follows from the standard solvability of linear elliptic equation
of second order that L;[p;] has an inverse, see Gilbarg and Trudinger [20].
Step 2. We prove that K; has a fixed point in C1(S").
It follows from Lemma 3.1 and Corollary 3.2 that there exists Ry such that

(80) [ullcrsny < Ro

for any u € C1*(S") satisfying K;(u) = u for any fixed t € [0, 1].

It follows from the standard elliptic regularity theory of linear elliptic equa-
tion of second order that K, : C1:%(S") — C1:%(S™) is compact, see Gilbarg and
Trudinger [20]. Therefore, it follows from Leray-Schauder fixed point theorem
that there exists u; € Bg, such that

(81) Ki(u) = w

for any t € [0,1]. Taking t = 1, we get the desired conclusion of Theorem

1.1. O
4. Appendix

In this section, we list some basic geometric quantities which are used in the
present paper and can be referred to Guan, Li and Li [23].

Lemma 4.1. Suppose M is a hypersurface in R with the metric ds* =
dp? + p?d&? and with zero sectional curvature. Then the following statements
hold.

(a) The components of the metric g and its inverse g~
follows:

L can be expressed as

T PiP;
]2 i = p20ii + pipi g = = (0 — ——L—
(82) 9i5 = p~0i5 + pipj, g 5 (0 pgﬂvmg)
respectively and therefore det g = p*"~2(p? + |Vpl|?).
(b) The coefficients of second fundamental form b;; are given by:
p 2
(83) bij = —m———==(—pij + SPiPs T pij)-

VP + | Vpl?
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(¢c) The support function u of hypersurface M is given by:

(84)
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