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An overview of Hawkes processes and their applications

Mijeong Kim !+

“Department of Statistics, Ewha Womans University

Abstract

The Hawkes process is a point process with self-exciting characteristics. It has been mainly used to describe
seismic phenomena in which aftershocks occur due to the main earthquake. Recently, it has been used to explain
various phenomena with self-exciting properties, such as the spread of infectious diseases and the spread of news
on SNS. The Hawkes process can be flexibly modified according to the characteristics of events by using various
types of excitation functions. Since it is difficult to implement a maximum likelihood estimator numerically, esti-
mation methods have been improved until recently. In this paper, the conditional intensity function and excitation
function are explained to describe the Hawkes process. Then, existing examples of Hawkes processes used in
seismic, epidemiological, criminal, and financial fields are described and estimation methods are introduced. I
analyze earthquakes that occurred in gyeongsang-do, Korea from November 2017 to December 2022, using R
package ETAS.
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1. M2

3.~ 114 (Hawkes process)-2 Z}7] A= EAL 712 & 74 (stochastic process) i © 2 Hawkes (1971)9]
A 2AHA A7) A BAE A0S o2 o] 2heks) AW 4 e, o] gl WAe B
o1710] gdo]o] 4 HAbFIeE, A Mol ks @ Allo] thE Be A, 2 ol g WA 7|, ol e 4] 42
(self-exciting)o]2tal Rt} 24 T2 2] X o] A& B 3lo}=1] T2 A= =T, 53] Ogata (1988)7}
A| X 3t epidemic-type aftershock sequence (ETAS) -2 o A ¥HAY-S A 57| 93} =4 = Omori o] H{2]-&
o187 54 myo RN AW AT Fa BP0 FEHT ek 1 o] Folw T A
St4=0] £l o g ETAS o] 7fAE 1 WA ] 9t} (Ogata®} Katsura, 1998; Ogata, 1998; Zhuang 5, 2002;
Daley®} Vere-Jones, 2008; Mohler 5, 2011). Hawkes (2018)0] wt2H, 3.4 1}A o] A7 & 25 7152 ]
215} o] 9]9] Bofo A A 9] B854 S1rhr 20008 ZHE 28, W5 2 95} Ho} 5 chokg} Holo
sg5)7] Aagch. H Bol, $24 14 Rl 24 AYLE B e 9 B AukE An -
Sl -84 mY0 2 0]7]7] 1 9w, o] §5 COVIDIOS BaslalntlE 57| 5.
7] 2= B4& A9st] fldl =y E 8 A= F4e(excitation function)o] 2kl ST, o] A=
s chell MR AR A tabe Fe|o] S 4 BRS BE 4 ok BASILA ok Aie] =
Aol et 2433 o 9 W A o) Zhe thaedt S E] SRRt ol 2} v A B33t isotropic kernel 5
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chFe Geje] 4T F5E AT 4 gk BYo] BHAYSF B 2HL ofele o] 5] e,
A5 AR 57 el oisk A77E A% S5 ek

o] 8o thet o T o] Qlrk. 2 el A A% AT A HAL Aolsta, 2AR HE Y42
ARG F B2 IS FOlgth 3l B b AR S whge] Sl thg 49 ok, 43l
A £ Tpgo] A8 o 402 Aotz gtk SN AL S B o] 77 el sl At

=
6o A= ETAS 2 &8-S o]-8510] AATZ o)A 2017 119326 20224 1297}42] 9hAI g 2 1S BAgict. 7

ul

Al 17 (counting process)Z} 3 1} (point process) 2] &Ju|E A1 B2}t A4 B (N(), 1 = 0)= &E T4
(stochastic process)© 2 A] H|-S(nonnegative)Ql A< 32 2k, r = 0¥ jofl= N(0) = 0°]th. N(+= F=2
At 2] Do A 9 -2 A HTh s < 1 W, N@) — N(s)= (s, 1] Tl A dojd Apd o] =7} =k 3
A& st5 W4 (random variable)Q] =8 T = (T}, T»,.. )2 EAE =], A 79 YA T, Ts,...= [0, )
Well A 3t& 223, PO < Ty < T <..) = 1o]th. A3 A|7E Qbol| A Lofjuh= A9 =5 A4 THg oz
2 5 3, Abdo] HA AJHES At H o g B £ ot AlS 3] tEFH Q] o2 Lol A
(Poisson process)2 & 4= it

A AL B dojd AFA-E AR E Stof thg &2 A& X 4R Sto] 83 or 33
= Sleh. 71 F| 2ol Az o] dofd Al o] uol il A H A9 o= k, u A| R 7EA] 9] A K (history)E H ()
2ol g, o =2 A T O 25 72 8HE 3 (conditional cdf)= Hh5 7 2

f 3
P @) = [ P tssvdsiiHwyds= [ 761 Hw)ds
AQD G (1,6, 109 AT BE DT T4 A2 12 chain rule) S o] §5to] ThT} o] 18 4 et

k
Fltnt, =[] GIH @),
i=1

K70 Qlofitehs AL ol AoIA L Azio] EESEh oju]2 amivalolehs BolE £tk £ (HW)E
Z} B 3 (conditional arrrival distribution)2t 1! 51, 7FHs] (1) = EA|SHAC.

H1

WS 2R 2 22 ()& Ashs 2ol olH7] wiwoll, &2 ARt Etell AFdo] dofube= Hl&2
7} (intensity) 2 0]-85F ZAE 7} & 3H4(conditional intensity function)S T ¢}ttt AR 7 &
YE ZA A F2 0|85t 917 fFr(hazard function) T o} 1R 9 §4= oh3h 2ot

@

TO=1TFw

A% TN 2% A 42 Thet Zo] Hojate,
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Definition 1. Z7 7} gr4=(conditional intensity function) 75~ Z1% N(-)of d|gtel= 2}A] AFAE]
oot =] €l X&’l‘d(hlstmy)077 ot o5 H() el oFRL
E[N@t+h) —N@®|H@)]

()= }g% 7 (2.1)
919} Zo] M) g4 X' ()7} ZA B, X'(0E Z AR i ghaahi ok
B2 38E R3] o] olalE F7] 98] Eots 1AL WA A@stn Gk,
Definition 2. 3o} 37 (Poisson process) A<= 74 (N(f),t > 0}7} O]-2-S pF=slH Zofs mlgolafil
g
1. N(O)=0.
2. s <tof fjopo] N(s)2F N(t) — N(s)= =& o] .
3. NOLFN(s +1) = N(s)&= Fato] vi¢l Yot Lopg A E Zh=rf. =

o)
PINt)=k)=P(N(s+t)—-N(s)=k)=e T s>0, k>0.
FobE A2 AFAO] o= AlHof] x-S ghxo] Al wjofl = ol A 74 (Poisson point process)
oleb gtk mot 7 0 2AR A thewh o] Ao] Qolukz Aol At glo] v ARSIt
E[Nt+n)-NOIH®O] . EWNM) _

h = im—

E£7 ARt 24 (time interval) 59t Yojuh= AP Q] o= AIZF XEA 0] [AA] =t o] o] o

Folal 71 HlEo] AAgH], o] 23t E44-& H| 7| 2]/ (memoryless prOpeﬂY)o] 2k gt W3}
Q=AM 4, K1 A A4, Ao SRIE AFEES] 4 53 o] A Aol A e R
U= Aol wo| EAetrh B2 o $A Dol A 9] = ThE Aol AP Y] 49 Tl o]
A9 1015 AR e A20] oI B B 4 9l oS Eof Woe] Sof 2 7
G A1 Q7o) AA|A] O WA A7) o] £ mAe] Sot B O B 4 glort, o Ale] Y
Pe] W &3} 0 %ol QS ] vl go] FE 4 Tk, ol Agoln ARk 4B A BE
t27) HIESH v 52 A ZolE J}Z*(nonhomogeneous Poisson process)2 ©|-83 4= Qt}. H| 5 & 2] ELols
WA T} LES)7] QJ5ke] oA Aot Tots -8 F 2 A o4 14 (homogeneous Poisson process)at
1 gtk Bl E A xolkE AL A g ()7} Tt ofu et AR st AT A Q]sha xofE
Tge] RE 448 Gec vEAA Fokd FI AL 0§ Aol YT,

* 0 = i

N (t +s) — N (t) ~ Poisson (fm A" (u) du).

S5 d}A o] A7t o] %] wpet 1 B 37} )R] ¢F© H(invariant under time shift), A7t A (stationarity
in time)o] Qi AoJsttt A A Fold WAL A|7F AAAAHL "rEsty H A A Lol WAL A|7F
H] 4 3/d (non-stationarity) 548 ZE=tt. 2| 9] AT A T o] A= A HE o] A A] et
A dold AP 9] 429} thZoll dofd AP 9] = LA BElo] ik o] 2%t
TE 9 593 FH = wEH @4 a8 o ® Yo7t olsidit =

A= (self-exciting) T} 2}7] ZH(self-regulating)2t= g0l =2 A =t 2}7] A=L2 o)A
Aol mlEfo] BT AH ] 7He S =ole AS ulstal, BRIt & 247] 282 o] A7k 7t
Atzdo] mlgol A A 9] 7Hs A& YR AS Yu]eith
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BAE A7) AT B A7) 28] AL Zhe A% B 02 thevh o] Felgitt,

)

Definition 3. 2 37 (Hawkes process) 45+ 25 N()°] 8]5-5H= 1A AFel-So] it 4218 o] of
T MO B 0l A T NG, > 017} &8 BEobd S22 Tpgo]efa g

A Oh+o(h), n=1,
PING+h)-N@® =n|H@)={ o(h), n>1,
1-X®h+o(h), n=0,

A71A olhye h — 02 ), holl Wla] & Wa) 002 Ye7HE S ek Wt ath) = o(Et,
limo a(i)/h = 00t} B2 740 2 45 G4 theat 2o,

/l*(t):/,t+fg(t—u)dN(u). 2.2)
0

o] W] A= u > 05 ¥l A=(background intensity)©|2tal St7, g : (0,00) — [0, c0)= AlZte]| TE 2}7]
ZF=0] A& v st sk 2 A, 2= $h4(excitation function) T 2= 7] (exciting kernel T+ triggering
kernel)o]2tal gttt p Flof Wefe = thE &o] vty Zols WAo] HEuR 7] 5 Ee 2] 249
FFE T2 Y= ZolE 7] 4-F(Poisson base level)o] 2t 1l ghr}. S A IO AR Fke JHp= 8l
AA=3 A= ok o]-8oto] §A% FHIR wE 4 Stk A= elle 1 AR o] - el WA Sk ARo]
AIA ol 71ofshs FE7t vhg s o] Qlek 2= @4 g() = 009 Xold Hurt HB g, S moie
g() # 0 7HATTE A5 &4 g()ell oAl th& Foll A AAI5] A Aojt. B4 7Hg-2 mydof whaf
A7 43S WESH| I Bl A7 B4 BAE 27| Sttt A E7ER] AdE A ] AR A

{t1, 02, ..., )220 SFHA, A Z AR 7} (Hawkes conditional intensity) (2.2)+= T3} Zro] A% 4= 1t

TO=p+ ) g=1). 2.3)

i<t

B e i A3 A4S 45z 2 43 34

3.1, U BA DA
1. B7] 1}4 (branching process)
HawkesS} Oakes (1974)= 57] 7148 AQHatsich. 271 o] Zepicie S0, 17 B4 T,
A A of dhAsE shLbo] AFAL ofH 2L} o m U (a parent) 2 2 4= 917, B 2 BE| 27} Hojihs A A
H o] Ao R RE thE AR Eo] IS A S 4B = AR SRR E T E AR o] o | H =
H&(AES e Hle)= (2.3)9] A= o gt = To), t > Tyof Wk ste] 217 e b5 vhE 4 Aot
7] L vho]2l o) Ak, AL A1 A ko] WAL Ak ae] S8 4 Stk

2. A4= B3 (exponential decay) TH4=2] AF&
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e

et
ol

S oo}

m

HE Zh=tt

gw) =ae®, u>0. 3.1)

odl:
T

KB
=

L EE

o

o] W, @, 8 > 00]11, a= AHFA] Q1 7}k (overall strength of the excitation), H|-& AF<=(rate constant) = I}
A A7l 2 e edgpael dojut ohg A71S] 4w 2 At A28 Aol Lol mjufet 271
T - Z715 th, AIgko] Aol ket A Wo] et QgL p ul S A2 Zhag

3. " Z(Powerlaw) &4-2] AFE

(c+uw”’
ot .k, p > 00lch. BI§IZ] TS o] g5 T2 AL AW} 3 oboll M A7 M) FFL Aah
ol 27 AL,
4. Antele o] Z 2 A
N O)=u @+ Y gt —t,m).

ti<t

2R Aol BFE Z 4 9 mark m 7k FAHE0] % U % BPL WE 4 ok oS Bol, T8
AgAA Aol e Ads Adigol AL Aduct nldel Ade] o A dFE & 5 glong,
AefFe markz 2ol A7 ol Aol S Weishs vl Lol k. olefd SFETHHS marked
52 714 (marked Hawkes process)2Fit ghek. §19] Ao A (2.3)7h ¥ & 1) Eobs 7|8 2o s
Sh go] 447k ok AIZHe] @42 BAHE Fol nfeko go] gtk 1|5 Eobs 34 o] 2%
7ol S h. i oA 2.1 w7 Aol W T Sz Qlek i1 A2 a7} rel) E4 A o], Az
A T SEA] QT (Gaodt Zhu, 2018). 582 7120 9] Qi FS AW RH, 24K Z
Gl H1A1E WS Sl F U FP DS WE 4 G FHAS & 5 ek N4 kS S

Q3T 2] 1 (00] 3% S 2A VE 5 Aek. Z, A Aol Flol & AL SAGHe ATkE vehd
= ek Abd o] 2 }%ﬂ )&} A HS A5ty Y8 4 RPS A F Yo7 Sste] A7 1Y,
W o5, o 2 et 24 So] 48 4 At
3.2. CtHEy =4 1IHY
= 7} o] N2 the E5e] AzlEo] AR Bl slol WAste .97k ok vl 27 Aol A S&P
500 2| 4=} th-¢-E A AF] o (Dow Jones industrial average) A4+ H|5=9t S 52 H Y ufj 7} @t o 2491
o2 1987 108 199 3-8 27 Aol o] 5 2|5 B 22t g Beuielo] AFzlo] lgict. g

e g Sk Az FiE o] UERith ofFA oA o g o] Ql= F 7HA] ool A e
P Z]-:’- A 31}14 (mutually exciting processes) 0.2 HAa 4= Qi tf2-3 72 X AR I g5 53
D7V £59) A 3 N0, 02 A5 A 54 S R s 4 o

/1*(1)—/1:+228u t,r

J=1 <t

o7, 1, j& r WA AHAo] Lofud AT gt - 1)L 1y, AFNA j& Aol O3] whSelal i
A ol Bt 7102 ehith e Eashe et 2.

N0 :’”f G(t— ) dN (u).
0
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ol ), B G- (- E b k. $I9H 2L 7B R e Yuek A7) A2 mavhgAR A o2
=3 H

mark, 91914 ©.9) 9 u] 4 Wigho @ luishE 4 9lc.
4. 34 40| HY

4.1, 2|2 Al

Qe L §us7] whge] 2 T BRL olgste] 7] AL WG 4 9lrk. Ogata (1988)2

Gutenberg-Richter 2 7} £~ F] Omori H2]-2 7|40 2 3t ETAS 232 T4 3th ETAS 2 @2 2|71 9] 7+
L5 mark2 §F marked 52 7 O] E4-3F 74 -9-0|t}. Zhuang 5 (2002)-2 thE3t Z-2 Al Z7FETAS 23S
Attt

/l/;,a t, x,y,m) = vg (m) A (¢, x,y) , 4.1
At y) = pey) + Y km) gt =) w(x=x,y=yil m),

iti<t)
A71 A vg(m)= mark T, p(x, y)= 817 A= e, km)S 3= mSl A7 0= QIRE of X190 71t 314, (1)
= ofZo] WAGE A1 O] F L o] 1 wix, ylm)& o1X19] {12 gk & tpolnh. 87 A= plx, y)oll
ol A= AIZE S 75k, 21719 912 (x, ) o] 4R @S ZF AR o2 HE 5HPH O R Ah
(offspring)f| sfFot= ofxlo] LAt} ho g dojd ofX1 9] = @A Lot 2K 9] e mat T ¢l
OB = kim)O 2 FARTE Utsu®t Ogata (1995)0]] 2T, o] 219] WA712] 9] A7t & 23 g()+= A3
HFAE S 2] 21 (direct ancestor) © 2 FE| 9] A]7F 2] ¢ T4x(time lag function)o] ™, 2] A 9] 7}k oF = F34s)tt. o
2] 912] (x, )= A Ao WA AR 0] o] FE&2 0] B &2 o] 719] ]2 of thet E2E b wix, yim)= 7=
me] 273 Fe)2 Lehdc 4] @4.1)9] 7F 5L chepat 7.9 A8 o]-gatel AT % 9lrk. Ruj7]7)
ETASO||l&= th3at 22 Aol thgh 7 W o] A= o] qlrt.

v (m) = Bexp (=B (m —myo)}, 4.2)

HOoy) =pu(x,y), p>0,
k(m) = Aexpla(m—mp)}, A>0, a>0,

g(n) = —( ) Lo, >0, p>1,
-1 2 2\"4
w(x,ylm)— oy (1+x0_z_”i;) , with o (m) = Dexp {y (m —my)} .

l-ﬂ

ETAS 23 of| A mark @t vg(m) = F= A4 225 7HIRTE p(x, y)oll A pi= T8 sk 219 dEglol
E o] ZTEA o 7 7t Akpo] 11, 271 9] 9129 B E &} u(x, y)= smooth function . 2 F=A 5t} 2|2
wA A= AETFmy o)/ F Q] ANt Attt of 28] 7]l 814 k(m)= A= @S 7P Sk, A A
= ol-&sto] frAdt(flexible) FEIS 2= sHRlth AW WA & AZto] Ad -5 of o] A 7542
ol B2, g(t)r= Omori®] H 2o whet A= ¢, p& ©]-85F4 (r + o)’ o] H4=of vl st = ThE 919 2
27} = o] 3 (Utsu, 1961; Utsu®}t Ogata,1995). 17312} ) x]ofl tigt £ ix= A< D, ¢,y & ©|-85k
7= long tail inverse power density©]c}.

™

R

l
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7(gang) A 7o A2 0BT E2 Aol WP MR tet, W AZe § WA Aol 2
#3148 FESL AOR B4 o0z ] A28 LT ZUY JE §48 03T

9 4 olek. Egesdal 5 (2010)2 0]3 22188l 2 2| 4] Aot 2 Wbl
52 332 5o) RS Egesdal 5 010) AW TeAF B2 B Ol%ﬁ}‘ﬂi‘ﬂ A5

45 G AT §4-5 FPoIT Mohler 5 (2011 TH 3} o] 91718 BAohe W4 x v & F71eko]
B2 AFIA A7) A4S W B2 TS PR

A (tx,y) =v(Ouxy + Z glt—ti, x— X5, Yy = Y1)
{kt<t}

Mohler 5 (2011) 23 @4 o fejA] v B4 B0 BAsH 212 AFsIglon, vns 23 Ui e
o gstol Z2q e L ARAGNA AT FA A dolelS A5t

L HoT B A% B U 4] IS E 4 A, BEE 2
susceptible-infected-recovered (SIR) 2.8 0] ¢J+=6], Rizoiu 5 (2018)-2 SIR 291} —’E‘,—i 238 535t A
@ YU UIE % FAES VYT SR 2 DG AN, F2 DYIHE WS A ol
S o] SAT, BYY S MRSl e ol AL FUIA Lolukek Risoiu 5 QOIS
AN BGE A 150] §eE Melskel E 2902 HawkesN B oleka F 2}

205 5 B4k e 2o,

P (,)z(l —NT(Z)){,u+Zg(t—t,-)}. 4.3)

fi<t

2
Fll‘

S
T

o1 5 (0= )1 S22 BN YOI A TN N § A7 2 AL MO B
eH 2 A3 21k 4 (9} N rightcontinuouse] g0l ek 1NN 81 412 o) o] of 15] 2
% Gl AP BLgol T, ¢ AFNA 9] A A 182 2T 1 = 02 Wl () = el T NG

o1, 470 = 0e] 510} ] o4 o] Wl Gk, No] Fe1] 2 9k 7H 1, SIR £k AL
14 233 2A D Rizoiu 5 018) T3} T A P48 o] §Hoet

l>2m

J}olx ||

g (1) = kfe™

o] o, k%= scaling factoro| 1, += A= +4=0] 40|},
Unwin 5 (2021)Z SIR 2 2§ (4.3)o)| A 7 A= pE rol] High 3 u(n= |51, 2= 3o
o5l A= Rayleigh kernel & ©]-8-to] Halejof M @ol thoto] A5t

6(14,-)2
gt—-t)=alt-t)e 2z, t>t,

A7) @ >

02 7 o) el A5, 5 > 0= 749 7178 2AshE maolth (o] deA =
Wata]o} wo] o AL

HFd5}7] 91519 consineT} sine2 ©]-8-5}1¢] cycleS Zt= g4E o] 8514}
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44.28

T4 Hololl A AE Al Ad A ok A7} ool A L Foke] WEH 5& RPste}

7] $1h B2 Bgol o8 % ek Aaﬂ Zol MEHL A, F2 712 WF 5 Ao wayel et

YA 02 AW 4 YOnE T2 RO 7] AT BHOR olefd MBS YL, MFHY Fel2

B3 Bol A7) 4F02 AT WEol A% A S FHE 4 ek Bowsher (007 HHF S 1YL

HAse] % o Qushe chisk A7 wo]Ele] that A4 A7+ 1T 4 BHS A AJSIIL NASDAQ &
]

=

glo] el S 24519t} Bacry S (2012)% 2009 75 A2l 59 #A8%F 101 Euro-Bund
A= Aokl dish B H S 52 S o] 85l v R4 o 7 A= 9h4-5 FA5HSIT Abergel
T} Jedidi (2015)= A 4= A& AHgohe OhRIRF &4 7 0 2 571 (limit order book; LOB)®| 4] €] E}Oh“ﬂ-
Am-#RCAEﬂﬂmiﬂﬂ%xH}ﬂqwaﬂMuﬂmmﬁEmmXﬂwiﬂﬂfmA

A2l AE 2] Al FEof tisliA HE 2] 2= 4§ o] 85 S o2 At Ramba1d1 =
Q017) A=t S JJrXq REo] HlR 4 4 S EYT 0 2 S&P 500914 LOB] -7 T2t
ARE} S 7] Aol o] B4R S A8 E4 ol

5. A 11H9 23

417814 Y ETAS B9 (4.1)E A E S0l A¥olaix ot 211 7k = e =3 2o

10)= Y4 ey - [ 4 @xydvdya

f10] Aol A 271 7F5 & 9t rF AR 0 2 A AT numerical 'S 0] 8% 2|} 7Hs 574 2] (max-
imum likelihood estimator; MLE) 2] AAF-& 7Fchalx] ok & WA o] 8S-= drASH= AbAS A 4= Q) 2|4k, 11
A7o] 941 Apzlol SlalA Aol slo] olube AlA] HY 0@ dolhe A & 5 9

ZF=o] Aokel 72 & 4+ ¢l= incomplete datao|th. o] & E0], X7 d|o]g o] AL, EX P
O g 5 Gk % M. 1 T he] A FT B s e 21 Kb
MLEE 5= o of&o] A2 4= It} Zhuang 5 (2002)0] A= ETAS B9 (4.1)°] thste] (4.2)9] v 73
25 plx,y) & HHE2 02 o] Este] MLEE #H+= W& AAISkl oW, o] -2 Z7]gko] wet MLE
Jhereb 4 9l

Veen} Schoenberg (2008)+= numerical H'H 9]
o1, EM el s e o 2AAE Foht
98 u(x, y)& Zobd RAE o|-&sto] 4T &, o] FAH2 1 S} complete dataof] et =71 7Hs
U4 0 ERolglch |0 A210] A Lol i Aol Slo MY A 1, o) w = 2
B = SkA} E-stepoll A= & P(u; = j)E 745k, M- Stepoﬂ*ﬂ = P(u; = )°] ] E -85t 1.(0)
£ hslele TS WEslol 09 2 E 7 5 9)

Rasmussen (2013)-2 S2 7} 0] 7 W 0 = Hjo] 1] o HhH-& A A5}t Rasmussen (2013)2 Hj A
2y T ()T AF7] ZF2o) O]8l] MG AFA 0] 227} 20l A Qx| 9F7] mlEof|, Metropolis-within-Gibbs
d 2 FS o]-&sto] u(nE F45EAL, o] 2 ol-gsto] Baof tiet AFS 25 ok WS sk
o] MAL HE Sl 7k 2 Hoslels 24X S S 4 9tk ETAS 28 2414 Omi S (2015)9]
A|&= Metropolis-within-Gibbs &1 2] & tfj Al o] 2] ZS}o] 4] =2 A 0]+= Gutenberg-Richter 34 Tl= OFANE

2]g-& o]-goto] EX i} o o] thgt of| 52 9 F, BP0 ARF R A E Fokqieh. ZF B4-0] AR R A Eo]
gt A2 Ross (2021)E 3 116}7] vt

J:ﬂ
_9,
L
m[o lo
E

2 z7]gkell W2t MLEZ} 22bd & Qla& A
1 Attt ETAS 2ol A (4.2)9] vl 7 A=}

oEE HU

mlo

A
E

_|.4

2‘—;4

ﬁ m{m
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@ (d) o o
[o0]
[32) — oo )
b= - .:‘.’O 7o "o O0s°
= e 1“\?;’ ‘°° ] .
T 2
~
[32] .
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Figure 1: Results of ETAS for Gyeongsang provinces in Korea. (a) location of epicenters, (b) logarithm of
frequency by magnitude, (c) cumulative frequency over time, (d) latitude against time, (e) longitude against time,

(f) magnitude against time.
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Figure 2: The results of ETAS model. (a) background and triggered events detected by estimated declustering
probabilities. (b) diagnostic plots for the fitted ETAS model: the temporal residuals (top left), smoothed spatial
residuals (top right), transformed times 1; against i (bottom left) and the uniform Q-Q plot of U; (bottom right).
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ETAS model: fitted using iterative stochastic declustering method
converged after 5 iterations: elapsed execution time 1.02 minutes

ML estimates of model parameters:

beta mu A c alpha p D g gamma
Estimate 2.4239 1.0577 0.1932 0.0140 1.4892 1.1671 0.0001 2.1894 0.6107
StdErr 0.0273 0.0264 0.0648 0.1198 0.0235 0.0103 0.1743 0.0406 0.0885

Declustering probabilities:



Hawkes process 319

Min. 1st Qu. Median Mean 3rd Qu. Max.
0.0000 0.0000 0.0304 0.4522 0.9987 1.0000

log-likelihood: 142.3977 AIC: -268.7954

p>1,B8>a0llp=AB/B-a) < 12 AZAA] 24 digt FEZX 70|t} (Daley®} Vere-Jones, 2003, p204).
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