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ON NON-DISPLACEABLE LAGRANGIAN SUBMANIFOLDS

IN TWO-STEP FLAG VARIETIES

Yoosik Kim

Abstract. We prove that the two-step flag variety Fℓ(1, n;n+1) carries
a non-displaceable and non-monotone Lagrangian Gelfand–Zeitlin fiber

diffeomorphic to S3 ×T 2n−4 and a continuum family of non-displaceable

Lagrangian Gelfand–Zeitlin torus fibers when n > 2.

1. Introduction

In his celebrated work [12], Floer invented Lagrangian Floer homology to
prove a version of Arnold conjectures, every compact Lagrangian submanifold
that does not bound any non-constant holomorphic disk cannot be displaced by
any Hamiltonian diffeomorphisms. This result alludes that a symplectic mani-
fold carries a Lagrangian submanifold having additional intersection properties
and leads to the following definition.

Definition 1.1. A Lagrangian submanifold L is called non-displaceable by a
Hamiltonian diffeomorphism, that is, L ∩ ϕ(L) ̸= ∅ for any ϕ ∈ Ham(M,ω).

In fact, even if a Lagrangian submanifold L of (X,ω) bounds a holomor-
phic disk, L can be non-displaceable. The fact motivates the development of
Lagrangian Floer theory in a general setting and it has been an interesting
question in symplectic topology to construct and detect non-displaceable La-
grangian submanifolds. The goal of this paper is to add new non-displaceable
Lagrangian submanifolds to the list.

One of the main techniques to show non-displaceability is to deform La-
grangian Floer theory. Floer cohomology and its deformations by cycles and
ambient cycles were developed and Floer cohomology of toric fibers on toric
manifolds was computed, see [9, 10, 14, 15, 23] for instance. One of the inter-
esting features is that a certain symplectic toric manifold/orbifold admits a
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continuum of non-displaceable Lagrangian toric fibers. The positions of non-
displaceable toric fibers in a compact toric manifold detected by deformed Floer
cohomology can be characterized as an intersection of tropicalizations in [17].

A partial flag manifold has been explored as it can be understood via the
central toric variety of a toric degeneration. Also, each partial flag manifold
SL(n,C)/P carries a Gelfand–Zeitlin completely integrable system which shares
many nice properties that a toric moment map has, see [16]. For instance, each
component generates a Hamiltonian circle action on an open dense subset and
the image is a polytope and the fiber over each point in the interior of the
polytope is a Lagrangian torus. The disk potential function for the Gelfand–
Zeitlin system of a partial flag manifold was computed in [20]. As a byproduct,
one obtains non-displaceability of the Lagrangian torus at the “center”. In-
terestingly, unlike the case of toric moment maps, the Gelfand–Zeitlin system
often possesses non-torus Lagrangian fibers at a stratum of the polytope. The
topology of non-torus fibers was recently studied, see [2, 3, 7]. The following
question can be taken into account.

Question 1.2. Classify all non-displaceable Lagrangian Gelfand–Zeitlin fibers.
Which Lagrangian Gelfand–Zeitlin non-torus fiber is non-displaceable?

When a partial flag manifold is a complex projective space, the Gelfand–
Zeitlin system is a toric moment map so that the system does not have any
Lagrangian non-toric fibers and there exists a unique non-displaceable fiber at
the center by combining [4,19]. Let us denote by CP (V ) the complex projective
space of a complex vector space V . Besides the complex projective spaces, the
only known case is a complete flag variety

Fℓ(1, 2; 3) = {(0 ⊂ V1 ⊂ V2 ⊂ C3) | dimC Vj = j for j = 1, 2}
⊂ CP (C3)× CP (∧2C3)

by combining [8, 22]. More precisely, if Fℓ(1, 2; 3) is equipped with a non-
monotone pull-backed symplectic form from a product of Fubini–Study forms,
then the Lagrangian torus fiber at the center is the only non-displaceable fiber.
Suppose that Fℓ(1, 2; 3) is equipped with a monotone pull-backed symplectic
form from a product of Fubini–Study forms. In this case, the Gelfand–Zeitlin
system has a unique non-torus Lagrangian fiber and this fiber is diffeomorphic
to a 3-sphere. Let I be the line segment joining the location of the S3-fiber
and the center of the image of the Gelfand–Zeitlin system. The fiber over every
point of I is non-displaceable and the fiber over every point in the complement
of I is displaceable.

Some partial answers are given in some cases. A non-displaceable Lagrangian
U(n)-fiber in Gr(n, 2n) was shown to be non-displaceable in [11,21]. For a gen-
eral complete flag manifold Fℓ(1, 2, . . . , n;n + 1) with n ≥ 3, the polytope
∆ has multiple line segments joining the center of ∆ to the center of a cer-
tain face at which a monotone Lagrangian non-toric Lagrangian submanifold
is located. The fiber at each point of the union of line segments was shown



NON-DISPLACEABLE LAGRANGIAN SUBMANIFOLDS 1111

to be non-displaceable in [8]. In particular, Fℓ(1, 2, . . . , n;n + 1) admits non-
displaceable Lagrangian submanifolds diffeomorphic to a product of unitary
group and torus.

One of the reasons why complete flag varieties were explored for the first
time in [8] is something to do with the dimension of the space of deformations
for Lagrangian Floer theory. The dimension of the space of deformations by
ambient cycles of codimension two is the second betti number. As we have the
larger second betti number, we have more room to deform Lagrangian Floer
theory. In this regard, Grassmannians are the most difficult spaces as the
second betti number is one.

In this article, we tackle the next case where the second betti number is two.
We explore non-displaceable Lagrangians in the two-step flag varieties

Fℓ(1, n;n+ 1) = {(0 ⊂ V1 ⊂ Vn ⊂ Cn+1) | dimC Vj = j for j = 1, n}
−→ CP (Cn+1)× CP

(
∧nCn+1

)
equipped a pull-backed symplectic form from a monotone product of Fubini–
Study form. Here, the monotonicity means that λ = λ′ in the product symplec-
tic form λ · ωCP (Cn+1) ⊕ λ′ · ωCP (∧nCn+1). Let the unitary group G := U(n+ 1)
act on the dual Lie algebra g∗ of its Lie algebra g via the coadjoint representa-
tion. Let Ei,j be the matrix whose (i, j) entry is one and the other entries are
all zero. Let ϵj be the linear map on the set of diagonal matrices defined by
the assignment ϵj(Eii) = δij . Let ϖi := ϵ1 + · · · + ϵi be the i-th fundamental
weight.

Theorem (Theorems 3.2 and 3.3). For n ≥ 3, choose λ = ϖ1 +ϖn ∈ g∗ and
consider the coadjoint orbit Oλ of λ equipped with a Kirillov–Kostant–Souriau
symplectic form, which is isomorphic to the two-step flag variety Fℓ(1, n;n+1)
with the pull-backed form. Let Φλ : Oλ → R2n−1 be the Gelfand–Zeitlin system.
Then it carries a continuum of non-displaceable Lagrangian tori and a non-
displaceable non-monotone non-toric Lagrangian submanifold diffeomorphic to
S3 × T 2n−4.

Remark 1.3. The non-displaceability of non-toric Lagrangian submanifold dif-
feomorphic to S3 × T 2n−4 follows from the fact that this non-toric Lagrangian
is realized as the limit of non-displaceable Lagrangians, see Lemma 3.4.

Previously, in the complete flag manifolds [8], non-displaceable Lagrangian
tori are located at a line segment joining the center of the polytope to the
center of a face. In other words, the one-parameter family of non-displaceable
fibers is obtained by connecting two monotone Lagrangian fibers. However, in
the two-step flag variety Fℓ(1, n;n+ 1) equipped with a monotone symplectic
form, non-displaceable Lagrangian submanifolds occur as a family of connect-
ing monotone Lagrangian torus and non-monotone non-torus Lagrangian fiber.
The result implies that Lagrangians located at the line segment joining two cen-
ters are not the only candidates for positions of non-displaceable Lagrangians.



1112 Y. KIM

Question 1.2 is largely open and it seems that new ideas and systematic meth-
ods are necessary to tackle the question.

Acknowledgments. The author is grateful to Yunhyung Cho and Yong-Geun
Oh for their valuable discussion and collaboration. This paper starts from the
collaboration [7, 8]. This work was supported by a 2-Year Research Grant of
Pusan National University.

2. Preliminaries

In this section, we review some facts on two-step flag varieties Fℓ(1, n;n+1)
and Gelfand–Zeitlin systems.

2.1. Two-step flag varieties Fℓ(1, n;n + 1)

For a natural number n ≥ 2, the two-step flag variety Fℓ(1, n;n + 1) is
defined by

(2.1) Fℓ(1, n;n+1)=
{
(0⊂V1⊂V2⊂Cn+1) | dimC V1=1 and dimC V2=n

}
.

The complex Lie group GC := SL(n + 1,C) acts on Cn+1 linearly. The linear
action induces a transitive action on Fℓ(1, n;n+1) and the isotropy subgroup
of the standard flag ⟨e1⟩ ⊂ ⟨e1, . . . , en⟩ is a parabolic subgroup P of GC. Thus,
Fℓ(1, n;n+ 1) is a homogeneous space GC/P of complex dimension,

dimC Fℓ(1, n;n+ 1) = dimCGC − dimC P = 2n− 1.

The two-step flag variety can be embedded into a product of projective
spaces via the Plücker embedding

(2.2)
Fℓ(1, n;n+ 1) −→ P

(
Cn+1

)
× P

(
∧nCn+1

)
≃ CPn × CPn,

(V1, V2) 7→ (V1,∧nV2) .

Let us equip Fℓ(1, n;n + 1) with the pull-back Kähler form via (2.2) induced
from a multiple

(2.3) (λ1 − λ2) · ωFS ⊕ (λ2 − λ3) · ωFS

of the product of Fubini–Study forms on CPn × CPn for some λ1, λ2, λ3 ∈ Z
with

(2.4) λ = (λ1 > λ2 > λ3).

Remark 2.1. For the expression (2.3), the differences of λ•’s only matter. If
λ1 − λ2 = λ′1 − λ′2 and λ2 − λ3 = λ′2 − λ′3, the symplectic forms are same. A
reason why the symplectic form is expressed in that way is to compare with the
choice (2.11) for the coadjoint orbit Oλ and its associated invariant symplectic
form.

In order to represent a point in Fℓ(1, n;n+1), consider an invertible (n+1)×
(n+1) matrix Z = [zi,j ]1≤i,j≤n+1 with complex entries. The flag corresponding
to the matrix Z consists of subspaces generated by the first column and the
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first n columns of Z in Cn+1. For I = (i1, i2, . . . , ik) with I ⊂ {1, 2, . . . , n+1},
the Plücker variable pI is defined by the minor

pI := det


zi1,1 zi1,2 · · · zi1,k
zi2,1 zi2,2 · · · zi2,k
...

...
...

...
zik,1 zik,2 · · · zik,k

 .
Setting

i = (i) and i := (1, 2, . . . , i− 1, i+ 1, . . . , n+ 1),

the condition V1 ⊂ V2 yields the Plücker relation

(2.5) p1p1 − p2p2 + p3p3 + · · ·+ (−1)npn+1pn+1 = 0.

In fact, the embedded variety is the bidegree (1, 1) hypersurface defined by (2.5)
in CPn × CPn.

The Plücker variables pI ’s constitute a SAGBI basis for an (anti-)diagonal
term order by [18, Theorem 5]. It in turn implies that there is a flat morphism
Π: X → C induced by the projection CPn × CPn × C → C, where

(2.6) X := V
(
p1p1−p2p2+t

(
p3p3 + · · ·+(−1)npn+1pn+1

))
⊂CPn×CPn×C.

Letting Xt := Π−1(t), the fiber X1 is the exactly the embedded variety given
by (2.5). Also, the central fiber X0 is a toric variety as it is defined by a
homogeneous toric (binomial) ideal. The toric variety X0 is singular when
n ≥ 2 and its singular locus Sing(X0) is exactly the subvariety of complex
codimension three given by p1 = p2 = p1 = p2 = 0.

To describe the torus action on the toric variety X0, consider the real torus
with coordinates

θ12, θ12, θ12, θ12, θ3, θ3, . . . , θn, θn

which acts on CPn × CPn as

(2.7)

θ12 7→
(
e
√
−1θ12p1, e

√
−1θ12p2

)
, θ12 7→

(
e
√
−1θ12p1, e

√
−1θ12p2

)
, θj 7→ e

√
−1θjpj ,

θ12 7→
(
e
√
−1θ12p1, e

√
−1θ12p2

)
, θ12 7→

(
e
√
−1θ12p1, e

√
−1θ12p2

)
, θj 7→ e

√
−1θjpj .

Note that the torus action induces that on the toric variety X0. By taking
a linear combination of the torus action (2.7), we may take a moment map
(with respect to a suitable multiple of the Kähler form (2.3)) for the toric
T 2n−1-action on X0 as follows:

(2.8) Φ0 : X0 −→ R2n−1 = R⟨u1,n, u1,n−1, . . . , u1,2, u1,1, u2,1, . . . , un−1,1, un,1⟩
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defined by

(2.9)



u1,j = λ2 + (λ1 − λ2) ·
j∑
i=1

|pi|2

∥p∥2
for j = 2, 3, . . . , n,

u1,1 = λ2 + (λ1 − λ2) ·
|p1|2

∥p∥2
+ (λ3 − λ2) ·

|p1|2

∥p∥2
,

uj,1 = λ2 + (λ3 − λ2) ·
j∑
i=1

|pi|2

∥p∥2
for j = 2, 3, . . . , n,

where ∥p∥2 =
∑n+1
i=1 |pi|2 and ∥p∥2 =

∑n+1
i=1 |pi|2. Then the image of the toric

moment map Φ0 in (2.8) is the polytope determined by

(2.10)

λ1

≥

u1,n

≥

...

≥

u1,2 ≥ λ2

≥ ≥

u1,1 ≥ u2,1 ≥ · · · ≥ un−1,1 ≥ λ3.

This polytope given by (2.10) in MR ≃ R2n−1 is called the Gelfand–Zeitlin
polytope and is denoted by ∆λ. The singular locus Sing(X0) is located at
the stratum contained in u1,1 = u1,2 = u2,1 = λ2 by examining the image of
Sing(X0) via the map (2.9).

2.2. The Gelfand–Zeitlin polytope of Fℓ(1, n;n + 1)

We describe the face structure of the Gelfand–Zeitlin (GZ for short) polytope
in terms of combinatorics of an associated ladder diagram. Consider the grid
(Z×R)∪ (R×Z) in R2 and let □(i,j) be the unit box whose vertices are located
at (i, j), (i− 1, j), (i, j− 1), (i− 1, j− 1). In order to study Fℓ(1, n;n+1) and
∆λ, we take the ladder diagram associated to λ as

Γn :=

n⋃
i=1

(
□(1,i) ∪□(i,1)

)
.

There are two farthest points from the origin located at (1, n) and (n, 1) in
Γn. A positive path is a shortest path from the origin to either (1, n) or (n, 1)
contained in Γn. Thus, the length of every positive path is n+ 1. Let P(Γn)
be the set of subgraphs that can be expressed as a union of positive paths of Γn
and contain both farthest points (1, n) and (n, 1). It is endowed with a partial
ordering given by the set-theoretical inclusion ⊂.
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The partially ordered set (P(Γn),⊂) can be used to describe the face struc-
ture of ∆λ. Let us overlap the ladder diagram Γn and the pattern (2.10). We
fill each unit box □(i,j) with the component ui,j and locate λ1, λ2, and λ3 at

□(1,n+2), □(2,2), and □(n+2,1), respectively. For each subgraph Γ ∈ P(Γn), the
corresponding face fΓ is contained in the intersection of all hyperplanes given
by equating two adjacent fillings that are not divided by any segments of Γn,
see Example 2.4.

Theorem 2.2 ([1]). Let F (∆λ) be the set of faces of ∆λ with λ is in (2.4)
and P(Γn) the set of subgraphs which can be expressed as a union of positive
paths of Γn. Then there is a one-to-one correspondence

Ψ: P(Γn) −→ F (∆λ) defined by Γ 7→ fΓ

such that

• (Order preserving) Γ ⊂ Γ′ ⇔ fΓ ⊂ fΓ′ ,
• (Dimension) rankH1(Γ) = dim fΓ.

Remark 2.3. Note that the GZ polytope ∆λ depends on λ, while Γn only
depends on n. It reflects the fact that the combinatorial type of ∆λ depends
only on n (not on λ).

Example 2.4. When n = 3, the ladder diagram Γ3 is depicted in the first
figure of Figure 1. The diagram will be employed to understand Fℓ(1, 3; 4).
There are three subgraphs in Figure 1.

• Γ corresponds to fΓ determined by u1,2 = u1,1 = u2,1 = λ2,
• Γ′ corresponds to fΓ′ determined by u1,3 = u1,2 = u1,1 = u2,1 = u3,1 =
λ2,

• Γ′′ corresponds to fΓ′′ determined by u1,3 = λ1.

Γ3 Γ Γ′ Γ′′

Figure 1. Ladder diagram Γ3 and three subgraphs Γ,Γ′,Γ′′.

2.3. The Gelfand–Zeitlin system on Fℓ(1, n;n + 1)

We review a construction of the Gelfand–Zeitlin (GZ for short) system on
Fℓ(1, n;n+ 1). To construct the GZ system on Fℓ(1, n;n+ 1), we first realize
Fℓ(1, n;n + 1) as a coadjoint orbit. Let G := U(n + 1) be the unitary group
and let G act on the linear dual g∗ of its Lie algebra g via the coadjoint
representation. Let

• t be the Cartan subalgebra of g consisting of diagonal matrices in G,
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• Ei,j be the matrix whose (i, j) entry is one and the other entries are
all zero,

• ϵj be the linear map on t by the assignment ϵj(Eii) = δij ,
• t∗ be the linear dual of the Cartan subalgebra t,
• ϖi := ϵ1 + · · ·+ ϵi be the i-th fundamental weight.

The fundamental Weyl chamber is then given by

t∗+ :=

n+1⊕
i=1

R≥0ϖi.

Reflecting our choice of λ in (2.4), we choose an integral dominant weight

(2.11) λ = (λ1 − λ2) ·ϖ1 + (λ2 − λ3) ·ϖn ∈ t∗ ⊂ g∗

and the coadjoint orbit is defined by the orbit of λ under the coadjoint G-action.
We then have

(2.12) Oλ ≃ U(n+ 1)

U(1)×U(n)
≃ SL(n+ 1,C)

P
≃ Fℓ(1, n;n+ 1).

The coadjoint orbit Oλ naturally comes with an invariant symplectic form ωλ,
which is called the Kirillov–Kostant–Souriau form. In fact, two forms agree
via the isomorphism (2.12) by our choices (2.3) and (2.11), see [20, Section 2,
Eq. (2)] for instance.

Now, we build a completely integrable system on Oλ by applying Thimm’s
method. Let Gj := U(j) and ιj : Gj → Gj+1 be the inclusion of Gj into the
leading principal submatrix, that is, ιj(A) 7→ diag(A, 1). Let

• g∗j be the dual of the Lie algebra of Gj ,
• t∗j be the dual of the Cartan subalgebra of gj ,
• t∗j,+ be its fundamental Weyl chamber.

The coadjoint Gj-orbit of any λ ∈ g∗j and the fundamental Weyl chamber t∗j,+
intersect at a single point so that we have a well-defined map

Πj : g
∗
j −→ t∗j,+ λ 7→ (Gj · λ) ∩ t∗j,+.

We then have the following diagram:

(2.13) Oλ
� � ι // g∗

G

�� ι∗n // g∗n

Gn

��

Πn

��

ι∗n−1 // g∗n−1

Πn−1

��

Gn−1

��
// · · ·

ι∗1 // g∗1

Π1

��

G1

��

t∗n t∗n−1 · · · t∗1.

The first map ι : Oλ → g∗ is the inclusion, which is a moment map for the
coadjoint G-action on Oλ. By the functoriality of moment maps, the action of
the subgroup Gj of G via the composition ιn ◦ · · · ◦ ιj has a moment map

Oλ −→ g∗j given by ι∗j ◦ · · · ◦ ι∗n ◦ ι.
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For each j with 1 ≤ j ≤ n, consider a map τj : t
∗
j → Rj defined by ϵ 7→

(ϵ(Eii) | 1 ≤ i ≤ j). Set

Φj : Oλ −→ g∗j −→ t∗j −→ Rj , Φj = τj ◦Πj ◦ ι∗j ◦ · · · ◦ ι∗n ◦ ι.

By collecting all Φj , we then obtain

(Φ1, . . . ,Φn) : Oλ −→ Rn(n+1)/2.

By our choice of (2.11) and the interlacing inequalities arising from the min-
max principle, each component t∗j → R given by ϵ 7→ ϵ(Eii) for 1 < i < j of Φj
restricting to Oλ is a constant function. Set τj := (τj,1, . . . , τj,j) where

τj,i : t
∗
j −→ R is given by ϵ 7→ ϵ(Eii).

The non-constant components of Φj on Oλ are denoted by{
Φ1,j := τj,1 ◦Πj ◦ ι∗j ◦ · · · ◦ ι∗n ◦ ι,
Φj,1 := τj,j ◦Πj ◦ ι∗j ◦ · · · ◦ ι∗n ◦ ι.

Definition 2.5. The Gelfand–Zeitlin system is defined by

(2.14) Φλ := (Φ1,1, (Φ1,2,Φ2,1), . . . , (Φ1,n,Φn,1)) : Oλ −→ R2n−1.

Remark 2.6. By interlacing inequalities, the image of the GZ system Φλ is
a polytope, which is equal to the GZ polytope ∆λ defined in (2.10) up to a
translation of each component by λ2. From now on, the image of the GZ system
Φλ is assumed to be equal to ∆λ.

Note that the coadjoint orbit Oλ is isomorphic to X1 as in (2.6). Nishinou–
Nohara–Ueda constructed a toric degeneration of completely integrable systems
such that the GZ system in (2.14) converges to the toric completely integrable
system (2.8). Restricting to the case where Fℓ(1, n;n + 1), their theorem is
stated below.

Theorem 2.7 ([20]). Consider the Gelfand–Zeitlin system Φλ : Oλ ≃ X1 →
R2n−1 in (2.14) and the toric moment map Φ0 : X0 → R2n−1 in (2.8). Let ∆λ

be the Gelfand–Zeitlin polytope in (2.10). Then, for each t ∈ [0, 1], we have

• a completely integrable system Φt : Xt → R2n−1 and
• a continuous map ψ1,t : X1 → Xt

such that

(1) the image of Φt : Xt → R2n−1 is ∆λ for each t ∈ [0, 1],
(2) Φ1 agrees with Φλ via the isomorphism Oλ ≃ X1,
(3) Φ0 : X0 → R2n−1 is the toric moment map,
(4) ψ1,t is a symplectomorphism for each nonzero t(̸= 0),
(5) ψ1,0 is a symplectomorphism on the inverse image of X0\Sing(X0) un-

der ψ1,0.
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(6) ψ1,t makes the following diagram commute :

(2.15) X1 ≃ Oλ

ψ1,t //

Φ1 $$

Xt

Φt}}
∆λ.

2.4. Topology of Gelfand–Zeitlin fibers in Fℓ(1, n;n + 1)

We now discuss the topology of fibers of the Gelfand–Zeitlin system Φλ
constructed in (2.14). The current author with Cho and Oh in [7] described
each GZ fiber in terms of the total space of a certain iterated bundle. As a
byproduct, every GZ fiber is shown to be a smooth isotropic submanifold. We
recall their result when Oλ ≃ Fℓ(1, n, n+ 1).

In this case where Oλ ≃ Fℓ(1, n;n+1), if a point u in the relative interior f̊
of a face f , then the fiber is of the product form Φ−1

λ (u) ≃ Sf×(S1)dim f where
Sf is either a point or an odd dimensional sphere. The factor Sf is precisely
determined as follows. Set u1,n+1 := λ1 and un+1,1 := λn+1. For an integer j
with 1 ≤ j ≤ n− 1, the condition (j) is defined by

(2.16) (Condition (j)) :=

{
u1,j+1= · · ·=u1,2=u1,1=u2,1= · · ·=uj+1,1=λ2,

u1,j+2 > u1,j+1 and uj+1,1 > uj+2,1.

We define

(2.17) Sf :=

{
S2j+1 if a point u ∈ f̊ satisfies the condition (j),

point otherwise.

A face f of ∆λ is called Lagrangian if the GZ fiber Φ−1
λ (u) is Lagrangian

for some point u (and hence each point) in the relative interior f̊ . In Oλ ≃
Fℓ(1, n;n + 1), there are n Lagrangian faces consisting of the improper face
f0 := ∆λ and (n − 1) Lagrangian proper faces f1, f2, . . . , fn−1, where fj is
defined by

(2.18) fj :={u ∈ ∆λ |λ2=u1,j+1=u1,j= · · ·=u1,2=u1,1=u2,1= · · ·=uj,1=uj+1,1} .

If u is in f̊j , then Φ−1
λ (u) is a Lagrangian submanifold diffeomorphic to S2j+1×

T dim f , where T 0 is assumed to be a point.

Theorem 2.8. Each Gelfand–Zeitlin fiber Φ−1
λ (u) is an isotropic submanifold

diffeomorphic to

(2.19) Φ−1
λ (u) ≃ Sf × (S1)dim f ,

where Sf is determined by (2.17).

Sketch of Proof. By [7, Theorem B], the torus of Φ−1
λ (u) can be factored out

so that

Φ−1
λ (u) ≃ S × (S1)dim f ,



NON-DISPLACEABLE LAGRANGIAN SUBMANIFOLDS 1119

where S is the total space of an iterated bundle. Since the width of the ladder
diagram Γn is one, at most one L-block consisting of multiple unit blocks can
be inserted in Γ ∈ P(Γn) corresponding to f via the map Ψ in Theorem 2.2.
Moreover, the only possible position of inserting such L-blocks is around the
corner at the origin. It implies that the iterated bundle for S consists of a
single non-trivial stage, which is exactly Sf . □

3. Main results

The aim of this section is to present the main results of this paper.
From now on, we take our choice λ = (λ1, λ2, λ3) in (2.11) as

(3.1) λ1 = n(n− 1), λ2 = 0, λ3 = −n(n− 1)

for the coadjoint orbit Oλ ≃ Fℓ(1, n;n+1). Recall that this choice determines
the Kähler form and the Gelfand–Zeitlin polytope and system as in (2.3), (2.10),
and (2.14) accordingly. In particular, the KKS form ωλ becomes monotone,
that is,

c1(TOλ) = ν · [ωλ] in H2(Oλ) for some ν > 0.

Recall that a Lagrangian submanifold L of a symplectic manifold (X,ω) is
called monotone if for each relative homotopy class β ∈ π2(X,L), the Maslov
index of β and the symplectic area of β are positively proportional. The mono-
tone symplectic manifold Oλ carries monotone GZ Lagrangian fibers. Indeed,
each Lagrangian face of ∆λ has a (unique) point in its relative interior whose
GZ fiber is monotone by [6, Theorem B]. In this circumstance, the classification
result leads to the following theorem.

Theorem 3.1 ([6]). For each j = 0, 1, 2, . . . , n − 1, let u be in the relative
interior of the Lagrangian face fj in (2.18). Then the Gelfand–Zeitlin fiber at
u is monotone if and only if u is located at{

u1,k = −uk,1 = 0 for k = 1, . . . , j + 1,

u1,k = −uk,1 = (n− 1)(k − 1) for k = j + 2, . . . , n.

In particular, for the improper Lagrangian face f0, the monotone Lagrangian
GZ torus fiber occurs at the center of ∆λ

u1,k = −uk,1 = (n− 1)(k − 1) for k = 1, . . . , n.

The center of ∆λ is denoted by u0. We also choose a point u1 located at

(3.2) u1,1 = u2,1 = u1,2 = 0, u1,k = −uk,1 = n(k − 2) for k = 3, . . . , n.

The point is contained in the relative interior of the Lagrangian face f1. By
Theorem 3.1, the GZ fiber Φ−1(u1) is monotone when n = 2, while the GZ
fiber Φ−1(u1) is non-monotone when n ≥ 3. When n = 2, the monotone GZ
fiber Φ−1(u1) ≃ S3 was shown to be non-displaceable in [8]. The main result in
this paper proves non-displaceability of the non-monotone and non-torus GZ
fiber located at u1 in Oλ for n ≥ 3.
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Theorem 3.2. For n ≥ 3, consider the coadjoint orbit Oλ ≃ Fℓ(1, n;n + 1)
equipped with the monotone Kirillov–Kostant–Souriau symplectic form ωλ from
the choice (3.1). Then the Gelfand–Zeitlin fiber located at u1 in (3.2) is a
non-monotone and non-displaceable Lagrangian submanifold diffeomorphic to
S3 × T 2n−4.

To show that Φ−1(u1) is non-displaceable, we now take into account the line
segment In(t) connecting u0 and u1. Namely,

(3.3) In(t) := {u ∈ ∆λ | u = (1− t)u0 + tu1, 0 ≤ t ≤ 1} .
Later on, we will show that the GZ fiber over each point in In(t) (0 < t ≤ 1)
is non-displaceable.

Theorem 3.3. For a choice λ in (3.1), the Gelfand–Zeitlin fiber over each
point in the line segment In(t) (0 < t ≤ 1) is non-displaceable.

Theorem 3.3 and the following lemma lead to Theorem 3.2 as a corol-
lary because the non-torus fiber Φ−1(u1) can be realized as a “limit” of non-
displaceable torus fibers.

Lemma 3.4 (Proposition 2.10 in [8]). Suppose that Φ: X → RN is a proper
completely integrable system. If there is a sequence {uj ∈ Φ(X)}j∈N of positions
such that

(1) each fiber Φ−1(uj) is non-displaceable,
(2) uj converges to u∞ ∈ Φ(X),

then the fiber Φ−1(u∞) is also non-displaceable.

Proof of Theorem 3.2. By Theorem 3.3, the fiber over each point in the line
segment In(t) (0 < t ≤ 1) is non-displaceable. Lemma 3.4 yields non-displace-
ability of the fiber at In(0). □

Example 3.5. As depicted in Figure 2(a), there are three Lagrangian faces
of ∆λ for λ = (6, 0, 0,−6). Theorem 3.2 tells us that S3 × T 2 located at
(u1,3 = 3, u1,2 = u1,1 = u2,1 = 0, u3,1 = −3) is non-displaceable.
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(a)

u0 u1

(b)
T 5-fibers S3 × T 2-fibers S5-fiber I3(t = 0) I3(t = 1)

Figure 2. In (a), there are three Lagrangian faces f0, f1, and
f2 of ∆λ with λ = (6, 0, 0,−6). In (b), u0 and u1 are the end
points of In(t).
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For the remaining sections, we prove Theorem 3.3 by deforming Lagrangian
Floer theory by ambient cycles. In Section 4, we describe cycles that will be
employed for deformations. In Section 5, we find a bulk-deformation making
the deformed Floer cohomology non-vanishing.

4. Pseudocycles in coadjoint orbits

To prove Theorem 3.3, we need to take a cycle of the coadjoint orbit Oλ

to do a bulk-deformation of Lagrangian Floer theory. In our situation, some
vanishing cycles occur through the degeneration ψ1,0 in (2.15). To incorporate
those vanishing cycles, a pseudocycle is a suitable notion.

We begin by recalling a notion of pseudocycles in [24]. For a continuous map
φ : M → X between two topological spaces, the boundary of φ is defined by

(4.1) Ωφ =
⋂

K⊂M cpt

φ(M −K),

where the intersection runs over all compact subsets of M .

Definition 4.1. For a smooth manifold X, a smooth map φ : M → X is called
a k-pseudocycle if

(1) the domain M is an oriented manifold of dimension k,
(2) the image φ(M) is pre-compact, and
(3) there exists an open neighborhood U of the boundary Ωφ in (4.1) sat-

isfying

(4.2) Hℓ(U ;Z) = 0 for all ℓ > k − 2.

Remark 4.2. A subset Z of a smooth manifold X is said to have dimension at
most k if there exists a manifold Y of dimension k and a smooth map ϕ : Y → X
such that Z ⊂ Im(ϕ). In [24], a k-pseudocycle is defined by the condition (1),
(2), and

(3′) the dimension of Ωφ is at most k − 2.

As mentioned in Section 1.2 therein, (3′) implies (3) and the weakened condition
(3) is enough to ensure that a pseudocycle gives rise to an integral cycle.

Lemma 4.3 (Lemma 3.5 in [24]). Every k-pseudocycle represents an integral
k-cycle of X.

For the reader’s convenience, we include the proof of Lemma 4.3 presented
in [24].

Proof. Suppose that φ : M → X is a k-pseudocycle and there exists an open
neighborhood U of Ωφ in X satisfying (4.2). Then, by the long exact sequence
of homology groups of the pair (X,U), the induced homomorphism given by
the inclusion is an isomorphism

Hk(X,U ;Z) ≃ Hk(X;Z).
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Since the closure φ(M) is compact inX, the complementK :=M−φ−1(U) is
a compact subset ofM by the definition of Ωφ. We take an open neighborhood

V of K in M such that the closure V is a compact manifold with boundary.
The closure V carries an inherited orientation from M and the orientation [V ]
in Hk(V , ∂V ;Z). Then we have an integral class φ∗([V ]) in Hk(X,U ;Z) ≃
Hk(X;Z). □

We return back to the Gelfand–Zeitlin case. To deform Floer cohomology
later on, we shall employ the cycle corresponding to a pseudocycle. Keeping
the toric degeneration in Theorem 2.7 in mind, consider the following toric
divisors of the toric variety X0 := X ∩ V (t = 0):

(4.3) D0 := V (pn+1) and D0 := V (pn+1).

The above divisors D0 and D0 are, respectively, the inverse image of f and f
under the moment map Φ0 in (2.8) where

(4.4) f = {u ∈ ∆λ | u1,n = n(n− 1)} and f = {u ∈ ∆λ | un,1 = −n(n− 1)}.

Note that dim f = dim f = dim∆λ − 1 = (2n− 1)− 1 = 2n− 2.

Proposition 4.4. Let D0 and D0 be the toric divisors of the toric variety X0

defined (4.3).

(1) When n = 2, the divisors D0 and D0 are smooth.
(2) When n ≥ 3, the divisors D0 and D0 are singular toric varieties. Its

singular locus is the toric subvariety of complex codimension three of
D0 (resp. D0) corresponding to the face given by

{u1,1 = u1,2 = u2,1 = 0} ∩ f (resp. {u1,1 = u1,2 = u2,1 = 0} ∩ f).

Thus, the singular locus Sing(D0) of D0 is equal to the intersection
Sing(X0) ∩ D0.

Proof. As the involution ι : X0 → X0 determined by pj ↔ pj for j = 1, 2, . . .,

n + 1 swaps D0 and D0, it suffices to show the statement for D0. When
n = 2, the facet given by u1,2 = 2 has four vertices at (u1,2, u1,1, u2,1) =
(2, 0, 0), (2, 2, 0), (2, 2,−2), (2,−2,−2) and hence D0 is isomorphic to the Hirze-
bruch surface F1 of degree one. In particular, the divisor D0 is smooth.

Suppose that n ≥ 3. Under the isomorphism (CPn × CPn) ∩ V (pn+1) ≃
CPn−1×CPn via the projection, the intersection X0 ∩V (pn+1) is then defined
by p1p1 − p2p2 in CPn−1 × CPn. This variety is a singular variety whose
singular locus is given by p1 = p1 = p2 = p2 = 0. By the explicit expression of
the moment map Φ0 in (2.8), the singular locus is equal to the inverse image
of the face defined by u1,1 = u1,2 = u2,1 = 0. In other words,

Sing(D0) := Φ−1
0 ({u1,1 = u1,2 = u2,1 = 0}) ∩ D0

as desired. □
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When n ≥ 3, let us take

M := D0\Sing(D0) = D0\Sing(X0) and M := D0\Sing(D0) = D0\Sing(X0).

Recall from Theorem 2.7 that the map ψ1,0 is a symplectomorphism on the

smooth locus ψ−1
1,0(X0\Sing(X0)). We then have smooth maps

φ := ψ−1
1,0

∣∣
M
: M −→ X = Fℓ(1, n;n+ 1) and

φ := ψ−1
1,0

∣∣
M
: M −→ X = Fℓ(1, n;n+ 1).

(4.5)

The following proposition claims that φ and φ are (4n− 4)-pseudocycles.

Proposition 4.5. The maps φ and φ in (4.5) are (4n− 4)-pseudocycles.

We shall only prove that the map φ is a (4n − 4)-pseudocycle as the other
map can be similarly dealt with. To convince ourselves of the statement of
Proposition 4.5, we first do some dimension counting. Since M is an open
subset of a divisor,

dimM = dimR Fℓ(1, n;n+ 1)− 2 = 2 · (2n− 1)− 2 = 4n− 4.

The boundary Ωφ is contained in Φ−1
λ (g) where g is the stratum of codimension

3 given by

g := {u1,1 = u1,2 = u2,1 = 0} ∩ f
because for each ϵ > 0, a compact subset of M can be chosen as Kϵ :=
Φ−1

0 (∆λ\Uϵ) ∩ D0, where Uϵ is an ϵ-neighborhood of g, that is, Uϵ = {u ∈
∆λ | dEuc(u, g) < ϵ}. Since each fiber in the relative interior g̊ of g has a
vanishing S3-factor according to Theorem 2.8,

dimR(Φ
−1
λ (g)) = 2 · dim g + dimS3 = 2 · (dim f − 3) + 3 = 4n− 7.

Therefore, the boundary has at least codimension 3.
We now start a proof of Proposition 4.5. The complex submanifold M =

D0\Sing(D0) carries a canonical orientation and hence the condition (1) holds.
Since the range X = Fℓ(1, n;n+ 1) is compact, the condition (2) is automati-
cally satisfied. It remains to provide an open neighborhood U of Ωφ such that
Hℓ(U ;Z) = 0 for all ℓ > dimRM − 2 = (4n− 4)− 2.

The polytope ∆λ is stratified by its faces so that it can be expressed as the
disjoint union of relative interiors of its faces. We label the relative interior of
each face of ∆λ with a double index as follows. The first component of the
double index keeps track of the dimension of the face, that is, dim fi,• = i.
The second component is chosen by fixing an ordering on the set of the relative
interiors of i-dimensional faces, fi,1, fi,2, . . . , fi,κ′

i
, where κ′i is the number of

i-dimensional faces of ∆λ. Note that κ′2n−1 = 1 and the interior of ∆λ is equal
to f2n−1,1. The polytope ∆λ can be expressed as the disjoint union

(4.6) ∆λ =

2n−1⋃
i=0

κ′
i⋃

j=1

fi,j .
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The set of faces of ∆λ possesses a partial ordering ⊂ given by the set-theoretical
inclusion. Recall that this partially ordered set can be described via the order-
preserving correspondence Ψ in Theorem 2.2.

For each point u ∈ fi,j , we take an open ball U around u in the subspace
fi,j . For each point u′ ∈ U , the line segment connecting u and u′ within fi,j
determines a diffeomorphism ρu′ : Φ−1

λ (u′) → Φ−1
λ (u), see [5, Lemma 6.13] for

the construction. As the diffeomorphisms ρ• depend continuously on u′, we
then have a local trivialization

Φ−1
λ (U) ≃ U × Φ−1

λ (u), x 7→
(
Φλ(x), ρΦλ(x)(x)

)
so that the map Φλ : Φ

−1
λ (fi,j) → fi,j is a fiber bundle. Since fi,j is contractible,

the fiber bundle

(4.7) Φλ : Φ
−1
λ (fi,j) −→ fi,j ≃ Ri

can be trivialized. In other words, the Gelfand–Zeitlin system Φλ over each
stratum of ∆λ is a trivial fiber bundle. Set Fi,j := Φ−1

λ (fi,j). In particular, we
have

(4.8) Fi,j ≃ Ri × Φ−1
λ (ui,j)

for any point ui,j of fi,j .
The stratification in (4.6) induces that of the face g, say

g =

2n−5⋃
i=0

κi⋃
j=1

gi,j ,

where {gi,1, gi,2, . . . , gi,κi
} is the set of the relative interiors of i-dimensional

faces of g and κi is the number of i-dimensional faces of g. We consider the
lexicographic partial ordering ⪯ on the set of double indices on the set of
(relative interiors of) faces of g, that is,

(r, s) ⪯ (i, j) if and only r ≤ i or (r = i and s < j).

To obtain a desired open neighborhood U of Φ−1
λ (g)(⊃ Ωφ), we are planning

to glue open neighborhoods Ui,j ’s of the inverse image of gi,j ’s inductively with
respect to the partial ordering ⪯. By applying the Mayer–Vietoris sequence to
the glued set, we shall verify the desired vanishing result on homology groups
at the end.

For a sufficiently small positive number ϵ > 0, let us take an open neighbor-
hood Ui,j of gi,j

Ui,j := {u ∈ ∆λ | dEud(u,u
′) < ϵ for some u′ ∈ gi,j} \ (∪♣ fr,s) ,(4.9)

where the union ∪♣ runs over all faces fr,s of f such that fr,s ∩ gi,j = ∅. Since
∪♣ fr,s = ∪♣ fr,s, the set Ui,j is an open set. We obtain an open neighborhood

Ui,j of Gi,j := Φ−1
λ (gi,j) defined by

(4.10) Ui,j := Φ−1
λ (Ui,j) .
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Lemma 4.6. If n ≥ 3, then for each face gi,j of the face g, the open neighbor-

hood Ui,j of Gi,j := Φ−1
λ (gi,j) in (4.10) satisfies

(4.11) Hℓ(Ui,j ;Z) = 0 for all ℓ ≥ dimR Φ−1
λ (f)− 3 = (4n− 4)− 3 = 4n− 7.

Proof. We claim that the fiber Φ−1
λ (ui,j) at a point ui,j of gi,j is a deformation

retract of Ui,j . First, the set Ui,j in (4.9) can be contracted to the point ui,j
strata-wisely as depicted in Figure 3(a). For ℓ = 0, 1, 2, . . ., and n− i, we set

U
(ℓ)
i,j := Ui,j ∩ (gi,j ∪ (∪♠ℓ

fr,s)) ,

where the union ∪♠ℓ
runs over all faces fr,s of f such that fr,s ∩ gi,j ̸= ∅ and

codim fr,s ≥ ℓ. Note that Ui,j = U
(0)
i,j . By collapsing the strata of codimension

ℓ, we obtain a deformation retraction of U
(ℓ)
i,j into U

(ℓ+1)
i,j . Proceeding induc-

tively, we end up obtaining the stratum U
(n−i)
i,j = gi,j . As gi,j ≃ Ri, it can be

contracted to the point ui,j . Next, we now lift them to the total space Ui,j of

Φλ. The deformation retraction of U
(ℓ)
i,j to U

(ℓ+1)
i,j together with the trivializa-

tion of Φλ over each stratum of codimension ℓ leads to a deformation retraction

of Φ−1
λ (U

(ℓ)
i,j ) to Φ−1

λ (U
(ℓ+1)
i,j ). Then the fiber Φ−1

λ (ui,j) is a deformation retract

of Gi,j by (4.8).

By Theorem 2.8, Φ−1
λ (ui,j) is diffeomorphic to Si,j × T i where Si,j is either

a single point or an odd dimensional sphere. Therefore,

Hℓ(Ui,j ;Z) ≃ Hℓ(Si,j × T i;Z).

Since every fiber is an isotropic submanifold by Theorem 2.8, we have the
inequality :

(4.12) dim(Si,j) + i ≤ 2n− 1.

If n > 3, then dimSi,j×T i ≤ 2n−1 < 4n−7 by (4.12) and hence (4.11) follows.
If n = 3, then the face f is contained in the hyperplane given by u1,3 = 6. Also,
the face g is a line segment and can be expressed as the union of three faces

g0,1 = {u ∈ f | u3,1 = 0},
g0,2 = {u ∈ f | u3,1 = −6},
g1,1 = {u ∈ f | −6 < u3,1 < 0}.

The corresponding factors Si,j for Φ−1
λ (ui,j) in Theorem 2.8 are

• S0,1 is a point and
• S0,2 ≃ S1,1 ≃ S3.

Therefore, (4.11) holds for the case where n = 3 as well. □

Taking a sufficiently small positive number ϵ for Ui,j ’s, we may assume that
there is an open ball Vi,j around the center ui,j of gi,j such that Vi,j and U≺

i,j

are disjoint. We inductively set

• U≺
1,1 :=

⋃κ0

j=1 U0,j and U ≺
1,1 :=

⋃κ0

j=1 U0,j ,
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Ri,j

U≺
i,j ∩ Ui,j ∩ gi,j

(a) Strata-wise deformation retraction (b)

Figure 3. Strata-wise deformation retraction and choice of
Ri,j .

• U≺
i,j+1 := U≺

i,j ∪ Ui,j and U ≺
i,j+1 := U ≺

i,j ∪ Ui,j if j < κi,

• U≺
i+1,1 := U≺

i,j ∪ Ui+1,1 and U ≺
i+1,1 := U ≺

i,j ∪ Ui+1,1 if j = κi.

To compute homology groups of U ≺
i,j+1, let us compute homology groups of

their intersection.

Lemma 4.7. For every n ≥ 3, we have

(4.13) Hℓ

(
U ≺
i,j ∩ Ui,j ;Z

)
= 0 for all ℓ ≥ 4n− 7.

Proof. Under the identification gi,j ≃ Ri via a homeomorphism, we may take
an (i−1)-dimensional sphere Ri,j in (4.9) with sufficiently large radius such that

Ri,j is contained in U≺
i,j ∩ Ui,j ∩ gi,j , see Figure 3(b). Let Ri,j := Φ−1

λ (Ri,j).
Because ϵ is sufficiently small, the deformation retraction of Ui,j to Gi,j in
Lemma 4.6 induces that of U ≺

i,j ∩ Ui,j to Ri,j . In particular, U ≺
i,j ∩ Ui,j is

homotopy equivalent to Ri,j . The trivialization of Φλ over gi,j yields that

Ri,j ≃ Ri,j × Φ−1
λ (ui,j) ≃ Si−1 × Si,j × T i,

where the corresponding factor Si,j for Φ−1
λ (ui,j) is in Theorem 2.8. Then

dim(Si−1 × (Si,j × T i)) ≤ (i− 1) + (2n− 1) ≤ (2n− 5− 1) + (2n− 1).

Here, the first inequality follows from (4.12) and the second inequality follows
from the dimension count i = dim gi,j ≤ dim g = dim f − 3 = (2n − 2) − 3.
Therefore, (4.13) follows. □

Proposition 4.8. For every n ≥ 3 and each double index (i, j), we have

(4.14) Hℓ

(
U ≺
i,j ;Z

)
= 0 for all ℓ ≥ 4n− 6.

Proof. We use the mathematical induction on ≺. For the base step, observe
that U ≺

1,1 is homotopy equivalent to
⋃κ0

j=1 S0,j where S0,j is the homeomorphic

type of the fiber at the vertex g0,j . Thus, Hℓ(U
≺
i,j ;Z) = 0 for all ℓ ≥ 4n− 6.

As an induction hypothesis, assume that U ≺
i,j satisfies (4.14). By the Mayer–

Vietoris sequence to the pair (U ≺
i,j+1,Ui,j+1) (or (U ≺

i+1,1,Ui+1,j) if j = κi),

(4.14) follows from Lemmas 4.6 and 4.7. □
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Proof of Proposition 4.5. The union U :=
⋃2n−5
i=0

⋃κi

j=1 U ≺
i,j is an open neigh-

borhood containing Φ−1
λ (g) satisfying the desired vanishing properties on ho-

mology groups by Proposition 4.8. □

5. Non-displaceable Lagrangian torus fibers

The goal of this section is to complete the proof of Theorem 3.2. After
reviewing the bulk-deformation of Lagrangian Floer theory, we find a bulk-
parameter making the bulk-deformed Floer cohomology of the Gelfand–Zeitlin
fiber over each point in the line segment In(t) (0 < t ≤ 1) non-vanishing.

Let Λ be the Novikov field defined by

Λ :=

{ ∞∑
i=1

aiT
µi | ai ∈ C, µi ∈ R, lim

i→∞
µi = ∞

}
,

where T is a formal parameter. For a nonzero element x ∈ Λ\{0}, the valuation
vT (x) is defined by the minimal number µ ∈ R such that the complex part of
T−µx is non-zero. Let

• U(Λ) := v−1
T (0) be the set of unitary elements of Λ,

• Λ0 := {
∑∞
i=1 aiT

µi ∈ Λ | µi ≥ 0} = {0} ∪ v−1
T ([0,∞)).

• for a ∈ R, Λ>a := v−1
T ((a,∞)).

Let (X,ω) be a symplectic manifold and L a Lagrangian submanifold. By
the work of Fukaya–Oh–Ohta–Ono [13–15], one can associate the A∞-algebra(

Ω(L), {mk : Ω(L)⊗k −→ Ω(L)}∞k=0

)
on the de Rham complex of L. Let Mk+1,ℓ(L, β) be the moduli space of stable
maps from a bordered Riemann surface of genus zero with (k + 1) boundary
marked points {z0, z1, . . . , zk} respecting the counter-clockwise orientation and
ℓ interior marked points {z+1 , . . . , z

+
ℓ }. The moduli space has the evaluation

maps {
evj : Mk+1,ℓ(L, β) → L, φ 7→ φ(zj),

ev+j : Mk+1,ℓ(L, β) → L, φ 7→ φ(z+j ).

For each k = 0, 1, 2, . . . and β ∈ π2(X,L), the map mk,β is constructed via the
smooth correspondence:

(5.1) Mk+1,0(L, β)
ev≥1

yy

ev0

%%
Lk L

where ev≥1 = (ev1, ev2, . . . , evk). Namely, letting prj : L
k → L be the projec-

tion to the j-th factor, we define

mk,β(b1, . . . , bk) = (ev0)!
(
ev∗

≥1 (pr
∗
1b1 ∧ · · · ∧ pr∗kbk)

)
.
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The structure map mk is defined by

mk =
∑
β

mk,β · Tω(β)/2π,

see [14, Section 16] for details.
For cycles b ∈ H1(L; Λ0) and b ∈ H2(X; Λ0), the structure map of the

A∞-algebra can be deformed by adding extra marked points to the moduli
space Mk+1,0(L, β) of stable maps and requiring to pass through b at the
interior marked points and b at the extra boundary marked points. The smooth
correspondence gives rise to a deformation of the map mk,β and mk. The

structure map for the resulting deformed A∞-algebra is denoted by mb,b
k . If

the output of mb,b
0 (1) is a multiple of the fundamental cycle [PD(L)], then the

disk potential function is defined by

mb,b
0 (1) = mb(eb) = POb(b) · [PD(L)].

In the case where b is a linear combination of ambient cycles of real codimension
two that do not intersect the Lagrangian L, the divisor axiom can be applied.
Together with the compatibility of forgetful maps at the boundary marked
points, the bulk-deformed disk potential of L can be expressed as the following
form:

(5.2) POb(b) =
∑
β

nβ · exp(β ∩ b) · exp(∂β ∩ b) · Tω(β)/2π,

where nβ is the degree of the evaluation map after choosing orientation and
spin structure. The reader is referred to [15] for details.

We now deal with the Gelfand–Zeitlin case. For each nonzero s, the map ψ1,s

in (2.15) is given by a Hamiltonian flow and hence a Lagrangian submanifold
L in X1 is non-displaceable if and only if the image ψ1,s(L) is non-displaceable
in Xs. From now on, we assume that s is sufficiently close to the zero. Let
Ln(t) := Φ−1

λ (In(t)) be the fiber over the point In(t) in (3.3). By abuse of
notation, we shall omit ψ1,s for simplicity. For instance, the image ψ1,s(Ln(t))
is denoted by Ln(t).

We denote by D (resp. D) the cycle corresponding to a pseudo-cycle φ (resp.
φ) in Lemma 4.3 and Proposition 4.5. Again for simplicity, the pushforward
ψ1,s,∗(D) in Xs is also denoted by D . Taking a bulk-parameter of the form

(5.3) b = c · D + c · D (c and c ∈ Λ0),

for each 1-cochain b, the obstruction mb,b
0 (1) is a multiple of the fundamental

cycle, see [8, Section 5].

We want to compute the bulk-deformed disk potential POb(b) of Ln(t).
Recall that each component Φi,j generates a Hamiltonian circle action on Ln(t).
Let ϑi,j be an oriented loop in Ln(t). We then take a coordinate system

(5.4) {yi,j := exp (ϑi,j ∩ b) ∈ U(Λ)}
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on H1(L; Λ0). The expression of POb(b) restricted to H1(L; Λ0) in terms
of yi,j ’s is a Laurent series, which is denoted by Wb(Ln(t),y) (or Wb(y) for
simplicity). The series Wb(y) is also called the bulk-deformed disk potential
function of Ln(t).

Proposition 5.1. The bulk-deformed potential function of Ln(t) is

Wb(Ln(t),y)

=

(
y1,2
y1,1

+y1,2+
y1,1
y2,1

+
1

y2,1

)
T (n−1)(1−t)

+

(
c · 1

y1,n
+

y1,n
y1,n−1

+· · ·+ y1,3
y1,2

+c · yn,1+
yn−1,1

yn,1
+· · ·+ y2,1

y3,1

)
Tn−1+t

(5.5)

for c := exp(c) and c := exp(c) ∈ U(Λ).

Proof. We need to compute the expression (5.2). By the work of Nishinou–
Nohara–Ueda [20], the effective classes of Maslov index two are classified and
the counting invariants are computed. In particular, the disk potential function
of Ln(t) without bulk b = 0 can be expressed as a Laurent polynomial with
respect to the variables yi,j in (5.4) as follows:

W0(Ln(t),y)

=

(
y1,2
y1,1

+y1,2+
y1,1
y2,1

+
1

y2,1

)
T (n−1)(1−t)

+

(
1

y1,n
+

y1,n
y1,n−1

+· · ·+ y1,3
y1,2

+yn,1+
yn−1,1

yn,1
+· · ·+ y2,1

y3,1

)
Tn−1+t.

(5.6)

Turning on the bulk-parameter b in (5.3), we compute the intersection num-
bers between D and disk classes β of Maslov index two. For each effective class
β of Maslov index two, a holomorphic disk in β is contained in the smooth loci
ψ−1
s,0(X̊0) where X̊0 := X0\Sing(X0) and D degenerates into D0 via the map

ψs,0. Since the map is a diffeomorphism on ψs,0 : ψ
−1
s,0(X̊0) → X̊0, the intersec-

tion number can be computed at X0. Since ψs,0,∗(β) is a basic disk and D is a
toric divisor, the intersection number can be easily computed. The only basic
disk class intersecting with D (resp. D) is a holomorphic disk emanated from
the divisor corresponding to f (resp. f). Moreover, the intersection number is
exactly one. Combining it with (5.2) and (5.6), we obtain the formula (5.5). □

Proposition 5.2. There exist bulk-parameters c, c ∈ U(Λ) such that the bulk-
deformed potential function Wb(L(t),y) in (5.5) admits a critical point each of
which component is in U(Λ).

Proof of Theorem 3.3. By Proposition 5.2, the bulk-deformed Floer cohomol-
ogy of L(t) is isomorphic to the ordinary cohomology of L(t). Consequently,
the Lagrangian torus L(t) is non-displaceable, see [15, Section 8]. Theorem 3.3
follows from Proposition 5.2. □
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Thus, it remains to prove Proposition 5.2. In [8], the authors introduced
the split leading term equation associated with a Lagrangian face f to detect
Lagrangian tori with non-vanishing bulk-deformed Floer cohomology located
at a line segment joining a point of f and the barycenter of the GZ polytope.
A (complex) solution of the split leading term equation (over C) will be the
valuation zero part of a critical point of the bulk-deformed potential function.
The strategy is to solve the split leading term equation first and then extend
the solution to a critical point of the bulk-deformed potential function. Thus,
Proposition 5.2 is established.

In our setting, we explain how the split leading term equation can be ob-
tained from the ladder diagram. As an example, we explain the split leading
term equation associated with f1 in (2.18) by the example when n = 3. Con-
sider the diagram corresponding to f1 which has the L-shaped region at the
left-bottom corner. The potential function is arranged as follows:

(5.7) W (y)=

(
y1,2
y1,1

+y1,2+
y1,1
y2,1

+
1

y2,1

)
T 2−2t+

(
1

y1,3
+
y1,3
y1,2

+
y2,1
y3,1

+y3,1

)
T 2+t.

We decompose (5.7) along the guidance of the subgraph Γf1 associated to f1 in
Theorem 2.2 as in Figure 4. Taking a bulk-parameter b as in (5.3) and setting
c := exp(c) and c := exp(c), we have the following system of equations.


Wb (y) :=

y1,2
y1,1

+ y1,2 +
y1,1
y2,1

+
1

y2,1
,

Wb (y) := c · 1

y1,3
+
y1,3
y1,2

+ a · y1,2,

Wb (y) := c · y3,1 +
y2,1
y3,1

+ a · 1

y2,1
.

Then the split leading term equation is the system of equations consisting of
the logarithmic derivatives of the decomposed potential functions, that is,

∂(1,1)Wb = 0, ∂(1,2)Wb = 0, ∂(2,1)Wb = 0,

∂(1,2)Wb = 0, ∂(1,3)Wb = 0,

∂(2,1)Wb = 0, ∂(3,1)Wb = 0,

where ∂(i,j) := yi,j
∂

∂yi,j
. This system has a complex solution

y1,1=y1,2=y2,1=−1, y1,3=1, y3,1=−1, c=−1, c=−1, a=1, and a=−1.

This complex solution extends to a critical point of the bulk-deformed potential
later on.
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13
12 31210

-6

6

0
00

Γf1

Cut along

⇒W

12
2111

⇒W ⇒W

Figure 4. Decomposition of the ladder diagram Γ3 by Γf1 .

For the general case where n ≥ 3, we decompose Wb(y) into

(5.8)


Wb (y) =

y1,2
y1,1

+ y1,2 +
y1,1
y2,1

+
1

y2,1
,

Wb (y) = c · 1

y1,n
+

y1,n
y1,n−1

+ · · ·+ y1,3
y1,2

+ a · y1,2,

Wb (y) = c · yn,1 +
yn−1,1

yn,1
+ · · ·+ y2,1

y3,1
+ a · 1

y2,1
.

The split leading term equation comes from the logarithmic derivatives of the
decomposed potential functions in (5.8).

Lemma 5.3. The split leading term equation has a complex solution in
(C∗)2n−1

y × (C∗)2c,c with a choice of a = 1 and a = −1.

Proof. Taking y1,1 = y1,2 = y2,1 = y3,1 = −1 and y1,3 = 1, every logarithmic

derivative Wb (y) vanishes. Moreover, the derivatives of Wb (y) and Wb (y)
with respect to y1,2 and y2,1 also vanish. The split leading term equation gives
rise to

(5.9) y1,j+1 =
y21,j
y1,j−1

, yj+1,1 =
y2j,1
yj−1,1

, c =
y21,4
y1,3

, c =
y3,1
y24,1

.

The remaining variables can be inductively determined. It is straightforward to
see that (y1,j = (−1)j−1, yj,1 = c = −1, c = (−1)n) is a solution of (5.9). □

We are ready to prove Proposition 5.2.

Proof of Proposition 5.2. We extend a solution of the split leading term equa-
tion in Lemma 5.3 to a critical point of the bulk-deformed potential function
Wb(y) in (5.5) over U(Λ). For notational simplicity, we declare

∂b(i,j)(y) := yi,j
∂

∂yi,j
Wb(y).

We begin by extending the complex solution of the split leading term equa-
tion as

y1,1 = y1,2 = y2,1 = −1− Tnt ∈ U(Λ),

reflecting our choice of a. Then we have ∂b(1,1)(y) = 0. Also,

T (n−1)(t−1) · ∂b(1,2)(y) = 1− 1− Tnt + y1,3T
nt = (y1,3 − 1)Tnt,(5.10)



1132 Y. KIM

T (n−1)(t−1) · ∂b(2,1)(y) = −1 + 1− Tnt − 1

y3,1
Tnt = −

(
1 +

1

y3,1

)
Tnt(5.11)

mod Λ>nt. We then solve y1,3 (resp. y3,1) such that ∂b(1,2)(y) = 0 (resp. ∂b(2,1)(y)

= 0) holds. Note that y1,3 = 1 and y3,1 = −1 mod Λ>0, which agrees with a
solution of the split leading term equation with the choice of a = 1, a = −1.
In particular, both y1,3 and y3,1 are in U(Λ).

Suppose that we have successively solved the equations

∂b(1,s)(y) = 0 and ∂b(s,1)(y) = 0 for s = 1, 2, . . . , j − 1

by determining y1,1, y1,2, y2,1, . . . , y1,j , yj,1 ∈ U(Λ). The equations

∂b(1,j)(y) = 0 ⇒ y1,j+1 =
y21,j
y1,j−1

,(5.12)

∂b(j,1)(y) = 0 ⇒ yj+1,1 =
y2j,1
yj−1,1

,(5.13)

and the pre-determined solutions determine y1,j+1 and yj+1,1. As

(5.14) y1,2s+1 = 1, y1,2s = y2s,1 = y2s+1,1 = −1 mod Λ>0 for j ≥ 1,

we have y1,2s+3 = 1, y1,2s+2 = y2s+2,1 = y2s+3,1 = −1 mod Λ>0 as in
Lemma 5.3. In particular, y1,j+1, yj+1,1 ∈ U(Λ).

So far, we have exhausted all variables yi,j ∈ U(Λ) making ∂b(i,j)(y) = 0.

Lastly, by taking the bulk-parameters

c =
y21,n
y1,n−1

∈ U(Λ) and c =
yn−1,1

y2n,1
∈ U(Λ),

one can make the last two equations ∂b(1,n)(y) = 0 and ∂b(n,1)(y) = 0 hold. □
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