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WEAKLY BERWALD SPACE WITH A SPECIAL
(a, B)-METRIC

PRADEEP KUMAR* AND AJAYKUMAR AR

Abstract. As a generalization of Berwald spaces, we have the ideas
of Douglas spaces and Landsberg spaces. S. Bacso defined a weakly-
Berwald space as another generalization of Berwald spaces. In 1972,
Matsumoto proposed the («, 8) metric, which is a Finsler metric de-
rived from a Riemannian metric a and a differential 1-form B. In this

paper, we investigated an important class of («, 8)-metrics of the form
2

F = pia+ pefB + ,ugﬁ—, which is recognized as a special form of the
o

first approximate Matsumoto metric on an n-dimensional manifold, and
we obtain the criteria for such metrics to be weakly-Berwald metrics. A
Finsler space with a special (o, 8)-metric is a weakly Berwald space if
and only if B is a 1-form. We have shown that under certain geometric
and algebraic circumstances, it transforms into a weakly Berwald space.

1. Introduction

In 1972 [13], Matsumoto introduced the concept of a («, 3)-metric on a
Finsler space F" = (M™, F') and it has been studied by numerous authors [1, 4,
6,7,9,11, 14, 17]. The study of several well-known metrics, such as the Randers
metric and the Kropina metric, has significantly contributed to the expansion
of Finsler geometry and its applications to relativity theory. A Finsler metric
F(z,y) is known as (o, 8)-metric, if F is a positively homogeneous function of
a and § of degree one, where o = y/a;;(x)y’y’ is a Riemannian metric and
1-form B = b;(z)y* on M™.

Let F™ = (M™,F) be an n-dimensional Finsler space, where M™ be an
n-dimensional differential mar21ifold and fundamental function F. Let the fun-

damental tensor g;; = 8'1-8.]'77 where 0; represents GTJZ and we define G; as
follows )
G; = 1 (yr(ara.iFZ) - 31'F2) )
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and G* = g“G;. Here 0; means e and g is inverse of g;; fundamental tensor.
x

The coefficients of (G;k, G%) of the Berwald connection BT are determined as
G; = 3kG§ and G; = 5j G*. A Berwald space is a Finsler space that satisfy the
criterion G%k = 0, which means that the Berwald connection coeflicients G?j
are functions of the position (z*) alone. Thus the equation yrGij, = 0 holds,
s0 2G" = G' y"y*® are homogeneous polynomials of degree two in (y'), so D¥ =
G'y? —G7y" are homogeneous polynomials of degree three in (y*). Then, as two
extensions of Berwald spaces, we can study the concepts of Landsberg spaces
and Douglas spaces. The third extension of Berwald spaces is the concept of
weakly-Berwald spaces. As a result, if a Finsler space satisfies the criterion
Gi; = 0, it is referred to as a weakly-Berwald space.

Berwald space is a Finsler space, if G;k are the functions of position alone,
that is, Berwald connection BT is linear. If the (hv)-Ricci curvature tensor
Gjr = 0, a Finsler space is said to be a weakly Berwald space. The spray
functions G* of a Finsler space with an (a, 3)-metric are given by 2G* = ~{, +
2B%, where 'y;- . represents the Christoffel symbols in the associated Riemannian
space (M™,«). Then we have G;k = B;-k + 'y]i.k and Gé = B;: + ’yéj, where
3kB§ = B}, and 0;B" = Bi. A Finsler space with an (a, 3)-metric is a weakly

m

Berwald space if and only if B = is an one-form.

oy™

In [3], Bacso and Szilagyi proposed the concept of weakly-Berwald space as
another extension of Berwald spaces as well as a necessary condition for the
existence of a weakly Berwald Finsler space of Kropina type. L. Lee and M.
Lee have investigated weakly Berwald spaces with special («, 3)-metric in [12].
In 2004, Yoshikawa et al. [19] developed the conditions for generalised Kropina
and Matsumoto spaces to be weakly-Berwald and Berwald spaces, respectively.
In [18], Tayebi obtained a new class of weakly Berwald Finsler metric. Shanker
and Choudhary has obtained the conditions for Finsler space with a second
approximate Matsumoto metric to be weakly Berwald space in [16]. In [15],
Narasimhamurthy has proved that under some conditions, a Finsler space with
special («, B)-metric becomes a weakly-Berwald space. Recently, Khoshdani
and Abazari [5] have discussed the characteristics of weakly Berwald space
for fourth-root («, 8)-metric. Pradeep and Ajaykumar [10] have examined the
weakly Berwald space with special (a, 8)-metric.

In this paper, we extend the study on weakly Berwald spaces with a special
form of the first approximate Matsumoto metric. We proposed a special (a, 3)-
metric

ﬁ2
F = pia+ pf+ M3~

where p1, po and pg are constants in [8], which is a special form of the first ap-
proximate Matsumoto metric. Firstly, we gave a brief introduction to Berwald
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and Weakly-Berwald space in section one. We have discussed the basic nota-
tions and conditions for a Finsler space F™* with an (a, 8)-metric to be a weakly
Berwald space in section two. Finally, we obtained the conditions for Finsler
space to be weakly Berwald space with a special form of the first approximate
Matsumoto metric F'.

2. Weakly-Berwald space with respect to («, )-metric

This section discusses the conditions for a Finsler space with a (a, §)-metric
to be a weakly-Berwald space.

Let F™ = (M™, F) be a Finsler space defined on n-dimensional differential
manifold M equipped with (a, 8)-metric F(«, ), where Riemannian metric
o? = a;;(z)y'y’ and one-form 3 = b;(z)y’. The symbol (;) in this paper stands
for h-covariant derivation in the space (M, a) with regard to the Riemannian
connection, while ij stands for Christoffel symbols in the space (M, «). The
notations are as follows [3]:

i. b®=a"*bb,, b =a"b,,
Z’L 27"1‘]‘ = bj;i —+ bi;j; 251']' = bi;j — bjﬂ‘,
T r

ir _ r _
a'"ryj, 8; = bps, 85 =Srj, T =b,r!

wi. ;= i

Now, we consider the function G*(x,y) of F™ with an («, 8)-metric. According
o [13], they are being written in the form

2G™ = 2B™ + i,

(1) aly E* aF,, (1 o
B™ = m mo_ Zg™m — Zpm *
7, %0 +v 7 \a? 3 cr,
where
C* o aﬁ (TOQFa — QQSOFB)
(2)  2(PFatayFua)
F
72=b2a2—ﬂ2, E*: (5}7‘/@)0*
and
oF oF 0*F 9*F OPF
3 Faziv F:77 Faaziv af = 3 _ a0 aca — [ = -
®) da’ P 9B da? P~ 9a0p dad

Since, ¥4y = ¥4, (2)y’y" are homogeneous polynomial in (y*) of degree two,
it is well-known that a Finsler space with an (o, 8)— metric is a Berwald
space, if and only if B™ are homogeneous polynomial in (yl) of degree two and
Berwald connection BT is linear.
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Differentiating equation (1) by y™ and contracting m and n in the obtained
equation, we get
(4)

m _ ) 4 6FB m nﬂFﬁ A aFy, me "
i ={ou (G )2 - 0a (052 () e

F,
aFyq : 1 m l m 8 m * Fﬁ m
e {on () qom -0, (5)0 }0 won (520
n (5FaFﬂ —aFF,,

oFF, > (mC )y + <a51€2a) (dme) o

Since F' = F(«, ) is a positively homogeneous function of « and  of degree
one, we have

Faa—l—Fﬁﬁ F,

Faaa+FozB/8 =0,
Fgaa—FFﬁgﬁ =0,

Foaao + Faaﬁﬁ

OtO(

Using the above inequalities and the homogeneity of ( 1), we obtain the
following

. r F
Q b, (22 ) =22,

. Faa Bym _ a2bm 2

e ) ( ) FoFoo + 0FoFana

©) ( F, ap GE) | ¢
—« (Faa)Q} 9

. 1 1 . 1

(8) (a’mc*) Y™ = 20%,
(Bme) b =5 BQQ [Q48 (77 +28%) W + 20° 82 Forg — By Faa

(9)

To0 — 20 (63F5 + aQVQFaa) so} — &?BW{2b*B*F,,
*74Fao¢a - bQOf}/zFaa}} 9

. F 2FF.0
(10) O <O‘ 5)86”—0‘;0,
Fo (ﬂFa)
where
W = (TooF QO(SOFlg)
(11) Q= (B%F, + ay*Faa), provided that (% 0)
Yi=a;y", Spo=0, b's, =0,

as;; = 0.
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Substituting (2)-(3) and (5)-(10) into (4), we get
1

Bl =———————— [2Q°AC" + 20F O’ Bsg + 0*F Fo Foq
(12) 20F (BF,)* Q2
(CT’OO + DSO —+ Ero)] s
where
A=(t+1)32Fy (BF2Fs — aF Fao) + an2F {a (Fia)? — 2F0 Fa
—aFoFonal,
B =a?FF,.,,

C =By {—62 (F)? + 26203 Foy Faey — 022 (Fia)® + aznyFame} ,
D =20 {B* (v* = B°) FuFj — 0*B*YV* FoFao — 2087 (7 + 26°)
F3Fan — a3yt (Faa)® — a2574FBFaaa} ,
E =2026%F, 0.
Summarizing the above, we have

Theorem 2.1. A Finsler space F™ with an («,()-metric is a weakly-
Berwald space if G} = B 4+ ~{. is a homogeneous polynomial in (y™) of
degree one, where Bl is given by equations (11) and (12), provided that 2 # 0.

Lemma 2.2. [4] If o* = 0(modf3), that is, a;;j(x)y'y’ contains b;(z)y" as a
factor, then the dimension n is equal to 2 and b® vanishes. In this case we have
1 -form & = d;(x)y® satisfying o® = 3§ and d;b* = 2.

3. Finsler space with a special («, 5)-metric

In this section, we investigated the Finsler space with the generalized («, 3)-
metric, which is a weakly Berwald space.
Let us consider F™ = (M™, F) be a Finsler space with generalized (a, §)-

metric
2

(13) F(0,8) = o+ o+ s

where p1, po and ug are constants. We now establish the conditions for F™
with the metric (13) being a weakly Berwald space. For F™ with metric (13),
we have

B? B
Fo=pm —ps—, Fp=p2+2u3—,
« «

2 2
Foo :2/143%7 Faaa:_6ﬂ3%~

(14)
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Substituting (14) into (1), we have

o (poa 4 2u3) {roo (m10? — psB?) — 2a%sg (poa + 2u3fB)} .,
0 2a(po? + ppoaB + psf?) [(pn + 202p3)a® — 333
~ m3B{roo (H10? — psp?) — 2a’sq (o + 2u3B)} .
(m1a? — psfB?) [(p1 + 20%p3) 02 — 3us3?]
psa® [roo (p10? — psf?) — 20250 (poa + 2p3f)] .
(m1a? — pzB?) (1 + 2b%pu3)a? — 3uz 52
o (p20 + 2418)
(102 — pf3?) o
Again substituting (14) into (2), (4) and (12) in respective quantities, we get

(t+1)83

B’I’n

(15)
_|_

A= (me® — psB?) [(pe® — psB?) (po + 2u38)

b
2 2132

—2u3B(p10® + poaB + psfB?)] + Vaf

(ulaz + psaf + MgﬁQ) (M1M3042 + M3ﬂ2) ,

 2u3f? (m1o? + ppaf + psfp?)
— g

B

)

3342 2 2 2 2\2 2 2 2 92
=i {4M3b — (mo? = p3f?)” = 29% (Bpapsa® — p3B )},

3
D :20% [(v* = B°) (ma? = p3B?) (nacr + 2u39)
(16) —2p387° (a® — p3f?) — dpzy® (v* + 26°) (e + 2u33)

+244 (3M2M3a + 4#%5)] 5
2 4
FE :% (p10® — p3B?) [(p1 + 2b%ps)a® — 3usB?] |

C

52
0 a2 (1 +20° )0 — 33 6%

1

W =— [roo (n10? = psB?) — 20%s0 (n2ex + 2u3)] |
o O (700 (10 — psB?) — 20250 (poa + 2u30)]
2B [(p1 + 2b%pz)a? — 3u3 B2 ’
P (H2ae + 2p3) [roo (p10® — p3B?) — 202sg (oo + 2u3/3)]

2 (po? + poaB + psB?) [(pa + 20%ps)a® — 3p35°]
Substituting (16) into (11), we get

Bm
5 [266 (110? — p3B%)? (10 + 23b%a® — 3u38%)” (w102 paaff + ugﬂz)}
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- % (BBt +1) (m1a® — p3p?) (4usf® + Bpapsa B’ — pipaa®) + 2ps8°

(10?4 u3B?) (B2 = b*0?) (1’ peaB + psB?)} (o + 2usb*a® — 3us8°)

{roo (ma® — p3B?) — 2a%sg (pacr + 2p35)}] — % 2030 8°(2p3b%® + 1y
o® = 3u3%)? (ma® + paaf + psf?)?] — %) [2p38° (2p1 pab®a* + 2p3b%
B2+ pia’ = 8 pza® 6% + 3u3BY) (B2 — v*a®) (ma? — psf?) (ma® + paa
B+ usB?)] - % [4p3B° (m10® — psf?) (ma® + paof + psf®) (2pausba®
—16p3b° 0 3% — 13popsb®a® B2 + py pab®a® + 18138° — 21 pi3a® 8% + 12415
psaBt = 2u1pza®B?)] — % [4u3ﬁ6 (ma? = 138?)” (ma® + 2usb’a® — 3
p1358%) (1o + ppafB + psB?)] =0
Above equation can be re-written as
2B [a10'°B + az0”B% — aza®B® — asa” B + a5a°B° + aga®B°
+ara’ BT — asa®B® — aga® B2 + Ypapsa B0 + 93BN — roo |
a100”B + a1108B? — a12a” B3 + a13a°B* + a140° B° + ay5a*p°

+a160°7 + ar7a?p® + 3tu2u§a59 +3(1+ 4t),u§ﬁ10] —2s9|

an a130'* B — a190” B2 + az200® B + az10”B* + az2a®B® + az3a”®B°
+azsa’ BT+ (30t — 12)popse® B + (24t — t)pu5a”B7] — 21 |
az50 B + azea’ B2 — azra® B — azsa” B + azga’B® + azoa®B°
+az1a* BT — 6papza® B — 6p30° 8] =0,

where

ay = i + 4pdpsb® + 4 psh?,

ag = pipn + 4t popsb? + 4pd popdbt,
ag = Tpips + 1643 p3b + 4pi pib*,

ay = 83 paps + 81 piopusb® + 203 pop3b?,
as = 1433 — dpapsb* + 8pip3b?,

ag = 2203 o3 + o pizb* + 284 o p3b?,
az = 4p3b* + 16, p3b* — 233,

ag = 12uop3b% + 2441 popi3,

ag = 15p1 3 + 12307,

aro = (1+t)pipe + (2 4 t)pd popus,

ai = 4pFp3b* + 8ufush?,
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arz = p piopiy + 1083 pop3b* + 20 o p3b?,

aiz = 4uipib?(50% + 2t) — (16 + 4t)uip3,

ara = 32T papi + prapop3(126* — 8b°),

ars = dpy pab® (1 + 4t) + 4p2 (5t + 8),

ary = 4p3b?(1 — 2t) — dpy pi (4 + 7t),

arg = 2pf s + 4pfpdb? + dppd st — (1 +tufps — 201+ ) piudpsb?,
arg = 2tpdpops + (4t + 22)pf pop3b?,

agy = 1203 p3 — 283 3% + 7(t + 1) pf s + (60 + 8t) 1 3403,

ag1 = (24t + 60) 11 p2p3b? + (18 + 20) i papi3,

azz = (10 — 6t) 3 p3b° + (36 + 8t)uip3 — 15tp pp3 + (16t + 12) 1 pu3b?,
a9z = (12 — 48t) 1 po s — 20 uib?,

asa = (12 — 16t)p3b* — (24 + 32t) a3 + (9t — 3) a3,

ags = 2z + 4t p3b?,

ase = 203 papis + 4yt pop3b?,

asy = 8uiud + 4uipdh?,

ags = 103 popi3 + Spa prapi3b?,

azy = Apind — 4pa psb?,

azo = 4uopab® + 14u1 pop3,

az = 45 + S 3.

Now, we can assume that F™ is a weakly Berwald space, then B! is hp(1).

Since, « is irrational in (y%), the equation (17) is divided into two equations as
follows

(18) Kle + ﬂLlToo + 012M150 + 0£2N1?"0 = O,
(19) BKyB™ 4 Loroo 4+ o? BMysg + o fNarg = 0,
where

K1 = 2a10'% — 2a3085% + 2a50°3* + 2a70* 85 — 2a90% 5% + 18u3 810,
Ky = 2a20® — 2440532 4 2aga 8 + 2a1702 85 + 1821358,

Ly = —{a110® + a130° 6% + a5 * + a7 B¢ + 3(1 + 4t) 3 5%},

Ly = —{a100® — a120°8% + a140* B* 4 a160° 8® + 3tpapiz A8},

My = —2{a180® + az0a’B8? + axaf* + a6 + 3(8t — 2)u3 B8},
My = —2{—a190° + az1a*$? + agsa®B* + 3(10t — 4) o3 5%},
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N1 = —2{ag50® — a2705% + azga® B* + ag1a? 8% — 61368},
Ny = —2{ag0a® — assa* 8% + agoa® Bt — 6u2p3 5%}

Eliminating B from equations (18) and (19), we get
(20) Froo 4+ a?BGsy + o*BHry = 0,
where
F = ?KyLy — K; Ly,
G = KoM, — K1 M,
H=KyN; — K1Ns.
Equation (20) re-written as
(21) a +Gso+ Hrg =0
a26 Too S0 ro = U.
Since, only the term e;a1% of G'sg in (21) does not contain 3, we must have
hp(16)Vi6 such that
(22) a'®so = Vg,

where €1 = —4 (agalg - 2a1a19) .

First consider that o # 0 (mod ) and b? # 0. Equation (22) shows the
existence of a function q(x) satisfy Vig = qa'® and hence, sy = ¢3. Then
equation (21) reduces to

F
(2> ro0 + Gqf + Hrg =0,
B

which implies that
Froo + Gqa?B% + o*Hry = 0.

Only the term 2aia100'8rgy of the above relation does not contain 3. Thus

there exist hp(19)Uyg satisfying 2ajai0a®rge = BUe. It is a contradiction,
which implies that ¢ = 0. Hence, we obtain so = 0, s; = 0. Then equation (20)
becomes

(23) FTOQ + OL2BHT0 =0.

Only the term 54(1 + 3t)uaulBrgo of (23) seemingly does not contain o?
and hence, we must have hp(18)Vig such that B18rgy = a?Vig. From o? #
0 (mod B) there exist a function g(x) such that

(24) ro0 = a?g(x); Tij = ijg(T).

Transvecting above equation by b'y’, we have

(25) ro = Bg(x); ;= big(x).
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Plugging (24) and (25) into (23), we get

(26) g(z) (F+pB*H) =0.

Assuming that g(z) # 0, we can deduce from equation (26) that
F+(%H =0.

The term 2a;a100'8rgg of above relation does not contain 8. Then there exist
hp(17)Vi7 satisfying 2a;a10a!® = BVi7, where Vi7 is hp(17) this implies Vi7 =
0, provided that b? # 0. Hence, g(z) = 0 must hold and we get

roo =0, 7155 =0 and 79=0; r;=0.

Conversely, substituting rg9 =0, so =0, and r9 =0 into equation (17),
we get B = 0. That is, the Finsler space with (13) is a Weakly Berwald space.

Consequently, we assume that the Finsler space with (13) is a Berwald space.
As a result of the preceding discussion, we have rog, s9 = 0 and rg = 0,
indicating that the space is Weakly Berwald space. When we plug the above
into (15), we get Bl = 0, noting that the Finsler space with (13) is a Berwald
space. Hence s;; is holds good.

Now, consider a? = 0(mod ), Lemma(2.2) shows that ¢t = 2, b*> = 0 and
a? = B3, § = di(x)y’. From these conditions (20) is rewritten in the form
below

(27) F'roo + B8G s = 0,
where
F' == 2a1a100° + B8® (a1a12 + 2aza10 + 2asa11) + 5267 (2a2a13 — 2a4a11
—2a1a14 — 2a3a13 — 2asa10) + 820 (2a2a15 — 2a4a13 + 2a6a1; — 2a;
a6 + 2aza1y + 2asais — 2azaig) + B46° (2aza17 — 2a4a15 + 2asa13—
2a2a11 + 2aza16 + 2asa14 + 2a7a12 + 2a9a19 — 6#2//31@1) + B°6* (2a6
a13 — 2a4a17 — 2aga13 — 2a5a16 — 2a9a12 + 30/12@2 + 18u2u§a11 +6
,ugﬂg) + 3563 (2a6a17 — 2aga15 — 2ara16 + 2a9a19 — 30,uga4 + 182
u%alg — 6ug,u§ + 18,uga12) + [3762 (2&9&16 — 2asa17 + 30,uga6 + 182
p3a1s — Bpops — 18p5a12) + 850 (30p5as + 18ugpzary + 6uops — 18
p3a16) — 216p2053°,
G =44° (a1a19 — agaig) + 4367 (aga18 — asasy — arasy — asarg) + 43266 (
a4a20 — G2022 — Aea18 — A6a1s — (1024 + A3a21 + asaig) + 48°8° (a4
a2 — 2024 — Aga2g + AgAis + A3a24 — A5a21 + azarg — 18uopsar) +

454 4
46%0% (asa24 — agagz + agazy — a5a24 — aza21 — agaig + 18 pizaz—
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Yuapzars — a8usas) + 458°6° (1181122 — agagy — arasy + agas + 18y}
as — 18papizas — Ypopsasy + Iusary) + 48°6% (agazs + Yagass — 18
p3a6 — 18uapzar — paps — Ip3arz) + 4878 (18u3as + 18uzpsa—
Ipiapizass — Ipiass) + 972uop3B°.

Since, only the term 216p2pu33%700 of F'roo + BOG 5o in (27) seemingly does
not contain 6. We must have hp(1)V; such that rop = dV3. We have so = 0,
s; =0, now (27) becomes
F'ro0 =0,
which implies
roo =0, 71, =0 and ro=0; r; =0.

Consequently from rog =0, ro =0 and so =0, we have B! = 0. Thus the
space with (13) is weakly Berwald space. Hence we state the following

Theorem 3.1. Let F be a Finsler space with (o, 3)-metric (13) is weakly
Berwald space if and only if the following properties satisfies
i. a? # 0(mod B) implies r;; = 0 and s; = 0,
ii. a® = 0(mod B) implies t = 2, b = 0 and r;; = 0, s; = 0 are satisfied,
where o = 34, § = d;(x)y’.

4. Conclusion

In this article, we look at a Finsler space where the (hv)-Ricci tensor G;;
vanishes but the (hv)-curvature tensor G?j . does not always equal to zero. The
primary goal of this research is to present an example of a weakly Berwald
Finsler space and to show a required condition for the existence of a weakly
Berwald Finsler space of the (a, §)-metric

62
F(a, B) = pa + p2B + pa—-
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