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ON THE SPHERICAL INDICATRIX CURVES OF THE
SPACELIKE SALKOWSKI CURVE WITH TIMELIKE
PRINCIPAL NORMAL IN LORENTZIAN 3-SPACE

BIRKAN AKSAN AND SUMEYYE GUR MAzZLUM*

Abstract. In this paper, we calculate Frenet frames, Frenet derivative
formulas, curvatures, arc lengths, geodesic curvatures according to the
Lorentzian 3-space R‘I’, Lorentzian sphere S% and hyperbolic sphere Hg
of the spherical indicatrix curves of the spacelike Salkowski curve with the
timelike principal normal in R? and draw the graphs of these indicatrix
curves on the spheres.

1. Introduction

Lorentz-Minkowski space is an enjoyable and up-to-date field where those
interested in theoretical physics and geometry work extensively. In this space,
which became more interesting and had a chance to develop after Einstein’s
special and general relativity theories in the 20** century, differential geometry
studies also have an important place in addition to physics. General concepts
about Lorentz-Minkowski space are available in the sources [2, 6, 7, 15, 32, 34,
43, 45, 46].

One of the most interesting topics in the differential geometry is the theory
of curves. The system {?, ﬁ, ﬁ} of a differentiable curve (@) in R?, is the

Frenet frame of the curve, [22, 33, 36, 41]. The functions curvature k£ and
torsion 7 achieved from these vectors of a regular curve play an important part
in appointing the characterization of the curve. For example, curves with a
constant ratio = are helices, with nonzero curvature and torsion. The general
helix curve, which was expressed by Lancret in 1802 and is the generalization of
the helix curve, is defined as the curve whose tangent vector makes a fixed angle
with a fixed axis. Examples of general helices are the sequence of molecules in
the DNA structure, carbon nanotubes, helical ladders, the way a bean string

is wound on a rod, and screw movements. Some studies on curves or surfaces
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in Lorentz space are available in [1, 8, 9, 17, 16, 19, 20, 24, 25, 26, 27, 28, 29,
30, 42, 44, 47).

Besides, slant helices are curves whose principal normal vector makes a con-
stant angle with a fixed direction, [4, 5, 23]. The Salkowski curve, a well-known
example of slant helices, was described in 1909 by Ernst Leopold Salkowski, [35].
Similarly, the family of curves with constant torsion and non-constant curvature
is known as anti-Salkowski curve. Since then, many authors have studied these
curves in both Euclidean and Lorentz 3 space, [3, 18, 21, 31, 37, 38, 39, 40].

The unit tangent vectors along a regular curve @ (¢) in R? create a curve (?)

on the unit hyperbolic sphere H2 (or unit Lorentzian sphere S%). The curve
(?) is called tangent indicatrix curve of (). Similarly (ﬁ) and (ﬁ) are
called the principal normal indicatrix curve and the binormal indicatrix curve.
Let t1, tn, tp be the parameters for the curves (?), (ﬁ), (ﬁ), respectively.

The parametric equations for these curves are as follows:
() =@ =T, (N)=adtx=Nw, (B)=a (s =B,

[43]. Some studies on spherical indicatrix curves of various curves are [10, 11,
12, 13, 14].

In this paper, we calculate Frenet frames, Frenet derivative formulas, curva-
tures, Darboux vectors, pole vectors, arc lengths, geodesic curvatures of spheri-
cal indicatrix curves of the spacelike Salkowski curve with the timelike principal
normal in R‘;’ and draw the graphs of these indicatrix curves.

2. Preliminaries

For the vectors 8 = (91, 92,93) and ﬁ = (p1,p2,p3) € R3, the Lorentzian
inner product is identified by

() R*xR* >R, <8,?> = g1p1 + 92p2 — g3P3,
and the Lorentzian vector product is identified by

(1) A: RYxR} - R}, GNP = (932 — 9203, 913 — g3P1, G1D2 — G2P1) -

Here, the function {,) is Lorentzian metric and the space R? together with this
metric is called the Lorentzian 3-space and is denoted by R$. For fel € R3,

if <E?,Z?> >0or G =0, C is spacelike (s1) vector, if <E?,E?> <0, G is
timelike (1) vector, if <8, 8> —0and € #0, C is lightlike (null) vector. For
a timelike vector G, if <8, E> < 0, it is future pointing timelike (fptl) vector,
ﬁ@iﬁ>>Qump%HMmmgmmme@mnwaMJmHAE:mﬁJ)
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The norm of 8 € ]Ri’ is H@H = ’<8,8>’ and if ’8“ =1, 8 is called

a unit vector. The Lorentzian unit sphere, future pointing hyperbolic unit
sphere, past pointing hyperbolic unit sphere and light cone are

st = {Ger <878>:1}7
mt = {der} |(G.@)=1
H2- {dert|(d,d)=-1,
rn o= {Cer! |(G.C)=0}

respectively. For the vectors 8 and ? in R, if <8,?> =0, 8 and ?

are Lorentz orthogonal vectors. Let 8 and 3 be nonzero Lorentz orthogonal
vectors in R3, if G is timelike, then Pis spacelike, [34]. Let G and P be

nonzero Lorentz orthogonal vectors in }R?, if 8 is timelike, then ? is spacelike,
[34]. Now, let’s mention the angle in between two vectors in Lorentzian 3-space:

(3.8 <ol,
(3.8} >0,

i
)

i) The hyperbolic angle between of the future pointing timelike vector 8
and the past pointing timelike vector Pin R? is stated as follows [34]:

> (@.7) =[] [

If the timelike vectors 8 and ? are simultaneously future (or past) pointing,
in the case, the hyperbolic angle between these vectors is [32]

0 (@.7) =[] [

ii) The hyperbolic angle between of the spacelike vectors 8 and ? in R‘rf
that span a timelike vector subspace is stated as follows [34]:

(@.7)] = 3]s

iii) The hyperbolic angle between of the spacelike vector 8 and the timelike
vector P in R} is stated as follows [34]:

@ (@2 =[e][[ P smne

If all of the velocity vector of a curve (@) in R? are spacelike, timelike or light-
like, it is called spacelike, timelike or lightlike curve, respectively. Let the Frenet

frame, curvature, torsion, Darboux vector and pole vector be {?(t), ﬁ(t), ?(t) },

K(t), T(t), ?(t) and 8@) at the point ¢ of differentiable curve (@) in R?, re-
spectively. Also, there are two cases depending on causal character of (&):
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i) If (@) is any timelike space curve, its tangent vector ?(t) is timelike,
its normal and binormal vectors N}(t) and ﬁ(t) are spacelike. Then,

5) TOANE) = —B(t), N®ABW) =T(), BEAT()=-N().

Let ¢(t) be the hyperbolic argle between binormal vector g(t) and Darboux

vector F'(t). The pole vector C(t) of a timelike curve is classified as follows
depending on the causal character of the Darboux vector, [9, 43]:

a) If [k(t)] > |7(t)], F(t) is a spacelike vector. Then,
T () = sinh p() T (¢) — cosh p(t) B (£).
b) If |(#)] < |7(£)], then F(¢) is a timelike vector. Then,
6) C(t) = cosho(t) T (t) — sinh(t)p B (1).

ii) Let (3) be any spacelike space curve. We assume that the tangent vector

(t) and the normal vector N (t) are spacelike, the binormal vector ﬁ(t) is
timelike. Then,

(1) TOANE) =B(t), NOABW) =-T(t), BUAT()=-N().

Let o(t) be the hyperbolic angle between binormal vector g(t) and Darboux

vector F'(t). The pole vector for any spacelike curve is classified as follows
depending on the causal characteristic of the Darboux vector, [9, 43]:

a) If [x(t)] < |7(t)], F(t) is a spacelike vector. Then,
C'(t) = coshp(t) T (t) — sinh o(t) B (t).

b) If |(t)] > |7(£)], F (¢) is a timelike vector. Then,
8) C'(t) = sinh o(t) T (t) — cosh o(t) B (t).

The arc length between the points @ (a) and o (b) of a curve (@) in R? is
real number

fla]s

where a < t < b, [34]. Besides, the geodesic curvature with regard to R? is
(10) ky(t) = [ DrT 1)

D is the connection of R?. The normal vector of the surface for the tangent

indicatrix curve (?) on S7 or HZ is ?(t) Then, there are the following
equations:
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a) If T (t) is spacelike, the geodesic curvature 7, with regard to S of (?)

DrT(t) = DrT(t) + <s‘<?><t>, ?<t>> 7(0),

where, D is the connection and S is the shape operator of S?.
b) If T (t) is timelike, the geodesic curvature 1, with regard to H2 of (7)

is

(11 ’y HDTT

is
—

Drt(0) = Br7() - (S0, T(0)) T

(12) HDTT

where, D is the connection and S is the shape operator of HZ, [32]. Similar
equations are also written for other indicatrix curves.

3. On The Spherical Indicatrix Curves of the Spacelike Salkowski
Curve with Timelike Principal Normal in Lorentzian 3-Space

The spacelike Salkowski curve with the timelike principal normal in R? is:

1 1-—
T (t) = (ZSint—1j_27;Lsin[(1—2n)t]—1+271Lsin[(1+2n)t],
2005t — 2 cos [(1— 2n) ] — ——" cos[(1+ 2n) 1], — cos (2nt)
COS 1 _ COS n " COS n 5 m COS n 5

where m € (—oo, —1) or m € (1,400) and n = Figure 1.

m
Vm2 =1’
The Frenet vectors of this curve are
T (t) = (costsin (nt) — nsintcos (nt) ,
o, n
—sintsin (nt) — ncost cos (nt) , —— cos (nt)) ,
m

(13) N (t) = % (sint,cost,m),

B (t) = (— costcos (nt) — nsintsin (nt) ,

sint cos (nt) — ncostsin (nt) , g (nt)) .
m

Also, the curvature is x (t) = 1, the torsion is 7 (t) = — cot (nt) and the arc
cos (nt

) ot 57 (1), 3]
We will now examine some properties of tangent, principal normal and bi-

normal indicatrix curves of ,,, (t). The representation of these three indicatrix
curves on the spheres in R} is as in Figure 2.

length is s, = —
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FIGURE 1. Spacelike Salkowski Curves with Timelike Princi-
pal Normal for m = %, 4, %, -6, -2, —% respectively.
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FIGURE 2. The Spherical Indicatrix Curves on S? and H3

First of all, let’s specify the interval of 7,,, (£). So, if we take into consideration
[—21, t}, from (9), we indeed obtain
n

— in (nt 1 Ik
= / H’ym/(t)Hdt: Slnz(n) dt — - _COS(n) 7
vm? —1 vm? —1 n -
~3n —3n



On the spherical indicatrix curves 519

(14) 5 = _cosﬂ(@nt).

3.1. The Tangent Indicatrix Curve of 7, (t)

Theorem 3.1. The Frenet frame {ﬁ (t), JVT> (t), B—>T (t)} of the timelike

tangent indicatrix curve (?) of Y (t) is as follows, respectively:
H
Tr(t) = (ﬁ sint, n cost, n) (t),
m m

(15) Np (t) = (cost, —sint,0)  (sl),

B_'1">(t) = (nsint,ncost,ﬁ) (sl).
m

Proof. Let the parameter of (?) be tp. If we derivate of ?(t) in (13)
according to t, we have
2 2 2

= n* .. n . n* .
(16) T (t) = pc sintsin (nt) , poog) costsin (nt), —sin (nt) |.

And, if we take into consideration the equation

T T
(17) mp= 70 _ATO & b

H
from (16) and since HTT (t)H =1, we achieve

dt = n .
(18) vp = 7: = HT’ (t)H = —sin (nt) .
—
. = T (¢) )
From (17) and (18), we write T (t) = HT Here, if we pay regard to (16)
T (1)

and (18), we achieve the timelike vector JTT> (t) in (15). Also, if we take the first

and second derivatives of ?(t) in (15) according to t and pay regard to (1), we
obtain

— .? 77/4 n4 n4
T' (t) NT" (t) = | —— sintsin® (nt), — — costsin® (nt), — —sin® (nt
(t) (t) ( 3 sintsin (nt), 3 costsin (nt), —gsin (nt) ],

3 3 4
(19) H? &) AT (0 = :T?;sinQ (nt) .

%

T (t) AT (1)
_ﬁ
HT’ () AT (1)
like vector B—T>(t) in (15). Last, from (5), if we pay regard to ]7T>(t) =

—
If we take into consideration Br (t) = , we obtain the space-
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— — —
—Br (t) A Tr (t), we obtain the spacelike vector Np (t) in (15). Thus, the
proof is completed. O

Theorem 3.2. The curvature kr (t) and the torsion 77 (t) of the timelike
tangent indicatrix curve (?) of 7, (t) are as follows:

(20) o (t):smtm) and  7p(t) = —"

sin (nt)

) H?(t) Aﬁ(t)H

Proof. If we take into consideration kr (t) , from (18)

— 3
|7 o]

and (19), we obtain the curvatlge kr (t) as (20). And, if we take into consid-
(77 () n T (1), T" 0y

eration the equation 7 (t) = and pay regard to (19),

— 2
|7 @ T ol
we obtain the torsion 7 (t) in (20). So, the proof is completed.

Theorem 3.3. The Frenet formulas of timelike tangent indicatrix curve
(?) of 4m (t) are as follows:

— .
I
. N—>T/ (t) msint mcost
(21) D Nr (t) = — = = (‘nsm (nt)’ nsin (nt)’o) 0
By (t st sin ¢
i = P (o) o

Proof. For the Frenet derivative formulas of (?), we write

Dr, T (1) 0 wr() 0 Ty (1
(22) Dr,Np(t) | = | sr(t) 0  —7r(t) Nz (1) |
Dy Br (1) 0 m@® 0 By (1)

[43]. If we substitute (15) and (20) in (22) , we obtain (21). On the other hand,
we can write

— — f—
T T T
(23) Dr, Ty () = L x4 _ T (0,

dtT N dt %_ vr
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ﬁ
So, if we derivate of Trr (t) in (15) according to t7 and take into consideration

(18), we obtain

(24)

From (23) and (24), we get Dr.. Ty (t) in

—_— —_—
DTT NT (t) and DTT BT (t)

cost

Do (0=

sint
sin (nt)’ sin(nt)’ /)’

(21). Similarly, we achieve the vectors
O

Theorem 3.4. There are the following differential equations for the Frenet
derivative vectors of the timelike tangent indicatrix curve (?) of 7 (1)

T —
Dy, Tr (1) D?r,. Tr (t)
Dry Nt (1) D?1, Ny (1)
—_ _—
Dz, Br (t) D%7,.Br (t)
(25)
where
A (t) — #
YT sin? (nt)

3
D TTTT (t) AT 0
—_—
DBTT Nt (t) HT = 0 5
% 1
D31, Br (t) 0
3m cos (nt)

Proof. If we take the first, second and third derivatives of TTT> (t) in (15)

according to tp:

cost

sint

Dr T ()= (

sin (nt)’ sin (nt)’

o),

P a— msint m cost cos (nt) mcost msint cos (nt)
DTTTT(t): ) - . 3 s .2 . 3 30 )

nsin® (nt) sin” (nt) nsin® (nt) sin” (nt)
— cost 3m?sintcos (nt)  3m? costcos? (nt)
DTTTT(t): . 3 4 - 5 )

sin” (nt) nsin® (nt) sin” (nt)
sint 3m?costcos (nt)  3m?sintcos? (nt)
sin® (nt) nsin (nt) sin® (nt) ’

If we substitute these vectors in (25) and resolve this differential equation, we
obtain the values of Ar (¢) and pr (t). Similarly, the values are also achieved

for DTTNT (t) and DTT BT (t) O]
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_)
Theorem 3.5. The Darboux vector Fr (t) belong to the Frenet frame of
the timelike tangent indicatrix curve (T') of 7, (t) is as follows:

(26) Fr (1) =(0,0,1) (t0).
Proof. From (1), (15) and (21, we obtain
Fr(t) = — N7 (t) A N7 (1) = (0,0,1).

Or from (15), (18) and (20), we obtain again
Fr (t) = vr () (7o (0 77 () = 57 () Br (1)) = (0,0,1),
[43]. O

_ Theorerﬂ> 3.6. The hyperbolic angle o1 between the unit timelike vectors
Tr (t) and Fr (t) of the timelike tangent indicatrix curve (?) of 7, () is as

follows:
1 1 1
pr =arctanh | — | = = 1n mt .
m 2 m—1

— —
Proof. Since both the timelike vectors T (t) and Fr (t) are future pointing,
Figure 3, from (3), (15) and (26), we obtain

@7 (Fr ). Tr®) = | Fr 0|7 ©)]| coshor = —coshpr.

(7T)

=
F1GURE 3. The Darboux vector Fr of the tangent indicatrix
curve (?) on §?
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— =
In addition to this, from the inner product of Tr (t) and Fr (), in (15) and
(26), we obtain

(28) (Fr(t),Tr (1) = —n.

From the equality of (27) and (28), we achieve

(29) cosh o = n.
Similarly, from the inner product formula, (4), (15) and (26), we obtain
= = n
30 ‘Ft,Bt’:'h -
(30) <T() T(>> sihgr = -
From (29) and (30), we achieve
1
(31) o = arctanh () .
m

On the other hand, we know
(32) cosh o7 + sinh o = e¥7.
Then, from (29), (30) and (32), we obtain
1
wT:m(Mm+>>,
m

Here, if we follow the necessary procedures, we obtain

1 m+1
33 =-In{——).
(33) T 2 t (m - 1)
So, from the equality of (31) and (33), the proof is completed. O

H
Corollary 3.7. The unit vector Cr (t) in the direction of the Darboux
vector Fr (t) of the timelike tangent indicatrix curve (T') of 7, (t) is as follows:

(34) Cr (1) = (0,0,1).
H
Proof. We can easily see (34) by using (26) in CTT> (t) = ‘li{(t)H, but we
Fp (t)

want to show that (6) works. So, indeed, we pay regard to (15), (29) and (30)
in the equation

Cr (t) = cosh o Ty (t) — sinh o7 By (¢),
we obtain (34). O

Corollary 3.8. The timelike_i'ndicatrjx curve (?) of 7 (t) is a helix on
S? and the axis of this helix is Cp(t), Figure 4.
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FIGURE 4. The Tangent Indicatrix Curve (T) on S2

Proof. Let 01 be the fixed angle between of ﬁ(t) and the axis Eﬂ)(t) From
(20), the rate of the curvatures of the timelike curve (7') is

(35) = coth O = m = constant.

Then, the curve (?) is a helix, [41]. The axis UTT)(t) of this helix is 8(1&)
Indeed, from the definition of helix and (35), we write

<ZITT>(t), [7T>(t)> = —coshfp = —n,
(36) — = n
<BT (t), Uy (t)> = sinh 0 = —.

And so, from (15) and (36), we obtain
Ur (1) = cosh §rT7 () — sinh 7By (£) = (0,0,1) = Cp(t),

where, we can say 07 = pp. O

Theorem 3.9. The arc length sy of the timelike tangent indicatrix curve
(?) of 4 (t) is as follows:

(37) o = _Cos(nt)'

m
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Proof. Considering (14), since 7, () is in [—%, t}, from (9), (17) and (18),
the arc length of (?) is

t

o =

dT (1)
dt

¢ t
g t
dt = / HT/ (t)Hdt: n / sin(nt)dt:fcos(n )
m
—n o

m
%
arccos(—msr) oy . ) 7 i
From (37), t = ————— . Indeed, if ¢ is substituted into (7') in (13),
a7 =1 is achieved. O
dST

Theorem 3.10. The geodesic curvatures kr and yr with regard to Ri’ and
S? of the timelike tangent indicatrix curve (?) of 4, (t) are as follows:

1
sin (nt)

kr (t) = and  ~yr (t) = cot (nt).

Proof. From (10) and (21), the geodesic curvature kz with regard to R? of
(T') is given as follows:

_ 1
~ Jsin (nt)|

kr (1) = \/ ‘ <DTTTT (), D17 (t)>‘

Also, from (11) and (21), we obtain

Dr,Tr(t) = Do Tr(t)—T (t)

)

([ costeos? (nt) + nsint cos (nt) sin (nt)
N sin (nt)
sintcos? (nt) + n cost cos (nt) sin (nt)

- , I cos (nt)) .

sin (nt) m

So, the geodesic curvature vy with regard to Sf of (?) is achieved as follows:

T(t) = ¢ \<DTTTT (). Dr Ty <t>>\ — eot(nt)].

3.2. The Principal Normal Indicatrix Curve of 7, (t)

Theorem 3.11. The Frenet frameéT_)N (t) ,]T]\; (t), B—N> (t)} of the space-

like principal normal indicatrix curve (N) of 7, (t) is as follows, respectively:
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(t) = (cost, —sint, 0) (sl),

(38) (t) = (—sint,—cost,0)  (sl),

S

() = (0,0,-1)  (t).

Proof. Let the parameter of (Nz) be tn. If we derivate of N (t) in (13)
according to t, we obtain

N (#) = (% cost, — s
(39) N'(t) = (m cost, mbln?ﬁ,O).

Also, if we pay regard to the equation

s dN@) dAN() dt = dt
40 Ty (t) = = = = N () —
(40) v (0 ="y dt  diy T
. = .

from (39) and since HTN (t)H =1, we achieve

dtN - n
41 =S [V =2
(a1) ov = 20N = 2

s N (1)
From (40) and (41), we write Ty (t) = Hj— Here, if we take into consid-

N (1)

eration (39) and (41), we obtain the spacelike vector Ty (¢) in (38). Also, if

we take the first and second derivatives of N}'(t) in (15) according to ¢ and pay
regard to (1), we obtain

(42) HJV(t)MW(t)H -

N (t) A N (1)
Hﬁ(t)AW(t)

=
If we take into consideration By (t) = , we obtain the timelike

|

—
vector By (t) in (38). Last, from (7), here if we pay regard to Ny (t) =
—Bn (t) A Tn (t), we obtain the spacelike vector Ny (t) in (38). O

Theorem 3.12. The curvature k (t) and the torsion 7y (t) of the spacelike
principal normal indicatrix curve (N) of 4, () are as follows:

(43) KN (t):% and Ty (t) = 0.
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Hﬁ(t)AJW(t)H

Proof. If we take into consideration ky (t) = , from (41)

— 3

|~ o]

and (42), we obtain_;che curvature sy (t) as (20). And if we take into consid-
(N (1) N (t), N7 (1))

eration Ty (t) = and pay regard to (42), we obtain

Hﬁ () AN (t)H2
the torsion 7y (¢) in (20). O

Corollary 3.13. The spacelike principal normal indicatrix curve (ﬁ) of
Y (t) is a planar circle of radius  on HZ", Figure 5.
m

0.5 —
| |Future Painting Hyperbolic Unit Sphere
I Past Pointing Hyperbolic Unit Sphere
0 - The principal normal indicatrix curve (N)
0.5 —|
-1 -
1.5 —

FIGURE 5. The Principal Normal Indicatrix Curve (N) on H2"

Proof. Since the torsion of (ﬁ) = (—sint,cost,0) is 7(t) = 0, the curve

(N) is a planar circle on HZT (on timelike plane). Also the radius of the circle
n

1
is Ry(t) = —— = —. O
is B (1) k() m
Theorem 3.14. The Frenet derivative formulas of the spacelike principal
normal indicatrix curve (ﬁ) of 4 (t) are as follows:
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—— TN (t) [ m . m
Dr, Ty (t) = o —(—gsmt,—gcost,()) (sl),
N Ny’ (t)
44 v\ _m My
(44) Dz, Ny (t) o ( ncost, nsmt,O) (sl),
By’ (t)
-
Dpy By (t) = JZN =(0,0,0)  (sl).

Proof. For the Frenet derivative formulas of (ﬁ), we write

D, Ty (t) 0 kn(t) 0 T (1)
(45) DroNa(t) | = | —wn(® 0 w5 (1) Na () |
Dy By (1) U A 0

[43]. If we substitute (38) and (43) in (45), we obtain (44). In addition to this,
we can write

—
) B (o)~ (TN _ dTw di T (1)
IniN o dtn Todt dtN_ UN

_>
So, if we derivate of Ty () in (38) according to tx and take into consideration
(41), we obtain

— m . m
(47) Drp, Ty (t) = (_E sint, - cost, 0) (sl).

From (46) and (47), we get Dp,Tn (t) in (44). Similarly, we achieve the
vectors Dr, Ny (t) and Dr, By (t). O

Theorem 3.15. There are the following differential equations for the Frenet

derivative vectors of the spacelike principal normal indicatrix curve (ﬁ) of
—
Ym (1):

—_— - —
DryTy (t) D?p, Ty (t) D37 T (t) AN 0
DTN Ny (t) DQTN Ny (t) DSTN Ny (t) 120\ = 0 ;

N — -
DrpyBy (t)  D?py By (t)  D?py By (t)
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where

Proof. If we take the first, second and third derivatives of ]T]\; (t) in (38)
according to ty:

—_—
Dr, Ny (t) = (—E cost, msimﬁ,O) ,
n n

- m2 ) m2
D*r Ny (t) = <n2 sint, g cos t,O) ,

— m3 m3
3 .
D TNNN (t) = (n3 COSt,—ngSIHt,0> .

If we substitute these vectors in (48) and resolve this differential equation, we
obtain the values of Ay (t) and ppy (¢). Similarly, the values are also achieved

for Dpy T (£) and Doy By (1). 0
Theorem 3.16. The Darboux vector 1‘7—}\;> (t) belong to the Frenet frame of
the spacelike principal normal indicatrix curve (ﬁ) of (t) is as follows:
(49) Fx (t)=(0,0,1) (1),
Proof. From (38) and (44, we obtain
Fu (t) = —Nx () ANy (1) = (0,0,1).

Or from (38), (41) and (43), we obtain again

Fx (t) = on (8) (v (0 Ty () = kv (6) By (1)) = (0,0,1),

[43]. O

‘%Theorem 3.17. The hyperbolic angle ¢n between the spacelike vector
Ty (t) and timelike vector Fy (t) of the spacelike principal normal indicatrix
curve (N) of 7, (t) is as follows:

(50) en =0.

— —
Proof. Since T (t) is spacelike and Fy (t) is timelike, Figure 6, from (4),
(38) and (49), we obtain

6y [(Fv . Tvm)| = |Fv o [T~ o)

In addition to this , from the inner product of ZIT]\/) (t) and ﬁ (t) in (38) and
(49), we obtain

(52) (Fx (1), 7w (1)) = 0.

sinh o = sinh px.
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Fy
YN
Ty
By

—
FIGURE 6. The Darboux vector F of the principal normal
indicatrix curve (ﬁ) on H%Jr

From the equality of (51) and (52), we achieve
(53) sinh oy = 0.

— —
Similarly, since vector By (t) is past pointing timelike vector and Fy (t) is
future pointing timelike vector, Figure 6, from (2), (38), (49) and the inner
product formula, we obtain

— =
(54) <FN (t), By (t)> = coshoy = 1.
From (53) and (54), we achieve (50). O

oy
Corollary 3.18. The unit vector C (t) in the direction of the Darboux

H
vector Fi (t) of the spacelike principal normal indicatrix curve (ﬁ) of A (1)
is as follows:

(55) Cx (1) = (0,0,1).
H
F
Proof. We can easily see (55) by using (49) in CTN> (t) = ‘_A;i, but we
Fn ()

want to show that (8) works. So, indeed, we pay regard to (38), (53) and (54)
in the equation

Ci () = sinh oy Ty (1) — coshon By (1),
we obtain (34). O
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Theorem 3.19. The arc length sy of the spacelike principal normal indi-
catrix curve (ﬁ) of A (t) is as follows:

(56) SN = — + —.

Proof. Considering (14), since 7, () is in [—%, t}, from (9), (40) and (41),
the arc length of (ﬁ) is

t

SN = /
_

2n

AN ()
dt

t t
— t
dt = / HN’(t)Hdt:ﬁ/dt:n—+i.
m m  2m
,% —

2n

From (56), t = meN T Indeed, if this value is substituted into (ﬁ) in (13),
4N =1 is achieved. O
dST

Theorem 3.20. The geodesic curvatures ky and ¢y with regard to R:{’

and H3 of the spacelike principal normal indicatrix curve (N) of o (t) are as
follows:

kN(t):% and Py (t) = |m].

Proof. From (10) and (44), the geodesic curvature ky with regard to R3 of

(N) is

m

ky () = \/<DTNTN (t), Dro T (t)> ==

Also, from (12) and (44), we obtain

— 2 2 2 2
DryTn (t) = DryTn (t) — N t)= (_(n;—mm) sint, — % cost, —n) .

So, the geodesic curvature ¢y with regard to H2 of (ﬁ) is achieved as follows:

Un(t) = \/KDTNTN (t), Dry T (t)>‘ = |m].
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3.3. The Binormal Indicatrix Curve of 7, (t)

Theorem 3.21. The Frenet frame {JTE: (t), .7713) (t) ,B—B> (t)} of the timelike

binormal indicatrix curve (ﬁ) of 7 (t) is as follows, respectively:

= n n
t:(——'t,—— t,—) tl),
B (t) —sin — cos n (tl)

~

(57) = (—cost, sint,0) (sl),

S

(t) = (nsint,ncos t, %) (sl).

Proof. Let the parameter of (g) be tp. If we derivate of ﬁ(t) in (13)
according to ¢, we obtain

N n2 n2 n2
(58)  B'(t) = (m2 sint cos (nt), — poog) costcos(nt), — — cos (nt)> .

Also, if we pay regard to the equation
—,  dB(t) dB() dt it

59 Tp(t) = = —_— = .
(59) 50 =", dt  dtp dtp’
. =7 .
from (58) and since HTB (t)H =1, we achieve
dtB n
60 =25 _ HB’ )| = 2 cos (nt
(60) vg = — cos (nt) .
— B’ (t
From (59) and (60), we write T (t) = H_>() Here, if we take into consid-
B (1)

eration (58) and (60), we obtain the timelike vector TE (t) in (57). Also, if we

take the first and second derivatives of g(t) in (15) according to t and pay
regard to (1), we obtain

N , 4 4 4
B' (t) A\B" (t) = (_n sintcos? (nt), — D costeos? (nt), — 2 cos? (nt)> ,
m

m3 m3 1
(61) H? (t) A B ) = %COSQ (nt) .
o
If we take into consideration the equation BT i( )N ( ) , we
- [Forso
0_bt>ain the SE;celike_VEC‘cor E;( t) in (57). Last, from (5 ),_1f> we pay regard to
Np (t) = —Bp (t) AT (t), we obtain the spacelike vector N (t) in (57). Thus,

the proof is completed. O
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Theorem 3.22. The curvature kp(t) and the torsion 75(t) of the timelike
binormal indicatrix curve (g) of Y () are as follows:
1 m

(62) kp (t) = cos (n) and Tp(t) =—

Proof. If we take into consideration the equation kg (t) =

from (60) and (61), we 0bt_a>in the curvature kp (t) as (62). And if we take into
(B () B (1), B (1)

consideration 75 (t) = — 5 and pay regard to (61), we
|5 ) B ol

obtain the torsion 75 (t) in (62). Thus, the proof is completed. O

Theorem 3.23. The Frenet derivative formulas of the timelike binormal
indicatrix curve (ﬁ) of Y (t) are as follows:

- |
Pr o= = (- ) D
_ |
(63) DryNg (1) = NiB(t) = (‘ nzzzl?rft)’ n?o?(%@ e
By (t t in?
Dry B () = 2200 — (8 L0} (o,

Proof. For the Frenet derivative formulas of (?), we write

Do Th (1) 0  kp(t) 0 T (1)
(64) DrNa(t) | =| ke 0 —715(1) Ne () |
Dry, Bg (1) 0 @ 0 By (t)

[43]. If we substitute (57) and (62) in the last equation, we obtain (63). In
addition to this, we can write

—
. dTp(t) dTp dt  Ts (1)
(65) Dr,Tg (1) = =—_——=
dtp dt dtp B

_>
So, if we derivate of T (t) in (57) according to t5 and take into consideration
(60), we obtain

s cost sint
(66) DTBTB (t) = (_COS(nt)’ M7 0) (SZ)
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From (65) and (66), we get D7, Tp (t) in (63). Similarly, we achieve the
vectors Dr, Np (t) and Dy, Bg (). O

Theorem 3.24. There are the following differential equations for the Frenet
derivative vectors of the timelike binormal indicatrix curve (B) of o (t):

—_— —_ —

Dr,Tp (t) D?r,Tg (t) D1, T (t) Mg 0

DTBNB (t) D2TBNB (t) DBTB NB (t) “B = 0 ;
1 0

_
DryBp (t)  D?1,Bp(t)  D?1p,Bp(t)

(67)
where
B 1 _ 3msin (nt)
A (t) = ~ cos? (nt) and  pip (t) = cos? (nt) -

H
Proof. If we take the first, second and third derivatives of T (t) in (57)

according to tg:

_— cost sint
DroTa (t) = (——S50 st
7a T (1) < cos (nt)’ cos (nt)’ >’

P a— msint mcostsin (nt) mcost msint sin (nt)
D Tg TB (t) = - ) + 70 5
ncos? (nt) cos? (nt) ncos? (nt) cos? (nt)
DTBT; W= (- cost n 3m? sin t sin (nt) B 3m? cos tsin? (mf)7
cos? (nt) ncos? (nt) cos® (nt)
sin ¢ 3m2costsin (nt)  3m?sintsin? (nt)
0
cos? (nt) ncos? (nt) cos® (nt)

If we substitute these vectors in (67) and resolve this differential equation,
we obtain the values of Ap (t) and up (t). Similar values are also achieved

—— —_—
DTB NB (t) and DTB BB (t) O

_>
Theorem 3.25. The Darboux vector Fg (t) belong to the Frenet frame of
the timelike binormal indicatrix curve (?) of 7, (t) is as follows:

(68) Fp(t) = (0,0,1)  (t).
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Proof. From (1), (57) and (63, we obtain

—
Fi (t) = = N5 () A N (1) = (0,0,1),
Or from (57), (60) and (62), we obtain again

Fiy (t) = v (1) (75 (0 75 (6) — 5 (8) B (1)) = (0,0,1),

[43]. O

_)Theoreg 3.26. The hyperbolic angle ¢p between the timelike vectors
Tg (t) and Fg (t) of the timelike binormal indicatrix curve (?) of 7 (t) is as

follows:
arctanh ! 11 m-1
= arctan —— | ==In{—— ).
¥5 m 2 m—+1

— —
Proof. Since both the timelike vectors Tz (t) and F (t) are future pointing,
Figure 7, from (3), (57), (68) and the inner product formula, we obtain

— = — —
(69) <FB (t),Tg (t)> = - HFB (t)H HTB (t)H coshpp = —cosh ¢p.
(B)
byd
.\. <pB i
By 7

—
FIGURE 7. The Darboux vector F'g of the binormal indicatrix
curve (B) on S?

In addition to this, from the inner product of ZITB> (t) and F_‘B> (t), in (57) and
(68), we obtain
=, =
(70) (Fi (1), T5 (1)) = n.
From the equality of (69) and (70), we achieve
(71) coshpp = —n.
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Similarly, from the inner product formula, (4), (57) and (68), we obtain

=, = n
72 ‘Ft,Bt‘:*'h -
(72) (Fi (). Bu (1))| = sinh o = =
From (71) and (72), we achieve

1
(73) pp = arctanh (—) .

m

On the other hand, we know
(74) cosh pp + sinh pp = ¥,
Then, from (71), (72) and (74), we obtain
1_
¥$B = In (n( m)> )
m

Here, if we follow the necessary procedures, we obtain

1 m+1
So, from the equality of (73) and (75), the proof is completed. O

_>
Corollary 3.27. The unit vector Cp (t) in the direction of the Darboux

vector Fg (t) of the timelike binormal indicatrix curve (B) of 4, (t) is as fol-
lows:

(76) Ci (1) = (0,0,1).
H
Fp(t
Proof. We can easily see (76) by using (68) in C—'B> (t) = "i()‘, but we
Fg(t)

want to show that (6) works. So, indeed, we pay regard to (57), (71) and (72)
in the equation

— —
O (£) = cosh ppTh (t) — sinh o By (1),
we obtain (76). O

Corollary 3.28. The binornEg indicatrix curve (3) of 7, (t) is a helix on
ST and the axis of this helix is Cg(t), Figure 8.

— —
Proof. Let 0p be the fixed angle between of T (t) and the axis Ug(t). From
(62), the rate of the curvatures of the timelike curve (B) is

B (t)

(77) v (1)

= cothflg = —m = constant.
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- Lorentzian Unit Sphere
e The binormal indicatrix curve (B)

0.5 ~|

0.5~

FIGURE 8. The Binormal Indicatrix Curve (B) on S2

Then, the curve (B) is a helix, [41]. The timelike axis [TB> (t) of this helix is
Cp(t). Indeed, from the definition of helix and (77), we write

<ZTB>(t), UTB>(t)> = —coshfp = —n,
(78) — = n
<BT (t), Uy (t)> = sinhfr = .
And so, from (57) and (78), we obtain
Us () = cosh 0T (1) — sinh 03B, (+) = (0,0,1) = T (t),
where, we can say 0p = ¢p. O
Theorem 3.29. The arc length sg of the timelike principal indicatrix curve

(B) of i (t) is as follows:

(79) sg = w

m
Proof. Considering (14), since 7, () is in {—%,t], from (9), (59) and (60),
the arc length of (?) is

t t
sp = / dt = / Hﬁ(t)”dt:

t
__sin(nt) +n

/ cos (nt)dt =

— T
2n

dB ()
dt

n
m m

i
2
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arcsin(mspg — n)

From (79), t = . Indeed, if this value is substituted into (?)
iB

in (13), ||=—|| = 1 is achieved. O
dSB

Theorem 3.30. The geodesic curvatures kg and ~ypr with regard to R:{’
and S? of the timelike principal indicatrix curve (B) of 7, (t) are as follows:
1
sin (nt)

kg (t) = and g (t) = cot (nt).

Proof. From (10) and (63), the geodesic curvature kg with regard to R$ of
(B) is given as follows:

_ 1
~ cos (nt)|”

ks )= \/|(DraT @), Dr T 1)
Also, from (11) and (63), we obtain

Dr,Tr () = DrIn(t)— B (1)

b

_ —cost (sin? (nt)) + nsint cos (nt) sin (nt)
cos (nt)

)

sint (sin® (nt)) + ncostcos (nt)sin (nt) nsin (nt)
cos (nt) m ’

So, the geodesic curvature yp with regard to S? of (?) is achieved as follows:

vp(t) = \/‘ <DTBTB (t), D1, Ts (t)>‘ = [tan(nt)| .

4. Discussion and Conclusions

In this study, the various geometric properties of the spherical indicatrix
curves obtained from the Frenet vectors of the spacelike Salkowski curve with
the timelike principal normal in Lorentz 3-space are investigated. This work can
be done for other Salkowski curve types or various other curve examples in the
same space, similarly it can be studied in other well-known spaces. Eventually,
we believe that the procedures and the path followed in this study will be useful
for those who will do similar studies in Lorentz 3-space.
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