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DEFERRED STATISTICAL EQUIVALENCE FOR DOUBLE
SEQUENCES OF SETS

Esra GULLE

Abstract. The main purpose of this paper is to introduce the concept
of asymptotical deferred statistical equivalence in the Wijsman sense for
double set sequences. Also, we give some properties of this concept and
prove some theorems associated with this concept. Furthermore, we ex-
amine the connection between the concepts of asymptotical deferred sta-
tistical and Cesaro equivalence in the Wijsman sense for double set se-
quences.

1. Introduction and Backgrounds

After the definition of convergence in the Pringsheim’s sense for double
sequences was given in [19], researchers have developed this concept using the
concepts of statistical convergence, double lacunary sequence and asymptotical
equivalence in [12, 17, 18].

The concept of deferred Cesaro mean for real (or complex) valued sequences,
which introduced by Agnew [1], was extended to the double sequences by
Dagadur and Sezgek [5]. Also, for double sequences, the concept of deferred
statistical convergence was given in [5].

The concept of convergence in the Wijsman sense, that is one of the conver-
gence concepts for set sequences, is taken as basis in this paper (see, [4, 23]).
Nuray et al. [13] extended this concept to the double set sequences. Also,
the concepts of statistical, lacunary statistical convergence and asymptotical
statistical, lacunary statistical equivalence in the Wijsman sense for double set
sequences were introduced in [14, 15, 16].

In [21], Ulusu and Giille studied on new concepts which named deferred
Cesaro mean (D, ) and deferred statistical convergence in the Wijsman sense
for double set sequences. Also, Ulusu [22] defined the concepts of asymptotical
deferred Cesaro equivalence in the Wijsman sense for double set sequences.

For the basic properties and facts on these concepts, see [2, 3, 8, 6, 7, 9, 10,
11].
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Now, as for remind, the following basic concepts from [13, 14, 16, 20, 21, 23]
needed in the course of the paper.

A double sequence 05 = {(ky, j.)} is said to be double lacunary sequence if
there exists increasing integer sequences (k,) and (j,) such that

ko=0, hy =k, —ky_1 — o0 and

jo =20, ﬁu:ju—ju,1—>oo as v,u — 0.
For a metric space (X, d), distance from x to A is denoted by p,(A) where

pz(A) = p(z, A) = ;Ielg d(z,a)
for any z € X and any non-empty A C X.

For a non-empty set X, a function f : N — Py is defined by f(n) = A,, € Py
for each n € N, where Py denotes the power set of X'. The sequence {4, } =
{41, As, ...}, which consists of the range elements of the function f, is called
set sequence.

Throughout the study, we will consider (X, d) as a separable metric space
and A, Apyn, Bnm as any non-empty closed subsets of X

A double set sequence { Ay, } is said to be bounded if sup,, ,,,{pz(Anm)} < 00
for each x € X. Also, L2, denotes the class of all bounded double set sequences.

A double set sequence {A,,} is said to be convergent to a set A in the
Wijsman sense if

lim pa:(Anm) = pz(A)

n,m—oo

for each x € X.

A double set sequence {A,,,} is said to be statistically convergent to a set
A in the Wijsman sense if for every § > 0,

1
li - in < j <i xAnm_wA >05=0
for each z € X.

For any non-empty closed subsets { Apm }, {Bnm } € X such that p,(Anm) >0
and pz(Bpm) > 0 for each z € X and each n,m € N, the double set sequences
{Anm} and {B,,,} are said to be;

(i) asymptotical equivalent to multiple 7 in the Wijsman sense if

lim pa:(Anmg = lim p$(Anm):n

n,m—00 Py Bnm n,Mm—00 Bnm

W"7
for each x € X and the notation A,,, ~ B, is used for this case.
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(ii) asymptotical statistically equivalent to multiple 7 in the Wijsman sense

if for every 6 > 0,
() a2} -0

was
for each = € X and the notation A,,,, ~ By, is used for this case.

The class of all asymptotical statistical equivalence double set sequences
in the Wijsman sense is denoted by {W3'S}.

The deferred Cesaro mean (D, 4) in the Wijsman sense of a double set
sequence A = {A,,} is defined by

. 1
hm -
J,i—00 ] 1

%mmwnS$mga

1 r(v) s(u)
(Dsa,¢ A)vu = m Z Z pz(Anm)

n=p(v)+1 m=q(u)+1
r(v),s(u)

1
=~ T Anm
o(v)p(u) n_}%ﬂp ( )
m=q(u)+1

for each z € X, where (p(v)), (r(v)), (¢(u)) and (s(u)) are sequences of non-
negative integers satisfying following conditions:

p(v) < r(v), vlirrgo r(v) = o00; q(u) < s(u), ul;n;o s(u) =0 (1)

and
r(w) =p(v) = ¢(v); s(u) = q(u) = ¢(u). (2)

Throughout the paper, unless otherwise specified, (p(v)), (r(v)), (¢(u)) and
(s(u)) are considered as sequences of non-negative integers satisfying (1) and
(2).
A double set sequence {Ayn,} is said to be deferred Cesaro summable to a
set A in the Wijsman sense if

7(v),s(u)

1
lim ——— pe(Anm) = pu(A)
U, U—>00 (p(l})(b(’d) n_;;v)+1
m=q(u)+1

for each z € &.
A double set sequence { A, } is said to be deferred statistically convergent
to a set A in the Wijsman sense if for every § > 0,

. 1 .
e L
p(v) <n <r@), qu) <m < s(u), |pz(Anm) — p=(A4)| > 6}‘ =

for each x € X.
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2. Main Results

In this section, we first define the concept of asymptotical deferred statistical
equivalence in the Wijsman sense for double set sequences. Then, we give
some properties of this concept and prove some theorems associated with this
concept. Also, we examine the connection between the concepts of asymptotical
deferred statistical and Cesaro equivalence in the Wijsman sense for double set
sequences.

Throughout the section, we regard that p,(A,m,) > 0 and pg(Bpm) > 0 for
each z € X and each n,m € N.

Definition 2.1. The double set sequences { Ay, } and {Bn,} are said to
be asymptotically deferred statistical equivalent to multiple 77 in the Wijsman
sense if for every § > 0

{(n,m) :

p(v) <n <r(v), g(u) <m < s(u),

oS (o) B(a)

pe(5em) -z} =0
w3 DS

for each x € X. The notation A,,, ~ Bpm, is used for this case and
simply call these sequences asymptotically deferred statistical equivalent in the
Wijsman sense if n = 1.

The class of all double set sequences that asymptotically deferred statistical
equivalent (to multiple 1) in the Wijsman sense is denoted by {W)'DS}.

Remark 2.2.

(i) For p(v) = 0, r(v) = v and ¢(u) = 0, s(u) = u, the concept of asymp-
totically deferred statistical equivalence (to multiple 1) in the Wijsman
sense coincides with the concept of Wijsman asymptotically statistical
equivalence (to multiple 7)) for double set sequences in [14].

(11) For p(v) =ky_1, T(’U) =k, and Q(u) = Ju—1, S(’LL) = ju where {(ku,]u)}
is a double lacunary sequence, the concept of asymptotically deferred
statistical equivalence (to multiple 1) in the Wijsman sense coincides with
the concept of Wijsman asymptotically lacunary statistical equivalence
(to multiple n) for double set sequences in [14].

Example 2.3. Let take X = R? and define the double set sequences {Anm}
and {By,} as follows:

{(z1,9) €R* 2+ (1 +3)> =7} 5 ifp(v) <n <r(v),
q(u) <m < s(u) and
Apm = n,m are square integers

{(0,0)} ; in other cases
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and
{(ry) eR? o+ (- 3)° =5} 5 i p(v) <n <r(v),
q(u) <m < s(u) and
Bum = n,m are square integers
{(0,0)} ; in other cases.
Since
i ) 0) <0 <), ) << st [on (52 < 1] 2
’ v > 1), U u), Pz -
p(v)d(u) Bum
< (v)o(u) =0 (v,u— o),
p(v)¢(u)
1
we get Anm WS B
Corollary 2.4. If A, Ve By, then A, W DS Bom.
n
Theorem 2.5. Let A, C By, for all n,m € N. If A, Ve Cpm, then
B WIDS o

Proof. Since Ay, C By for all n,m € N, we have

Apm € Bum = p2(Bnm) < po(Anm)  (for each z € X)
(2o o o () -
Suppose that A, W s Chnm- For every § > 0, the inclusion

pz(ﬁzz) NE 5}

pe(2) -2 0}

=

{<n, m) < p(v) < n < (o), qlu) <m < s(u),

- {(n, m):p(v) <n <r), ¢lu) <m < s(u),

is hold. Hence, the following inequality is obtained:

m {(n,m) :p(v) <n <r(v), q(u) <m < s(u), px(g::> —n‘ > 5}‘
< m {(n,m) :p(v) <n <r), qu) <m < s(u), pz(gZ:) —7]‘ > 6} .

Since by our assumption, right side of the above inequality convergent to 0 for

WJIDS
v,u — 00. Thus, we get Bpym  ~  Chm. O
WIDS
Theorem 2.6. Let A,,, C Cp,, for alln,m € N. If B,,,,, ~ Cpm, then

WIDS
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Proof. Since Ay, C C,y, for all n,m € N, we have

Apm € Crm = p2(Crm) < po(Anm)  (for each z € X)

() o] < pe(Ez2) o

WJDS
Suppose that B, ~ Cpm. For every 6 > 0, the inclusion

() ol 2}

;h(ﬁz:)-—n\>a}

=

{(n,m) :p(v) <n <r), qlu) <m < s(u),

< {(nm) ) <0 <70 at0) <0 < (),

is hold. Hence, the following inequality is obtained:

{(mm) :p(v) < n <r), g(u) <m < s(u),

P(v)p(u)
1 Bnm
< , : <n< s < < s | Pz - ‘ >4
< S| {mm w0 <0 <0 a0 < < s, oo () <] = 5|
Since by our assumption, right side of the above inequality convergent to 0 for
DS
v,u — oo. Thus, we get By, WD Apm- O

Theorem 2.7. Let {Anm}, {Bnm} and {C,.,} be double set sequences
such that A, C Bpm C Chap for all nym € N. If

W, DS W, DS
Anm ~ an and Cnm ~ an ;

WIDS
then, Bpm ~  Fom.

Proof. Since A, C Bpm C Cpyp, for all n,m € N, we have

= Pz (Cnm) < px(Bnm) < Pz (Anm) (fOI‘ each r € X)

px(i::) n‘ < %(%) 77‘-

=

p4%$)ﬂs
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WIDS WIDS
Suppose that A,,, ~ F,n and Cn,  ~  F,,. Considering the above

inequality, for every § > 0, we can write
Brm ) ‘
—n| >4
Pz ( . n =

= {(n,m) :p(v) < n <r), glu) <m < s(u), pw(?::) >n+ 6}

{wm) p(v) <1 < (o), gu) < m < s(u),

U {(n,m) :p(v) <n <r), glu) <m < s(u), px(cnm) <7 —5}.

So, the following inequality is hold:

1
(p(v)@(u)‘{(mm) :p(v) <n <r (), q(u) <m < s(u),

Since by our assumption, both terms on right side of the above inequality
W2IDS
convergent to 0 for v,u — co. Thus, we get Bpywm  ~  Fpm. O

In the next two theorems, we compare the sets {W,' DS} and {W,S}.

p(v) a(u) wy's
Theorem 2.8. Let ((p(v)) and (@) be bounded. If A,,, ~ Bpm, then
wos
Proof. Assume that A,,, ~ Bumn. Then, for every § > 0, as per our
assumption
1 Anm
lim __{(n,m):ngj,mgi, pm< )—n‘zé}‘—o

Jri—oo ji Bom

for each € X. Also, we can easily write the following limit

pz@::)—n\ >5H =0. (3)

)
varoo 1(v)s(u)

{(n,m) tn <r(v), m < s(u),
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Since

pu(522) =] > 5}

() | 2 0},

we have following result considering the limit (3)

{<n, m) < p(v) < n < (o), qlu) < m < s(u),

- {(n,m) :n < r(v), m < s(u),

1 Anm
()0 {(n,m) p(v) <n <r(v), g(u) <m < s(u), px(B”m) - ‘ > 5}’
r(v)s(u) 1 A
< e()p(u) r(v)s(u) {(n, m):n <), m < s(u), px(Bnm) - T)‘ > 6}’

(28 (-38)

{(n,m) :n < r(v), m < s(u),

Anm
—n| > .
p‘r(Bnm) "’—5}‘

Since by our assumptions, right side of the above inequality convergent to 0

W2 DS
for v,u — oco. Thus, we get A~  Bum. O
W3 DS
Theorem 2.9. Let r(v) = v and s(u) = u for allv,u € N. If Ay, '~ B,
S
then A, e, B
WiDS

Proof. Assume that A,,, ~ Bpm,. Applying the technique given in [1],
the following sequences can be defined

p(v) = vy > pluy) = ve) > pue) =vE) > ..

q(u) = upy > q(uny) = u) > qlugz) = ug) > ...

for all v,u € N.
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For every § > 0, we have

po(522) ] 2 a}
R E a}

U{(n,m) tvy <n < v, m < ug,

{(n,m):n<v7m<u,

= {(n,m) i <y, MoK U,

n

Bnm

oe(52) —il=1)

for each x € X. With similar logic, some of the above sets can be written as:
pe(522) 1] > 5}

Pz (g%) —n| =9 }

e(52) 1l 9}

U{ TL<U() u) < m < Uy, Pz

3
N—
|
=
Y2
[«
—

U{(n,m) i < vy, uny <m <, (pg

U{(n,m) tvy <n <, un) <m < u,

{(n,m) in <y, m< gy,

= {(n,m) :n <y, m< ug),

S

U V@) <N < V1), M < U(2),

U 1U2) <M < vy, Uy <m < ugy, (P

() 1] 20}
() o] 2}

o (522) -] 2 8,

{(n,m) vy <n <v,m < gy,

= {(n,m) cvay <n < v, m < ug),

U{(n,m) tvy <n <, ue) <m < g,
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and

o) ol =)
o) il 1)

(52 —il= )

{(n,m) :n < vy, uay <m < u,

= {(n,m) :n < wgg), uy <m < u,

U{(n,m) tU@) <N < v(1), ugy <m <,

Similarly,

px(gﬁ) e a}

(52) 1] 29}
pe(e) =2 )
() 1] 29}

() -l )

{(n,m) 1 < gy, M < Ug),

= {(n,m) in <y, m< ug),

S/

3

U{(n,m) tvEy <n <), m< g,

3

U{(n,m) in < vy, wE) <m < ug),

U{(n,m) tv3y < n <), uE) < m < wy,

If this process is continued in this way, then

() ]9}
po() o] 29}
n(52) =l 1)
m(52) o]0}

px(%) —n‘ > 6}

is obtained for fixed positive integers «, 8 such that v,y > 1, v(a41) = 0 and
ugy = 1, uggr) = 0.

{(”, m) :n < vg-1), m < up_1),

= {(n,m) i <), m < ug),

b

Sy

U{(n, m) : V() <N < Via-1y, M < Upgy,

S

3

U{(n, m):n < vy, Ue) < m < ugor,

U{(n, m) : V) <N < Vo1, Uy <M< UEo1),
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Thus, for all v,u € N, we have

L ) in < o,m < (A’”") EX;
o n,m):n<v,mIu Pz B nl >
(a+1, B+1)
- 3 () = ve1) (W) —ussn) 4 0
VU vu
(t,5)=(0,0)
where
Anm
{(nym) FUt41) <M S, Ugspr) <MK U, pm(B ) - 77‘ > 5}‘
Myy = nm

(V) = V(1)) (U(s) = U(st1))

ts
vu

for each € X. Let set a following matrix H

(V) = V(1)) (Ugs) — U(sg1)) t=0,1,2,...,
Hts = VU ’ 520,1,27...,ﬂ’
0 ,  ifnot,
where vy = v and u@) = u. Then, asymptotically statistical equivalence

(to multiple 1) of the double set sequences {A,;,} and {Bn,} is equivalent

to equivalence of the transform under the regular matrix H’, of the sequence
n

{M,,}. Since by our assumption, we get A, ~ Bpm for v,u — oo. O

Considering both Theorem 2.8 and Theorem 2.9, the following corollary can

be easily obtained.

Corollary 2.10. Let{ p(v) } and{ a(u) } be bounded. Then,

v—p(v) u—q(u)
Wi DS wis
Now, we will give some new theorems under the following constraints
p(v) <p'(v) <r'(v) <7r(v) and q(u) < ¢'(u) < s'(u) < s(u)
for all v,u € N where all of these are sequences of non-negative integers.

W%'DNS[%M B
'(v) ¢ (u) nm
) ) W3 DS, 4

implies that Ay, e Bom.-

Theorem 2.11. Let (M) be bounded. Then, A,

W DS,
Proof. Assume that A, > ~*7

x € X, since

Bpm. Also, for every § > 0 and each
Anm
Pz (B ) - "7‘ Z 6}

po(522) =] 2 5}7

{(n,m) :p'(v) <n <7r'(v), ¢ (u) <m < s (u),

C {(mm) :p(v) <n <r), qglu) <m < s(u),
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we have
@/(v)1¢,(u) {(n,m) P (v) <n<7'(v), ¢ (u) <m < S (w), pz(g:Z) — 77’ > 5}‘
p(v) p(u) 1 Lo
< o' (v) ¢ (u) (@(U)gﬁ)(u) {( ,m) :

p(v) <n <r(v), g(u) <m < s(u),

o) o] 2o}

Since by our assumptions, right side of the above inequality convergent to 0
W‘”DS ’ ’
for v,u — oo. Thus, we get A, 2T Bnm- O

Theorem 2.12. Let the sets {n : p(v) <n < p'(v)},{n:7'(v) <n <r(v)},

{m:q(u) <m < ¢ (u)} and {m : s'(u) < m < s(u)} be finite for all v,u € N.

W3 DSyr 4] - W3 DS, 4)
Then, A,m ~ By, implies that A, ~ Bom.

W3 DS, 4
Proof. Assume that A, ~ By Also, for every 6 > 0 and each
r € X, since
A
P (Bnm) "‘ = }

pe(522) 1] > 5}

{<n,m> p(v) < 1 < 1), gu) < m < s(u),

(n,m) :p(v) <n <p(v), ¢(u) <m < ¢ (u),
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U {(n,m) ' (v) <n <r), ¢ (u) <m < s (u),

o) =] 2}

pz(g::) —n‘ > 5}7

U {(n, m) :r'(v) <n <r(v), s (u) <m < s(u),

we have

+ 1 {(n,m) s’ (v) <n <), s'(w) <m < s(u),

Anm
z — > .
p (Bnm) 77‘ —5}‘
Since by our assumptions, all terms on right side of the above inequality

W;DS[%M
convergent to 0 for v,u — oo. Thus, we get A, ~ Bom.- O

In the last two theorems, we present the relation between the sets {W,' DS}
and {W3' D}. For this, firstly, we recall the concept of asymptotical deferred
Cesaro equivalence to multiple 7 in the Wijsman sense for double set sequences
in [22].
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Definition 2.13. [22] The double set sequences { A, } and { By, } are said
to be asymptotically deferred Cesaro equivalent to multiple 7 in the Wijsman

sense if
M e, 2= P\ B,
m=q(u)+1

WD
for each z € X. The notation A,,,, ~ By, is used for this case and simply

call these sequences asymptotically deferred Cesaro equivalent in the Wijsman
sense if n = 1.

The class of all double set sequences that asymptotically deferred Cesaro
equivalent (to multiple 1) in the Wijsman sense is denoted by {W3 D}.

Theorem 2.14. If sequences {A,;,} and {B,,,} are asymptotically de-
ferred Cesaro equivalent to multiple n in the Wijsman sense, then these se-
quences are asymptotically deferred statistical equivalent to multiple i) in the
Wijsman sense.

WiD

Proof. Suppose that A,,, ~ Bpm. Then, for every § > 0 and each z € X

we have

7(v),5(u)

>

n=p(v)+1
m=q(u)+1

px(gnm) —n‘

nm

r(v),s(u)

>

n=p(v)+1
m=q(u)+1
lpa (F22)—n|>6

Bnm

Y

>4 H(n,m) :p(v) <n <r), qu) <m < s(u),

and so

r(v),s(u)
1 1 Anm
b B )
p)o(u) | 2=

m=q(u)+1

1

>

{orm):

p(v) < n <r), glu) <m < s(u),

p(v)d(u)

po(522) ] 2 a}]
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Since by our assumption, left side of the above inequality convergent to 0 for
WJ DS
v,u — 0o. Thus, we get A~  Bpm. O

The converse of Theorem 2.14 is not true in general. We can consider the
following example to explain this situation.

Example 2.15. Let take X = R? and define the double set sequences
{A;} and {B,,} as follows:

{(xhyl) € R? :x%—nmxl—i—y%:O} ;i p(v) <n < r(v),
g(u) < m < s(u) and
Apm = n,m are square integers
{(-3,0)} ; in other cases
and
{(wl,yl) € R? : 22 + nma, —&—y%:O} i if p(v) <n <r(v),
q(u) <m < s(u) and
By = n,m are square integers
{(-3,0)} ; in other cases.

The sequences { A, } and { By, } are not bounded. Also, these are not asymp-
totically deferred Cesaro equivalent in the Wijsman sense since

L s
p(v)p(u) 2

n=p(v)+1
m=q(u)+1

px(gﬂ) —1-»0 (v,u— ).

But these sequences are asymptotically deferred statistical equivalent in the
Wijsman sense, since

1

O] {(n,m) :p(v) <n <r),

q(u) <m < s(u),

px(Anm> - 1‘ > 5}’ =0 (v,u — 00).
Bnm

Theorem 2.16. Let {Anm}, {Bam} € L. If sequences { Appm} and { By}
are asymptotically deferred statistical equivalent to multiple n in the Wijsman
sense, then these sequences are asymptotically deferred Cesaro equivalent to
multiple n in the Wijsman sense.

Proof. Since {Anm}, {Bnm} € L2, there is a positive real number 7 such
that

Px<Anm)—77’<T

for each x € X and each n,m € N.
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n
Suppose that A,,,, RV Bpm. For every § > 0, we have
A
“\Bum/
p(0)g(u) o=
m=q(u)+1
=S Pz -1
p(0)g(u) | o=, nm
m=q(u)+1
P (F22)—n|>6
r(v),s(u)
1 Anm
b 2 ()
Bnm
Pl |
m=q(u)+1
pa (522 ) —n| <6
sl
< n,m):
= e\

p(v) <n <r), qu) <m < s(u),

%(32)—ﬂ26”+5

for each « € X. Since by our assumption, right side of the above inequality
W2 D
convergent to 0 for v,u — oo. Thus, we get Ay ~  Brm. O

(1]
2]

Corollary 2.17. {W)D} (L2 = {W,DS}NL%.
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