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SEQUENTIAL OPTIMALITY THEOREMS FOR
SECOND-ORDER CONE LINEAR FRACTIONAL VECTOR
OPTIMIZATION PROBLEMS

MoonN HeEe Kim

ABSTRACT. In this paper, we consider a second-order cone linear frac-
tional vector optimization problems (FVP), and obtain sequential opti-
mality theorems for (FVP) which hold without any constraint qualification
and which are expressed by sequences.

1. Preliminary Results and Introduction

Jeyakumar, Lee and Dinh [9] proved optimality theorems for convex opti-
mization problem, which held without any constraint qualification and which
were expressed in terms of sequences. We call the theorems as sequential op-
timality ones. Such optimality theorems have been studied for many kinds of
convex optimization problems. In particular, Kim and Lee [11] studied sequen-
tial optimality conditions for efficient solutions of semidefinite linear fractional
vector optimization problems. Kim, Kim and Lee [12] investigated sequential
optimality theorems for weakly efficient solutions for semidefinite linear frac-
tional vector optimization problems. Linear fractional vector optimization and
pseudo linear fractional optimization were studied in [3, 4].

In this paper, we consider a second-order cone linear fractional vector opti-
mization problem (FVP) and establish sequential optimality theorems for effi-
cient solutions and properly efficient solutions which hold without any constraint
qualification and which are expressed by sequences.

Let X be a Hilbert space with inner product (-, -). For a subset D C X, the
closure of D, induced by the norm topology on X, is denoted by clD.

Let C be a closed convex cone in X. Then the positive dual cone of C is
defined by

C*:={z€X : (x,2) 20 Vz e C}.
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The indicator function §4 : X — R U {400} is defined by

Py 0 if xeA,
47\ +oo otherwise.

Let h: X — RU {400} be a function. The conjugate function of h, h* : X —
R U {400}, is defined by

h*(v) :=sup{{v,z) — h(x) : = € domh}

where domh := {z € X | h(z) < +o0}.
The function h is said to be proper if A does not take the value —oo and
domh # ). The epigraph of the function h is defined by

epih := {(z,r) € X xR : h(z) < r}.

Moreover if liminf, ,,h(y) = h(z) for all x € X, we say that h is lower
semicontinuous. A function h : X — R U {+o0} is said to be convex if for all
A €[0,1],

h(Ax 4+ (1 = AN)y) < Mh(z) + (1 = Nh(y) for all z,y € X.

Lemma 1.1. [1] Let hy, hy : X — RU {400} be proper lower semicontinuous
convex functions. Then epi(hy + ha)* = cl(epi hi +epi h3). If, in addition, one
of h1 and ho is continuous at some xg € dom hy; Ndom hsy, then

epi(hy + ho)* = epi h] + epi hj.

Lemma 1.2. [13] Let I be an arbitrary index set and let h; : X — RU{+o00} be
proper lower semicontinuous convex functions. Suppose that there exists xg € X
such that sup;c; hi(zo) < co. Then

epi(sup h;)* = clco U epi h}
el i€l

where sup;e; by : X = RU{+o00} is defined by (sup;c; hi)(x) = sup;e; hi(x) for
allz € X.

In this paper, we consider a second-order cone fractional vector optimization
problem:

(FVP) Minimize

(c{x—i—al cg:ﬂ—i—ap)
d{e+ 6" Tdlz+p,
subject to z € {z €R" : |[Hz+e| £ a’z +b},

where ¢;,d; e R™, i =1,---,p, a;,5;, i = 1,--- ,p, are given real numbers, H
is an (m—1) x n matrix, e € R, a € R*, b€ Rand |z|| = V2Tz, z € R L.

Let K = {(y,t)T € R™~! xR | ||y|| < t}, that is, K is a second-order cone
in R™. Then K is self-dual, that is, K* = K.
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Define A := {xr € R® : |Hz +e¢| £ aTz +b}. Then A = {z € R®

(Ha:—i—e

oo+ b ) € K}. We assume that A # (. Assume that dlz + ; > 0, i =

T .
1,--+,p, for any x € A. Let ¢;(z) := ZT?:&-Z’ i=1

Definition 1. (1) Z € A is said to be an efficient solution for (FVP) if there
exists no other feasible x € A such that

,p, for any z € A.

R

(cle—i—al ng—i—ap) < (c{j+a1 02504-0417)
dle+ 6" Tdlz+p,) ~\dlz+p" Tdiz+p6,/
(2) T € A is said to be a properly efficient solution for (FVP) if z is an

efficient solution of (FVP) and there exists a constant M > 0 such that for each
i=1,---,p, we have

clita; clzta;

T~ - T 4qT )

d; T+Bi d;ichBl <M
cj Tt+aj cj T+a; —

dTz+B; ~ dTa+B;
c?eraj c?i’+ozj

T _
c; Ttay

dTz+8; "

T
c; xtay

dTz+8;

whenever x € A and <

for some j such that

2. Sequential Optimality Theorems

Now we give the following necessary optimality theorem for the efficient so-
lution and the properly efficient solution of (FVP):

Theorem 2.1. Let A € RP be such that A\; >0, i=1,--- ,p. Let T € A. Then
the following are equivalent:

(i) T is an efficient solution of (FVP);

(i) there exist p€ K, y; 20,5 =1,---,p,

0.0 € {D Mo~ ai@di, s+ (@B | + {0} x B

a(U{(-(5) e (5) ")

p
+ U viles — 4@y, —a; +4;()8)} + {0} x RY).
y; 20 J=1
(iii) there exist u € K and y; 20, j=1,---,p, such that
p 7\ P
_ . 1 1 = _
S ater—a@i) + fim [ (7 ) a e Dok —a@a)] <o
i= Jj=

T
. Hi‘—i-e 1 _
and Jim (157 ) w =0
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Proof. ((i) = (i1)) Let Z be an efficient solution of (FVP). Then Z is an
efficient solution of the following vector optimization problem:

Minimize (2 + a1 — q@) (@ +Br), - cha+ ap — g (@)(dfz + )

subject to ve{reR" : |[Hr+e| £ a’z+0b}.

Then we can check that Z is an optimal solution of the problem (P):

P

Minimize Z i [c;[x + o — q;(Z)(dx + 51)}
i=1

subject to ze{r eR" ||Hz +e|| £ a’x + b},

Let A = {z ¢ R* : |[Hz+e| < a’z+0b}and A ={z € R" : cjz+

aj —q;(&)(d]x +B;) =0, j =1,---,p}. Let A = ANA. Then dx(z) =
oa(x) 4+ da(z). By Lemma 1.1,

epidx = cl(epidp + epidy).

Let F(z) :== >0 |\ [ciTx—l—ai —Qi(j)(d;$+ﬁi)} . Since 7 is an optimal solution
of (P), F(x)+0x(x) 2 F(z)+0x () for any x € A. Thus 0-2—[F(z)+0x (z)] =
0 for any = € A. Thus (F' 4 6x)*(0) =0,

(0,0) € epi(F +65)" = epil™ + epidx.

Using Lemma 1.2 and Theorem 4.1 in [10], we can check that

epiF™* = {Z Nl — qi(F)di, — o + qi(f)ﬁi)} + {0} x R*,
i=1

epié*A:cl(U {(_( aHT )Tu,< : )Tu>}+{O}XR+>

pneK

epidy = Cl{ U O _wile; — 4;(@)d;, —a + 4:(2)B;)} + {0} x R+]~

y; 20 j=1

Thus (ii) holds.
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((41) = (i41)) Suppose that (i) holds. Then there exist ! € K, r € RT and
rl € R such that

Ai(e;i — ¢i(Z)d;) + lim [— ( T ) p +Zyj —q;(z )} =0(1)

l—o0

M=

.
Il
-

Ai(—ai +qi(2)Bs) +r (2)

M=

-
Il
_

T P
+ lim [—( Z ) ul—i—Zyé-(—aj—i—qj(sE)ﬂj)—&—rl} =0.

l—o0 X
j=1

From (2.1),

Since ' 2 0 and r 2= 0, we have

Hz +e

T
I _ : I _
aTx—i—b) u =0 and llirglor =0.

r =20, lim <
l—o0

Thus (iii) holds.
((#i) = (7)) Suppose that (iii) holds. Then for any z € A,
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So, for any x € A,

T
T . Hx+e !
Z)\ Cm+azf%( )(dijB’))Jrllggo[(aTx—i—b)

P

+Zyj Cj x+a]_QJ( )(d 13“‘5)))] _Z)‘(C T+ —qi(T )(d T+ B;))

j=1 i=1

— lim [( fTZ—:_eb >T JFZZJ] ¢ 1:+Ozg —q;(@ )(d :E+ﬂj))]

Hz +e

T
Since ¢ Z+ o — q;(Z)(d] T+ B;) +1imy 00 [— ( T3+ b ) ul] =0and ¢] z+

Hx +e

T
| < A
aTJ:—H)) M]ZOforanyxEA,We

o; - g;(@)dT x+ﬁ;)+hmmoo[—<

have, for any = € A

zp:/\ {c xr+a; — qi(z)(d; x—|—5z} ZZ)\ [c T+ o — qi(z)(dl T+ By)|.

i=1
Thus Z is an optimal solution of the problem (P). Then we can check that Z is

an efficient solution of (FVP). Hence (i) holds. O
We give an assumption for (FVP):

T .
Assumption C: {j;iigf |i#£j, z€ A} is bounded above.
J J

Following Proposition 2.3 in [11], we can obtain the following proposition:

Proposition 2.2. The Assumption C is satisfied. Let T € /\. Then the follow-
g are equivalent:
(i) T is a properly efficient solution of (FVP);
(ii) T is a properly efficient solution of the following linear vector optimization
problem:
(LVP)

Minimize (clx+a1—q1( YdFz + By),--- »Cp e +a, —q(z )(d,, x—|—ﬁp))
subject to € A.

Proof. Let & € /A. Then the following are equivalent:
(i) Z is a properly efficient solution of (FVP).

T
(i) (1) there does not exist # € A such that fl?jci?%, < (CiTj:s-?L for all i =

[ z-i—ozJ c?i-&-aj
dTr+ﬁ d].Ti+ﬁj
(2) there exists M > 0 such that, for each ¢ = 1,--- ,p and each z € A
c’irz+a7~, c?f-&-ai
dTovB; S ATatB:

1,---,pand - for some j € {1,--- ,p}.

satisfying there exists for each j € {1,---,p} such that
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cff—&-ozj cj at+aj d

d].Ta‘ch,Bj dTa;JrBJ
ctTa’H»ai c?z+ai
dia+8:  diatBi - 3¢
cheraj cfiJraj = '

dTz+B; ~ dTz+B;
(iii) (1) there does not exist € A such that

Czrx+ai*q¢(f)(de+B) = O*C x‘i’az*(h( )(d ‘T+Bl)
foralli=1,---,pand c;j Ty +a; —qj(a:)(dj r+B5) <0=c;j Tz +a; —qj(x)(d?f+
Bj), for some j € {1,--- ,p}.

(2) there exists M > 0 such that for each i and each z € A satistying
i + a; — qi(Z)(dT x + ﬁz) <cl'z+a; —qi(z)(dl'z + ﬂz) there exists for each
j€{1,---,p} such that c] T+a; —q;(z)(d] 4 6;) < ] v+aj—q;(z)(d] x4 ;)
and

(cl7 + i — qi(@)(d] 7 + B) — (cfw + i — qi() (d] = + B;))
(ij+aj (@(d z +B;)) - (C T+a;—q;(T )(d T+ 05;))
< di.%‘ + B
dj x + B
Thus the result holds. O

Following the proof of Theorem 2 in [7], and using Proposition 2.2, we can

obtain the following proposition:

Proposition 2.3. The Assumption C is satisfied. Let T € /\. Then the follow-
ing are equivalent:

(i) T is a properly efficient solution of (FVP);

(ii) there exist \; > 0, i =1,--- ,p such that T is an optimal solution of the
following linear optimization problem:

(LP) Minimize Z i (c;fx +a; — ¢;(7) (dZTx + 51))

subject to T e A.

Using Proposition 2.3 and following the proof of Theorem 2.1, we can obtain
the following optimality theorem for properly efficient solution of (FVP):

Theorem 2.4. The Assumption C is satisfied. Let T € /. Then the following
are equivalent:

(i) T is a properly efficient solution of (FVP);

(ii) there exist \; > 0,0 =1,---,p,(>F_ N; =1), p € K such that

{Z Ai(ei = qi(@)di, —ai + Qi(i)ﬁi)} +{0} x R*

+c1(“LEJK{<—< it )Tu,< ’ )Tu>}+{o} < RY).
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(iii) there exist A; > 0,i=1,---,p,(30_, N = 1), u' € K such that

P

S ate—a@a) + fm [ () 0] =0

i=1

T
Hz +e 1
ond Jim (157 ) w =0

The following theorem, which is second-order cone programming version of
the Isermann’s result [6, 8, 11, 14], gives a sufficient condition that an efficient
solution of (FVP) can be properly efficient solution of (FVP).

Theorem 2.5. The Assumption C is satisfied. Let T € . Assume that

Hyk{<—<fT>%<z>%>}

+U{Z% 5 — 0;(@)d; —a; + q;(2)B;)} + {0} x Ry

y]EO Jj=1

is closed. If T is an efficient solution of (FVP), then T is a properly efficient
solution of (FVP).

Proof. Let \; > 0,i=1,--- ,p,(>_%_; A\; = 1). Let Z is an efficient solution
of (FVP). By Theorem 2.1,

(0,0) ¢ {Z)‘ i — qi(%)d;, —a; + qi(Z)Bi)} + {0} x R
7\ (e
+C1[ML€JK{<—< T ) u,< b) u)}
+U {Zya oy + g (B)B)) + {0} x By

By assumption,

P

(0,0) € Y Ni(ei — qi(@)d, —ai + 4:(2)3;)

+ U {Zyy —a;+¢;(7)8)} + {0} x Ry
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So, there exist it € K and g; 20, j=1,---,p, and 7 2 0 such that

P T
0= 0+ e — a1 ) @

£ a
= m e T
and 0= 3+ m)(-as ta@s)+ (§ ) arr O
i=1
From (2.4), for any = € A,
P e \7
0= Z(/\i +7i)(ci — qi(2)d;) T — ( T ) ii. (6)
i=1
From (2.5) and (2.6),

Hx +e T_
aTz+b

I
.M"@

s
Il
-

(i +50)(c7 o + 0 — (@) (AT + B) — (

i + i) (] =+ ai — q:(Z)(d] & + ;).

M-

&
Il
_

Since 7 2 0, for any x € A,

p

S i+ 7)(cf 2+ o — qi(@)(d] =+ B;))
=1

p
0= (N +u)(e 7+ —a@)(d T+ 5)).
i=1

Since \; +; > 0, by Proposition 2.3, T is a properly efficient solution of (FVP).
O
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