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ABSTRACT. Let 2 be a prime ring of char(2) # 2, .Z a non-central Lie ideal of 2, .# a
generalized skew derivation of 2l and p € 2, a nonzero fixed element. If p.#(n)n € C for
any n € .Z, then 2 satisfies Ss.

1. Introduction

Throughout this article, 2 is a prime ring with center Z(2l), right Martin-
dale quotient ring 2, extended centroid C and p € 2, a nonzero fixed element.
Any information about definitions and main properties can be found in [3]. The
standard polynomial identity Sy in four variables is defined as S4(n1,72,74,74) =
> (=1)706(1)M0(2) M (3) Mo (1), Where (—=1)7 is +1 when o is an even permutation,
and (—1)7 is (—1), when o is an odd permutation in the symmetric group Sy. An
additive map d : 2 — 2 is a skew derivation of 2 if d(nw) = d(n)w + a(n)d(w)
for all n,w € A, where « is associated automorphism of d. If « is an identity au-
tomorphism of 2 then d is derivation of 2. In particular, for a fixed a € 2, the
mapping I,(n) = [n,a] is derivation called an inner derivation of 2. An additive
map Z : A — A is a generalized skew derivation if #(nw) = Z(n)w + a(n)d(w) for
all n,w € A, where d is an skew derivation of 2 with associated automorphism «.
Further, a generalized skew derivation % : 2 — 2l is called X - inner if there exist
elements a,b € 2 and an automorphism « of 2 such that .Z (n) = an+ a(n)b for all
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n € U, otherwise it is outer. Similarly, a skew derivation d : 2 — 2 is called X- inner
if there is element a € 2 and an automorphism « of 2 such that d(n) = an—a(n)a
for all n € 2, otherwise, it is X-outer. The notion of a generalized skew derivation
is combination of the notions of skew derivation and generalized derivation.

n [13], Sharma and Dhara proved that if 2 is a prime ring with non-zero
derivation d, .Z a non-central Lie ideal and a € 2 such that an™d(n)™ = 0 for all
n €%, where n > 1 and m > 1 are fixed integers, then one of the following holds:

(1) a=0or d(Z) =0 if char(2) # 2.
(2) a=0ordRA) =0if [Z,Z] # 0 and A # My(F).

In [8], Dhara and De Filippis considered generalized derivations. They proved for a
prime ring A that if H is a generalized derivation of 2 and .Z a non-commutative
Lie ideal of 2 such that n* H(n) n* = 0 for all n € £, where s > 0,t > 0 are fixed
integers, then H(n) = 0, for all n € A, unless Char(2A) = 2 and A satisfies Sy.

In [9], Du and Wang demonstrated the following result for generalized deriva-
tions. Let 2 be a prime ring, U be its Utumi ring of quotients, H a nonzero
generalized derivation of 2, . a non-central Lie ideal of 2 and 0 # a € 2. Suppose
that an®*H(n)n' = 0 for all n € £, where s,t > 0 and n > 1 are fixed integers.
Then either s = 0 and there exists b € U such that H(n) = by for all n € A with
ab = 0 or A satisfies Sy.

Inspired by the above outcomes, in the present paper, we prove the following
result about generalized skew derivations with an annihilating condition on the
non-central Lie ideal.

Theorem 1.1. Let 2 be a prime ring of Char() # 2, £ a non-central Lie ideal
of A, F a generalized skew derivation of A and p € 2, a nonzero fized element. If
pF(n)n € C for any n € £, then AU satisfies Sy.

2. Preliminaries

The following facts are often referenced in the proofs of our results:

Fact 2.1. Let 2 be a prime ring and .# be a two sided ideal of 2. Then & A
and 2 satisfy the same generalized polynomial identity with coefficients in 2 [5].
Furthermore, .#, 2l and 2 satisfy the same generalized polynomial identity with
automorphisms [6].

Fact 2.2. ([14, Lemma 2.1]) Let 2 be a prime ring with extended centroid C. Then
the following conditions are equivalent:

(1) dimeA% < 4.

(2) A satisfies Sy.

(3) A is commutative or 2 embeds in My(F), for F a field.
(4)

4) 2 is algebraic of bounded degree 2 over %.
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(5) A satisfies [[a?,b],[a, b]] = 0.

Fact 2.3. ([7, Theorem 1]) Let 2 be a prime ring, D be an X-outer skew derivation
of 2 and « be an X- outer automorphism of 2 . If (¢(a;, ), D(a;), a(a;)) is a gener-
alized polynomial identity for 2 , then 2 also satisfies the generalized polynomial
identity v (a;, b, ¢;), where a;, b;, ¢; are distinct indeterminates.

Fact 2.4. Let 2 be a prime ring and . a be non-central Lie ideal of 2. If
char(A) # 2, by [3, Lemma 1] there exists a nonzero ideal .# of 2 such that
0# [&,U C.Z. If char(A) = 2 and dim2A% > 4, ie., char(A) = 2 and A does
not satisfy Sy, then by [11, Theorem 13] there exists a nonzero ideal .# of 2 such
that 0 # [Z,2] C Z. Thus, if either char(2A) # 2 or A does not satisfy Sy, then
we may conclude that there exists a nonzero ideal .# of 2 such that [.#, 7] C .Z.

Fact 2.5. (|2, Lemma 7.1]) Let Vp be a vector space over a division ring D with
dimVp > 2 and T € End(V). If s and T's are D-dependent for every s € V', then
there exists x € D such that T's = ys for every s € 7.

3. Some Important Results

We start with the following lemma and proposition; they are required for the
development of our theorems:

Lemma 3.1. Suppose 2 is a primitive ring isomorphic to a dense ring of linear
transformations on some vector space V. over a division ring D,dimpV > 2, f €
End(V) and a € A. If as = 0, for any s € V such that {s, f(s)} is linearly
D-independent, then a =0, unless dimpV = 2 and char(2) = 2.

Proof. A vector s € V is fixed such that {s, f(s)} is linearly D-independent, then
as = 0. Let v € V such that {t,s} is linearly D-dependent. Then both at = 0 and
v € span {s, f(s)} are trivial.

Now, let v € V such that {r,s} is linearly D-independent and ar # 0. By the
hypothesis, we have {t, f(t)} is linearly D-dependent, as are {t + s, f(t + 5)} and
{t — s, f(vt — 6)}. Thus, there exists ky, Kyis, kr—s € D such that

f(¥) =the, f(v+5) = (t48)hers, f(v—5) = (v —8)kes.

In other words, we have

(3.1) the + f(8) = thegs + 5Kers
and
(3.2) the — f(8) = the—s — 5Ke—s-

Suppose dimpV > 3. It is obvious that v € Span{s, f(s)}, otherwise equation
(3.1) is contradicted. Thus for any v € V, we have v € Span{s, f(s)}, that is
V = Span{s, f(s)}, a contradiction.
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To complete the proof, suppose dimpV = 2 and suppose char(2) # 2, if not
we are done.
By equating (3.1) and (3.2), we get both

(3.3) (2K — Keds — Kees) + 5(Kees — Keas) =0
and
(3.4) 2f(s) = t(Kets — Kros) + 5(Kets + Ky ).

By (3.3) and since {t,s} is D-independent and char(2) # 2, we have ky = Keps =
Ke—s. Thus, 2f(s) = 28k, by (3.4). Since {s, f(s)} is D-independent, the conclusion
Ke = Kets = 0 follows, that is f(v) = 0 and char(2) # 2, it follows that at = 0, for
any t € V, ie. aV = (0). Hence, a = 0 follows. O

Lemma 3.2. Let A be a non-commutative prime ring, a € A, I a nonzero two-
sided ideal of 2 such that [pa[n,n2)?, [w1,wa]] = 0 for all n1,m2, w1, ws € I. Then A
satisfies Sy.

Proof. By hypothesis, I satisfies [pa[n1,n2]?, [w,ws]] = 0 for all 7,72, wi,ws € I .
In particular n; = b, we get [pa[b, n2]?, [w1,ws]] = 0. Then by [1, Lemma 2.2], we
get palb,n2)? € C. Since [b, 7] is an nonzero inner derivation of 2 then pa[b, n2]? is
a central DI for I. Thus by [4, Lemma 2|, dimc2AC < 4. Hence, by Fact 2.2, 2
satisfies Sy. O]

Proposition 3.3. Let A be a prime ring, a,b € A, I be a nonzero two-sided ideal

of A such that [p(a[ny,n2] + [11,12]0)[1n1, 2], [wi,w2]] = 0 for any n1,m2, w1, w2 € I.
Then A satisfies Sy.

Proof. Suppose b € C, then by given hyphothesis [p(a + b)[n1,12]]%, [w1,w2]] = 0
for all ny,ns,w1,ws € I. Hence, by Lemma 3.2 the required conclusion follows. In
case b ¢ C, assume dimcV > 3 then [p(a[n1,n2] + [71,7m2]0)[n1,m2], [wi1,ws]] = 0
is a non-trivial generalized polynomial identity (GPI) for I. Then by Fact 2.1
[p(al[n, 2] + [n1,12]0) 01, n2], (w1, w2]] = 0 is a non-trivial GPI for A and 2 also.
By Martindale Theorem [12], 2 is a primitive ring having non-zero socle and its
associated division ring is finite dimensional over C. Hence, by Jacobson Theorem
in [10, Page 75], £ is isomorphic to a dense ring of linear transformation on some
vector space V over C. Assume that s € V exists such that {s,bs} are linearly
C-independent. Since dimaV > 3, then there exists w € V such that {s,bs, w} are
linearly C-independent. By the density of 2, there exists hi, ho, k1,ks € 2 such
that
his = S, hos = O7 kiw = w, kos = w, kis = 0,

hlw = 07 hg’w =85, h1b5 = 0, h2b5 = 5.

This gives, 0 = (p(alh1, ha] + [h1, halb)[h1, hal, [k1, k2]])s = ps. Hence, we have
proved ps = 0 for any vector s € V such that {s,bs} are linearly C-independent. By
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Lemma 3.1, p = 0 follows a contradiction. Thus, {s,bs} are linearly C-dependent
for all s € V. Then by Fact 2.5, there exists k € C such that bs = ks for any
s € V. For any r € 2, we have that [b,r]s = b(rs) — rbs = krs — krs = 0, that is,
[b,7]V = 0. Hence [b,7] = 0 for any r € 2, which implies that b € C. This is a
contradiction. Thus, dimcV < 2. Hence, 2 satisfies Sy. O

4. Case of inner generalized skew derivation

In this case, we have a,b € 2 such that F(n) = an+ «(n)b for all n € 2, where
a € Aut(2).

Lemma 4.1. Let A be a prime ring of Char(2) # 2 and a,b,q € 2. If q is an
invertible element of 2 and I be a nonzero two-sided ideal of 2 such that

(4.1) [p(almmn] + qlny, m2lg ' 0)[m1, m2], [wr, w2]] = 0
for any m1,m2, w1, we € I. Then A satisfies Sy.

Proof. Suppose ¢~1b € C, then by (4.1), we have [p(a + b)[n1,n2]?, [wi,ws]] = 0,
for all n1,m2,w1,ws € I. Hence by Lemma 3.2, 2 satisfies S4. Furthermore, in case
q € C, we have [p(a[n,n2] + [n1, n2]b) 01, n2), [w1, wa]] = 0 for any 71, N2, w1, w2 € 1,
and hence by Proposition 3.3, we get the conclusion. From now, we have ¢~ b ¢ C
and ¢ ¢ C. So, (4.1) is a non-trivial GPI for I. Then by Fact 2.1, (4.1) is a non-
trivial GPI for 2 and 2 also. By Martindale Theorem in [12], 2 is a primitive
ring having non-zero socle and its associated division ring is finite dimensional over
C'. Hence, by Jacobson Theorem in [10, page 75], 2 is isomorphic to a dense ring
of linear transformation on some vector space V over C'. Assume dimcV > 3 and
suppose that there exists 5 € V such that {s,q 'bs} are linearly C-independent.
Since dimcV > 3, then there exists w € V such that {s,q'bs,w} are linearly
C-independent. By the density of 2, there is hy, ho, k1, ko such that

hlﬁiﬁ, hQEZO, k15:0, kgﬁiw, klw:w

hiw =0, how =5, hiqg tbs =0, hog lbs =5

This gives, 0 = ([p(alhi, ko] + q[h1, halqg 'b)[h1, hal, [k1, k2]])s = pgs. Hence, we
have proved pgs = 0 for any vector s € V such that {s,¢q 'bs} are linearly C-
independent. By Lemma 3.1, pg = 0 follows a contradiction. Thus, {s,q 'bs}
are linearly C-dependent for all s € V. Then by Fact 2.5, there exists k € C
such that ¢='bs = ks for any s € V. For any r € 2, we have that [¢~1b,7]s =
g 'b(rs) — rq lbs = krs — krs = 0, that is,[¢g~'b,7]V = 0. Hence [¢~'b,7] = 0 for
any r € 2, which implies that ¢—'b € C. This is a contradiction. Thus, dimcV < 2.
Hence, 2 satisfies Sy. O

Lemma 4.2. Let A be a prime ring of char(A) # 2, a : A — A be an outer
automorphism of . suppose that a,b € A such that

(4.2) [p(a[n1, 2] + a1, 12])b) 01, n2], [wi, wa]] = 0
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for all n1,n,w1,ws € A. Then A satisfies Sy.

Proof. Assume « # I, otherwise the conclusion directly follows from Proposition
3.3. By Fact 2.1, 2 is a GPI-ring and @ is also a GPI-ring. By Martindale Theorem
n [12], £ is a primitive ring having non-zero socle and its associated division ring
is finite dimensional over C. Hence, by Jacobson Theorem in [10, page 79], 2 is
isomorphic to a dense ring of linear transformation on some vector space V over C.
By [13, page 79], there exists a semi-linear transformation T' € End(V) such that
a(n) = TnT~! for all n € 2. Assume that s and T~ 'bs are linearly C-dependent
for all s € V. By Fact 2.5, there exists x € C such that T~ 'bs = ks for all s € V.
In this case for all n € 2, (an + a(n)b)s = (an + TnT~1b)s = ans + TnT " tbs =
ans +T(kns) = ans + T(k(ns)) = ans + T(T~1b)(ns) = (a + b)ns. This means that
(an + a(n)b)s = (a+b)ns for all p € £ and s € V, since V is faithful, it follows
that (an + a(n)b) = (a + b)n. Thus, (4.2) reduces to [p(a + b)[n1,12)?, [w1,ws]] = 0.
Hence, by Lemma 3.2, 2 satisfies Sy. Now, Suppose there exists s € V' such that
{s,T71bs} are linearly C-independent. Assume dimcV > 3, then there exists
o € V such that {s, T 1bs, 1o} are linearly C-independent. By the density of 2,
there exists hy, hs, k1, k2 such that

hT Ybs =0, hoT 'bs =5, kis =0, kos = tv, kv =10

his =5, hos =0, hito =0, hoto =5

0 = ([p(alh1, he]+T[h1, ho] T~ b)[h1, ko), [k1, k2]])s = pT'(s). Hence, we have proved
that pT'(s) = 0 for every s € V such that {s, T 1bs} are linearly C-independent.
By Lemma 3.1, p = 0 follows a contradiction. Thus dim¢cV < 2. Hence 2 satisfies
Sy. O

Proof of Theorem 1.1. In view of the Fact 2.4, a nonzero two-sided ideal I exists
such that 0 # [I,2(] C L. Therefore , I satisfies [pF([n1,n2])[n1, 2], [w1,w2]] = 0.
we known there exists a skew derivation d of 2 and an element a € 2 such that
F(n) =an+d(n) for all n € A.

Case 1: If d is inner, then d(n) = by — a(n)b for some b € 2 for all n € 2, So that
F(n) = (a4 b)n — a(n)b. Then, we have
[p((a + b)[n1,m2] — ([, m2])b) [, m2], [wi, wa]] = 0 for all 1,79, w1, wa € 1

Subcase 1: When « is an identity map, then the conclusion follows from Proposi-
tion 3.3.

Subcase 2: When « is inner , then there is ¢ € 2 — C, such that a(n) = gng~* for
all n € 2, then the conclusion follows from Lemma 4.1.

Subcase 3: When « is outer, then the conclusion follows from Lemma 4.2.

Case 2: When d is outer, then we get

[p(a[n1, 2] + d([n1, m2]) 01, n2], w1, wa]] = 0
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for all ny,m2, w1, ws € 2.
This implies that

[p(a[ny, m2] + d(m)nz + a(n)d(n2) — d(ne)m — a(n2)d(ni))[m, nal, w1, ws]] = 0

for all 1,2, wy,ws € 2.
Here d is not inner, by applying Fact 2.3, 2 satisfies

[p(alni, ne] + tine + a(m)te — tam — a(n2)t)[m, m2], [wi,ws]] =0

In particular, t; =ty = 0, we get [pa[n1,n2)?, [w1,ws]] = 0, then again by Lemma
3.2, the given conclusion follows.
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