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SECOND MAIN THEOREM FOR MEROMORPHIC
MAPPINGS ON p-PARABOLIC MANIFOLDS
INTERSECTING HYPERSURFACES IN
SUBGENERAL POSITION

YUEHUAN ZHU

ABSTRACT. In this paper, we give an improvement for the second main
theorems of algebraically non-degenerate meromorphic maps from gener-
alized p-parabolic manifolds into projective varieties intersecting hyper-
surfaces in subgeneral position with some index, which extends the results
of Han [6] and Chen-Thin [3].

1. Introduction

In 1933, Cartan [2] established a second main theorem for linearly nonde-
generate holomorphic curves into complex projective spaces intersecting hy-
perplanes in general position. Later, Ahlfors [1], using an innovative geome-
try method, extended Cartan’s second main theorem to linearly nondegenerate
meromorphic maps on C™. Stoll and Wong [17,18] generalized the above results
to algebraically non-degenerate meromorphic maps defined on parabolic mani-
folds. In 2004, Ru [13], using the filtration of the vector space of homogeneous
polynomials, established a defect relation for linearly nondegenerate meromor-
phic mappings from parabolic manifolds into the projective space intersecting
hypersurfaces. Subsequently, Ru [11] obtained a second main theorem of al-
gebraically nondegenerate holomorphic curves into projective varieties, solving
the Shiffman’s conjecture [15]. Han [6] generalized Ru’s results to meromorphic
maps from p-parabolic manifolds into smooth projective varieties intersecting
hypersurfaces in general position. The result of Han [6] was generalized by
Chen-Thin [3] to the case of intersecting hypersurfaces in subgeneral position.

Recently, Ji-Yan-Yu [7] introduced the concept of the index of subgeneral
position, and gave interesting improvements of some previously known second
main theorems. Motivated by this new notion, we will prove a second main
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theorem for meromorphic maps from p-parabolic manifolds into projective va-
rieties intersecting hypersurfaces in subgeneral position with index, which are
improvements and extensions of the results in Han [6] and Chen-Thin [3].

To state our result, we give some basic definitions and notations of p-
parabolic manifolds. For more details, we refer the reader to [18,19].

Definition. For 1 < p < m, a Kahler manifold (M,w) of dimension m is
said to be a generalized p-parabolic manifold if there exists a plurisubharmonic
function ¢ such that

e {¢p = —o0} is a closed subset of M with strictly lower dimension,

e ¢ is smooth on the open dense set M\{¢$ = —oo} satisfying

(dd°¢)P " Aw™ P £0 and  (dd°¢)’ Aw™ P = 0.

Note that m-parabolic manifolds are just ordinary parabolic manifolds. Write
7:=¢® and 0 := d°¢p A (ddcgb)p*1 A w™ P where 7 > 0 is called a p-parabolic
exhaustion on M. For any positive real number r > 0, define

M| =={zeM:r(z)<r’}, M@r)={zeM:7(z)<r’}.
Then the pseudo-spheres associated with 7 are defined as

M(r):= M[r\M(r)={z e M:7(z) =r"}.

[
M{(r)

where ¢ is a constant depending only on the structure of M.

We next introduce the notion of associated maps. Let f : M — P*(C) be
a meromorphic map defined on a complex manifold of dimension m, and let
f, : U, — C"*! be a reduced representation of f on some a chart (z,U,). If
a global meromorphic (m — 1,0)-form B is given on M, we define the first
B-derivative ff of f, on Uy, by

By [6], we have, for all > 0,

df, AN B = fpdzy ANdza A -+ ANdzp,.

This operation can be iterated such that the k-th B-derivative fl(gk) is defined
as

S IOAB = fFdzoy Ndg A+ Adzy,

for k = 1,...,n. Then the k-th associated map fr : M — P (/\]€+1 C”+1>

is defined by fi |v.= P(fi) on U,, where P is the projection. We note that
the associated maps are independent of the choice of local charts, and thus are
globally well-defined.

With the notions as above, we give some general conditions on p-parabolic
manifolds.
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(1) (M, 7,w) denotes a p-parabolic manifold which possesses a globally
defined meromorphic form B of degree (m — 1,0), such that, for any
linearly non-degenerate meromorphic map f : M — P*(C), the k-th
associated map fj is well defined for £ = 0,1,...,n, where we put
fo := f and where f, is a constant.

(2) There exists a Hermitian holomorphic line bundle (£, i) which admits
a holomorphic section p such that, for some increasing function Y'(7),
we have

m—1

/—1 _ _

(—1)(m=D(m=2)/2p) (2 > \W2BAB<Y(7) (dd°r)P " Aw™ P,
Y[y

A p-parabolic manifold (M, 7,w) with the above assumptions is called an ad-
missible p-parabolic manifold.

For 1 < p < m, A, is the p-th symmetric polynomial of the matrix (7,3;)
with respect to the Kahler metric w. Actually, A; is the trace of 7,3, while A,,
is the determinant det (7,3) (> 0). We denote

1 1 1 1
mo(L;r,s) = 7/ log —50 — 7/ log —5o0.
2 vy uly 2 sy Il

Following [7,20], we give a definition for hypersurfaces being in N-subgeneral
position with index k.

Definition. Let X C P"?(C) be an algebraic subvariety, and let {D1,..., D4}
be a family of hypersurfaces in P*(C). Let N and s be two positive integers
satisfying N > dim X > k.
(1) The hypersurfaces {D1,..., Dy} are called in general position in X if
for any subset I C {1,...,q} with 7 < dim X + 1,

codim (n DiﬂX> >l

iel
(2) The hypersurfaces {D1, ..., Dy} are called in N-subgeneral position in
X if for any subset I C {1,...,q} with 7 < N +1,

dim (ﬂDiﬂX> <N —tl.

iel
(3) The hypersurfaces {D1,...,D,} are called in N-subgeneral position
with index k in X if {D;, ..., Dy} are in N-subgeneral position and for
any subset I C {1,...,q} with I < &,

codim (ﬂ D X) > 47
iel
(Here we set dim ) = —1).

Our main result is the following.
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Theorem 1.1. Let f : M — X C P*(C) be an algebraically nondegenerate
meromorphic map defined on an admissible p-parabolic manifold M, where X
is a smooth variety of dimension £ > 1. Let {D1,...,Dy} be a collection of
hypersurfaces in N -subgeneral position with index k in X, anddegQ; =d; (j =
1,...,q). Then, for any e >0 and r > s > 0, we have!

(0= T2 )~ )7y

q
< Z d;lN}“ (r,s;Dj;) +c¢ (mO(S; r,8) + Ric,(r, s) + s log™t Y(TQ) +clog™ r) ,
j=1

where ¢ > 1 is a constant, m < deg Xd‘e" (1 + %)Z s a positive integer with
u controlled by (16), and Ricy(r,s), Nramys (1,5) are the counting functions of
div A, and the ramification divisor 6, respectively. Whenever s is fized, take m
to be the largest integer less than

ed™ V(N — 0+ k) (20 +5)1]"

(deg X)“*! :
RE

-k
where | = M(njfl),(:fzvfl)l +4q

Letting m — oo, we get the following second main theorem without trunca-
tion.

Corollary 1.2. Under the assumptions of Theorem 1.1, we have, for anye > 0
andr > s> 0,

q
N —1¢
150ty D) < (S ) e ) Ty0)
j=1

+c (mo()l; r, s) + Ricy(r, s) + clog* Y(TQ) +¢log™ r) ,
where ¢ > 1 is a constant.

In this paper, we use the Hilbert weights method to prove a second main
theorem with truncated counting functions, which extends the main result in
[14] to the case of meromorphic maps from generalized p-parabolic manifolds
into projective varieties. We note that the main theorem in [3] is just a special
case of our main result when Kk = 1. Next, we introduce a filtration of the
vector space corresponding to the coordinate ring of the variety. This filtration
is a generalization of Corvaja-Zannier’s filtration [4], given by Dethloff-Tan [5].
By utilizing the algebraic properties of the filtration and properties of Hilbert
polynomials, we provide an alternative proof of Corollary 1.2.

1Here, by the notation ||, we mean that the inequality holds for all 7 € (s, +00) outside a
possible set of finite Lebesgue measure.
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2. Basic notations and auxiliary results

In this section, we briefly recall some notations and facts in Nevanlinna
theory on generalized p-parabolic manifolds.

2.1. Nevanlinna theory

Green-Jensen formula (on p-parabolic manifolds) [19], which is the funda-
mental formula in the theory of value distribution, is defined as follows, for
r>5>0,

1 1
d°o A (dd°T)P™ /\wm_pzf/ gpa—f/ oo,
/ t2p= 1/ 2 J My 2 Jaags)

where ¢ is a plurlsubharmomc function, and dd°p denotes differentiation in
the sense of currents.

Let D C P*(C) be a hypersurface, and let @ € CJzg,...,z,] be the ho-
mogeneous polynomial of degree d defining D. Let f : M — P*(C) be a
meromorphic map such that f(M) € D. We choose a reduced representation
f. = (fo,..., fn) : U, — C"*"Lon alocal chart U, C M. Then the Weil function
of f with respect to D (or Q) is locally denoted as, for z ¢ (Q(£.)) " (0),

(L]
Q)]

where ||@Q| is the maximum norm of the coefficients appearing in Q. Note
that Ap(f) is independent of the reduced representations and hence is global
well-defined. Correspondingly, the proximity function my(r, D) is defined as

m(r, D) = /M<T> Ao (f)o.

Without loss of generality, we may assume [|@Q| = 1 in the definition of the
WEeil function and the proximity function.

Put 67 |y.:= div(Q(f.))[,. on the local chart (z,U.). Given two reduced
representations f,,fs on the overlapping charts U,,Ug correspondingly, we
have f, = hogfg on U, N Ug, for a non-vanishing holomorphic function hg,
and thus 9}9 is a global well-defined divisor on M. Then the counting function
of f with respect to D is defined by

Nf(r,s;D)=/ oy 1/ 07 A (dd°T)P™H Aw™ P

for 0 < s < r. Writing HJ’? as locally finite sums Hf =Y rea kavy of irreducible

Ap(f:) == Ap(f)lv. = log

analytic hypersurfaces, the m-th truncated divisor is locally defined as 9?’D =
min {m, kx} vy for some positive integer m. Then the counting function with
truncated level m is defined by

. — " D —
N;“(T,S,D)_/ - 1/M 0™ A (ddor)" "t AW,
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Accordingly, for any r > s > 0, the characteristic function of f is defined as

"odt N c \p—1 m—
Ty(r,s) ::/S t2p_1/M[t] [ Qps A (dd°T)P™7 Aw™ P,
where Qpg is Fubini-Study form on P™(C).
Now, the Green-Jensen formula (1) implies:

Theorem 2.1 (First Main Theorem [6]). Let f : M — P"(C) be a nonconstant
meromorphic map defined on a p-parabolic manifold M, and let D C P*(C) be
a hypersurface of degree d such that f(M) € D. Then for anyr > s >0,

de(T7S) = Nf(T7S;D) +mf(T7D) _mf(S’D)'

2.2. Some lemmas

Let X C P™ be a projective variety of dimension ¢. Set V,, = C [y, ..., zx],
and ‘//; = W, where Z(X) is the ideal of C[xo,...,x,] defining X and

I(X), = Z(X)NC [z, . . . , xy),,- The Hilbert polynomial Hy (u) of X is defined
by

Hx (u) := dim (C [z, ..., 2], /Ix(u)).
Then for u big enough, we have

Clzoy ..., xn] .= uf -1
—— % =d V,=degV - — + ,
Xu imgc eg 7 O(u )

by the theory of Hilbert polynomials (see [16]). The Hilbert Weight Sx (u,c)
of X with respect to some tuple ¢ = (cg, ...,c,) € R"! is defined by

Hx (u) = dimg

Hx (u)
Sx(u,€) = max aj-c|,

j=1
where the maximum is taken over all sets of monomials x!,...,x*#x® whose
residue classes modulo Z(X) form a basis of C[xo,...,zy], / (Z(X)),, where
aj = (ajo,...,a;n) € Z2" is an (n + 1)-dimensional multi-index, and x% =
asgjo e
Lemma 2.2 (see [11,12]). Let X CP" be an algebraic subvariety of dimension
¢ and degree A\. Let u > /\ be an integer, c € RZ and let {io,...,i¢} be a

subset of {0,...,n} satisfying {x =[ro: - :x,) EP" oy =---=ax;, =0} N
X =0. Then
1 1 (20+1)A
- - > I oy T .
uHx(U) Sx(U,C) = (f T 1) (CZO + + Cw,) " <0r£zagxn Cz)

Lemma 2.3 (see [17]). Let f : M — P"(C) be a linearly nondegenerate mero-
morphic map defined on a generalized p-parabolic manifold M, and let {H, }?:1
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be a collection of hyperplanes of P™(C) in general position. We have

zq: (9fj - 9;}*’1’]‘) <4.

j=1

Lemma 2.4 (see [6]). Let f: M — P"(C) be a linearly nondegenerate mero-
morphic map defined on an admissible p-parabolic manifold M. Let {Hj}gzl
be arbitrary hyperplanes in P"(C). Then, for r > s > 0, we have

||/ maxZ/\H

JEK
< (n+ 1)Tf(7“, 5) — NRamf(Ta s)

1 1 1
+ in(n + )ymo (57, 5) + in(n + 1) Ricp(r, s) + ign(n + 1) log® Ty (r, s)

1
+ ign(n +1) (log* mo(&;r,s) +1log™ Y (r?) +log™ Ricy(r, s) +log™ 1),

where maxy ranges over all subsets K of {1,...,q} such that the hyperplanes
{H;}jex are linearly independent.

3. Second main theorems
3.1. Proof of Theorem 1.1

Proof. Firstly, we prove the main theorem for the case where the hypersurfaces
have the same degree d. Let Q; € C |z, ..., x,] be the homogeneous polynomial
defining D; for 1 < ¢ < q. We choose a reduced representation f of f on an
arbitrary local chart U C M. For any z € U (excluding the zeros of all @Q;(f)
in U), there exists a permutation I; = (i1,...,4,) of {1,...,¢q} such that

2) Qi 0 £(2)] < |Qu o f(2)] < - < |Qi, 0 £(2)].

We consider the following positive function [9]

Qi (2)] } ’

h =
(2) 1<?iaz3‘+1{ EE
2

where z = [z9 : -++ : 2] € P*(C) and ||z| = (Z?:o \zl|2> . We see that h
is a positive continuous function on X. By the compactness of X, there exist
two positive constants ¢; and cs, independence of the choice of I;, such that
¢1 = min,e x h(z) and ¢o = max,cx h(z). Then, we have

d < d
(3) alle]’ < max [Q:(0)] < el

Therefore (2) and (3) imply that

)] 1£C)])
) I, 00 = NH|@%f

1
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Since the hypersurfaces {D1, ..., D,} are located in N-subgeneral position with
index k in X, we get

codim (ﬁ D, ﬂX) > K.

t=1

With respect to the hypersurfaces {D;,,...,D;,}, we can construct (¢ — k)-
homogeneous polynomials of the following forms:

N—L+j

(5) P = Z b;:Qi,, b €C, j=6+1,...,¢,
t=r+1

such that {D;,,...,D ﬁiwl,...,
where {D;, e D;,} are defined by the above Pj’s, respectively. This method
of construction is due to Quang [8].

Now, we construct P, as follows. Let I' be the set of irreducible compo-
nents of ((;_, D;, (1 X) with codimension . For any A € T, let

D;,} are located in general position on X,

PR

XA :{b = (bpg1s- - bN—t4ns1) € CNTHT L A C D, where

~ _ N—t4m+1
D is the hypersurface defined by @ = Z b:Qi, }
t=k+1

Observe that D = P"(C) in the case where @ is the zero polynomial. By
definition, XA is a subspace of CN=#*1. Since

N—l+k+1
codim< ﬂ D“ﬂX> > k41,
t=1

there exists some t € {k+1,...,N — £+ + 1} such that A ¢ D;,. This
implies that XA is a proper subspace of CV=¢*+1. In view of the fact that I is
at most countable, we have

(CN—€+1\ U XA ?é(z)

Ael
~ > N—t+r+1
We denote by D;, ., the hypersurface defined by Pii1 = > ,— 1" biQi,,
where b = (buai1,---,0n_riri1) € CVNHI\ Uaer Va. This clearly implies

that

codim <ﬁ D, ﬂXﬂlAjiHl) > k+ 1

t=1
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Next, let I be the set of irreducible components of (ﬂle D;,NXN 51-”1)
with codimension k + 1. For any A’ € IV, put

XA/ :{b = (bHJrl, .. .,bN,ng,H,Q) S (CN_Z+2 : A/ Q ﬁ, where

N . N—f+mt2
D is the hypersurface defined by @ = Z thit}'
t=rk+1

Similarly, A’ is a subspace of CN =2, Since

N—l+4+K+2
codim( ﬂ DitﬂX> > K+ 2,
t=1

there exists some t € {x+1,...,N — £+ k+ 2} such that Xo» € D;,. This
implies that XA is a proper subspace of CN =2, Since I' is at most countable,

CN=\ ) Xa £ 0.

AN g

Denote by l~)i~ +» the hypersurface defined by 15,.@+2 = ii;ti:_lmr? b:Qi,, where

b= (but1, -, bON_piri2) € CNTE2\ Uarer Xar. Obviously,

codim <ﬁ D;, ﬂXﬂﬁiHl mﬁin+2> > K42
t=1

Repeating the above argument, the construction is complete. Putting l~)it =
D;, for 1 <t <k, then {Dz’17~-~,Du} are in general position on X. For any
permutation (i1,...,4,) of {1,...,¢}, we can always construct homogeneous
polynomials {P, 1, ..., Py} satisfying (5), correspondingly.

Since there are only finitely choices of N-polynomials in {Q1,...,Q4}, we
can find a constant C' > 0, independent of z, such that

P(£)(2)| <C  max |Qy(£)(2)] = C[Qix_,,, (£)(2)]

KH1<j<N—b+t
for k +1 <t </, and thus by the definition, we get
(6) AD (f(2)) S)‘Di,(f(z)>+0(1) fork +1 <t </

IN -0+t

Combining the above inequality with (4), we get

N—l+k N

<D Ap, )+ Y Ao, EE)+ Y Ap, (=) +0(1)

t=r+1 t=N—A+kK+1
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K N—{l+k 4
<3S EED+ YD A, (E)+ Y Ap, (£(2) +O()
t=1 t=r+1 t=r+1
¢ N—t+k
= D> s, EE)+ Y Ao, (E(2) +O(1)
t=1 ’ t=r+1
¢
N—-{l+k
< HoEE (Z A, (f(z») +0(1).
t=1
By (5), we can also construct a homogeneous polynomial
N+1
Py = Z bj1Qi,
t=r+1
which defines Di[+l such that {D;, , ... ’Diul} are in general position on X. Let
I denote the set of all permutations of {1,...,q}, written as I = {I1,..., Lgs}.
For each I; := (i1,...,14) € I, we use P, o11,...,Pi 41 to denote the poly-
nomials obtained from the hypersurfaces {D;,,...,D;,,, }. For each t € {s +

1,...,£+ 1}, the polynomial P;; is determined only by Q;, . ,,...,Qiyx_,,,, SO
!
n!(N7£+1(§!(q7N71)!
all possible polynomials of the above form [14]. By renumbering, we may put

I={I,I...,I;}. Consider the map x : X — P¥~1(C) defined by

X(2)=11Q1::Qq: Prpt1(2) : -t Pryyi(2) c -+t Prg1(2) i+t Proga(2)]

for k= (¢ —k+1)l+q. Set Z = x(X). Then x is a finite morphism, Z is an
(-dimensional algebraic subvariety of P*=1(C), and A := deg Z < d’deg X.

Now, let {f),Ux, A € A} be a system of local reduced representations of f.
Given any z ¢ Uj_, (Q;(£2)) "1 (0), set

to construct

we can take a subset [ C [ with cardinality | =

C(Z) = (6071(2), ey Co,q(Z), 617K+1(Z), ey Cl,g+1(2’), ey clﬁ_‘_l(z), . ,cl,g+1(z)) s

in which ¢; +(z) = Ap,(f\(2)) for i =0, 1 <t < g, and ¢; +(z) = Ab,, (fr(2)) for
1<i<lyjk+1<t<Ll+1. Let Z(Z) be the ideal in C[z1,...,x] defining
Z. Put Z(Z), = Clz1,...,2x], N Z(Z) for some positive integer u > A.
Since {Dil, e ﬁié+1} are in general position with respect to X, we have, by
Lemma 2.2 and (7),

< Sz(u,c(z))  (20+1)A

q
®  p w60 < S 2 maxcia2)
for p = (NTZ)(@—H)' Fix a basis ¢o, ..., ¢, for ‘//;, where ‘//; = W,

and n, = Hz(u) — 1. We consider the map

F=[po(xof): - :¢n,(xof)]: M —P".
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Set F)\ = (Fo))\, ey Fnu,)\)7 where Fj7,\ = ¢j (Ql (f)\), ce ,Qq(f)\),P17H/+1(f)\)7. c e
Plygjnl(f,\), PN ljl,m+1 (f)\),. c ey f:)l7g+1(f,\)) for j = 0, 1, ey Ny Note that F,\ is a
reduced representation of F' on Uy, and F' is linearly nondegenerate.

For aj = (aj1,...,a;;) € ZE,, put x* = 217" ... }*. By the definition of
Hilbert weight, there exist monomials x2!,...,x2#z (depending on z) whose
residue classes modulo Z(Z), form a basis of V, such that Zf:zl(u) aj-c =
Sz(u,c(z)). For each 1 < j < Hz(u), write x* = L, ; (¢o, ... ¢n, ), Where L; .
are linear forms that are linearly independent for every fixed z. Note that there
are only finitely many choices of L; . in total. We get

Lie(Fr() = (@1 (8) ()" Qu( (B ()
(P ) 2) 7 P (680 )

aji

Ajk

This gives that

—log|L;. (F(2))| = a; - e(z) — ulog [[£1(2)]|¢,
and then
Hz(u)

CI N Z log |L;.- (FA(2))| = Sz(u, c(2)) — uHz(u)log | (=)
By (8) and (9), we have
Hz(u)

(10) pr\D (£2(2)) < _UHZ Z A, (Fa(2)

Jj=1
IIfA(z)IId” 20+ 1)A 1
—1 i ol-]),
PR R G T e ke TO (g

where O (%) denotes a bounded term independent of z. By the definition of
F', we have

c @)™ < IFAGR)] < ealIEn()]|™

for positive constants ¢; and ¢y independent of \. We derive that

"o, (¢ A, (Fa(z)) + 204 o
pg D, (B(2) € e Z £, (F(2) + 2= maxci(2) + O(1),
where the bounded term O (1) does not depend on z. Taking integration on
both sides of the above inequality, we obtain

11 p Y my(r,Dj) < / max Az, (
(11) ||Z s uHZ( oy T2

jEK

2€—|— 1 /
4+ — ci(z)o+0(1),
u M(r) Zzt:

Z
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where maxx ranges over all subsets of all possible linear forms {L;.}. By

Lemma 2.4 and by the fact Tr(r, s) = du - Ty(r, s) + O(1) [6], we have, for any
e >0,

(12) [Ip>_ms(r, D))
j=1

Nramr (7, 8) de’
uHz(u) Hyz(u)

< dTy¢(r,s) — T¢(r,s)

+ (HZ(;Z -1 + quz/(u)> (mo(ﬂ; 7, 8) + Ricy(r,s) + klogt V (r?) + klog™ (r))

20+ 1) -
Y > omp(r, D)+ Y my(r,Di)| +0(1).
1<j<q 1<i<li
KH1E<O4]
We next verify that
NRamF (7’,8)
13 —_—
(13) uHz(u)
q
> pz [Nf (r,s3D5) — Ng* (r,s;Dj)}
j=1
20+ 1)A .
—()[ Z Ny(r,s;Dj) + Z Nf(r,s;Dit)].
“ 155<4q 1<i<!
KH1<t<O+1

From the assumption of subgeneral position, there are at most N-hypersurfaces
among {D1,..., Dy} passing through f(z) for any 2 € Uj_, (Qj(f}\))_l (0).
Without loss of generality, for fixed z, we may assume that
ordg . (Q1(fr)) > --+ > ordg - (Qs(fr)) > 0 = ordg, . (Qs+1(f)))
= =ordg,:(Qp(f))),

where ordg . (Q;(fy)) is the vanishing order of @Q;(f)) along E at z for some
fixed irreducible hypersurface F, and s € {0,1,..., N}. Denote P,41,. .., Pri1
the polynomials obtained from {Q1,...,Qn+1}, and then we have

OI'dEyz(Pt(f)\)) > OrdE,z(QNflth(f)\)) , t=K+ 1, - ,é + 1.
We define
C = (€01, C0,gs Clot 15 CLeAs w5 Chrtls s Ctitl)

where ¢;; = maX{O,ordE’Z(Qt(fA)) —nytfori=01<t<gq and ¢;; =
max{0,ordg ,(P;(f1)) —n,} for 1 <i <[, k+1 <t <+ 1. Likewise, take
monomials x21, ..., x*4z® whose residue classes modulo Z(Z), form a basis
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of f/; such that
Hz(u)

> aj-c=Sz(uc) for a; = (a;1,...,ax) € ZE,.

Furthermore, there are linear forms {L; }f:Zl(u) such that x% = L; (¢, ..., dn,)
for every 1 < j < Hz(u). We then have
Hz (u)
(14) Sz(u,¢) < Y max{0,ordp . (L;(Fr)) — nu} -
j=1
On the flip side, by Lemma 2.2 we get
SZ (u7 C)
) > £+ : ZmaX{O ordg . (Q;(fy)) — mu}

¢
+ Z max {0,ordg , (Qn_r1¢(£))) — nu}> — M max ¢

u i,t
t=k+1 ’

u
t=1

N
>p (Z max {0, ordp . (Q¢(f))) — nu}> _@rna MAx Ci ¢

S i {0, 0rd - (Q(5)) — ma} | — ZEVE e,

u i,t
j=1
Combining (14), Lemma 2.3 and the above inequality, we get

(15) uH; zi:{ D]} el {29 + 9?]

1<i<i
n+1<t<l+l

Integrating both sides of (15), we thus get (13). By (12) and (13) yields
I (pg = 1) Ty(r, 5)

= (H;(u) + & +u1)Ak> Tylrs) + (HZ;ZL_ -+ du;IZ( ))

-(mO(E;r,s)+Ricp(r,s)+/-€log+Y( ) +klog™( ) BZN”“ (r,s;D;)

d :
20+ 1)A )
1<5<q 1<i<l
K104 1

For any € > 0, we choose u as the smallest integer such that

20+ 1)k e (20 + 1) Ak
1
(16) u > e C H W) + " < pe,
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Z my(s,Dj)+ Z my(s, D) < u.

1<j<q 1<i<l
kF1<t<o+1
Hence
N —{+k
a7 <q -—(+1) - 5> T¢(r, )

q
1 .
< Z ENfu (r,s;D;)+c (mo(&;r, s)+Ricy(r, s)+clog™ Y (r*) +clog™ r),
i=1

% + 1. For some fixed s, we can choose u as the smallest

integer satisfying

where ¢ <

(20 + 1)k e (20 4+ 1)k
R +
pe Hyz(u) U

u > < pe

such that (17) makes sense. Then we give an explicit estimate for n,,:
¢
ny =Hz(u)—1< A(uz—é) < dengzez (1 + %)

ed V(N — 0+ k) (20 + 5)11°

RE

< (deg X)“*! [

If{Q1,...,Qq} are not of the same degree, then we set d :=lem (d1, ..., dy)

and apply (17) for the hypersurfaces {D1, ..., D;} defined by Q‘f/dl, ce g/d“,
respectively, which yields our result. O

3.2. Another proof of Corollary 1.2

Proof. Similarly, we only need to give proofs for the case, where {Q1,...,Qq}
have the same degree d.

For a positive integer L, let Vz, = C|[zg,...,2,], and Vi = %,
where Z(X) is the ideal of C[xo,...,z,] defining X and Z(X), = Z(X) N
Clzo,...,zs);. Denote [¢] the projection of ¢ in Vi. In what follows, we

introduce a filtration of ‘//z with respect to {Q;,,...,Qi,, Pet1,..., FPe}. For
brevity, we put P; := @Q;, for 1 <t < k.

We arrange, in lexicographic order, the f-tuples i = (i1,...,4¢) of non-
negative integers and put [[il| := >~ ;.

Definition (see [5,7,10]).
(i) For every i € Z£, and non-negative integer L with L > d|Jil|, denote by I}

the subspace of Clzo, ..., 5]}, _ 45 consisting of all r € Clao, . .., xn] gy
such that

Pi---Pfir— > Pl PlreI(X)

J=(1,ede)>1
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or {Pf1~~~PZZT} = ZP{1~~P€"’5TJ- onf/z

Jj>i
for some 7 € Clzo, s @nlp a3
(ii) Let I' denote the homogeneous ideal in C [z, ..., z,] generated by
U 1.
Lzd|ill

Remark 3.1 (see [5,7,10]). From the above definition, we have the following
properties.
(1) (I(X), P17 ey Pz)L—d”iH g I}/ g C [1‘0, “eey xn]L—dHiH’ where (I(X),Pl,
.., Pp) is the ideal in C [z, ..., x,] generated by Z(X) U{ Py, ..., Pe};
(ii) I' N C [z, ... 7xn]L7dHi|\ =17;
(111) If i1 — i2 = (?171 — i271, N ,?:175 - Z‘Q,[) € Zéo, then IE Q IE+d|\i1|\—d|\i2|\'
Hence I'2 C J't.

Here, we set

. Clzo, - &nlp g
(18) i = dim il : b-am
5

Lemma 3.2 (see [5,7,10]).

(i) {I'|ie Zezo} is a finite set.

(ii) There exists a positive integer Lo such that, for every i € Zézo, AiL 18

independent of L for all L satisfying L — d||i|| > Lo.
(iii) For all L and i with L —d||i|| > 0, Al is bounded.

Subsequently, we construct the filtration of Vi and ‘//z with respect to
{Py,..., P} for a fixed large enough integer L.

Let 77, denote the set of all i € Z%, with L — d||i| > 0, arranged by the
lexicographic order. Define the spaces W; = Wi i by

Wi=) Pl'--P/'Vi_q-
j>i
Clearly, Wi,....0y = Vi and W; D Wy if i’ > i, thus {W}} is a filtration of V.
Set W; = {lg] | g € W;}. Hence, {171\/1} is a filtration of V.

Lemma 3.3 (see [5,7,10]). Ifi follows i in lexicographic ordering, then

o~

. Clzo,- . xnlp_gni .
Wi [0 1 Iz Al _ A
Wi/ IL

By Lemma 3.2, for every i € Zém there is an integer L, such thatAiL is a
constant for all L satisfying L — d||i|| > Lo. Here, we let Al be this constant.
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Take Ag := miniez‘;o Al Then Ay = A" for some iy € Zézo. By (iii) of the
remark below Section 3.2, if i — ig € Z%,, then Al < Ao, Set

mp={i€ry: L—d|i]| > Lo and i —ip € Z%,}.
Then we have the following lemma.

Lemma 3.4 (see [5,7,10]).
(i) Ag = Ai for allie 79
(ii) ﬂTg =LL +0 (L 1)
(iii) AL = Ad* for alli€ 72, where A = deg X.

Now, for L big enough, divisible by d, and for every 1 < j </,

AL€+1

ierr

(For a proof see (3.6) in [10].) Then combining (19) with Lemma 3.4, for every
1< j </¥, we have

_ A LZ+1 '
(20) ZALzJ AT +0 (L.
Let {Ux, X € A} be an open covering of M, and denote by fy : Uy — C**!
a reduced representation of f on U,\, correspondingly. Set u := dim V}, and
choose a basis B = {1, ..., } for VL with respect to the filtration. Let 14 be

an element of B, which lies inside W\W’ We thus write ¢, = [P{*--- Py’r],
where 7 € Vi,_gy3- By the definition of the Weil function and (20), we get

u /41 4
o) Y aBE) 2 (g +0(EY) - XA, @)+ 0,

where O(1) denotes a bounded term which depends only on the w,’, but not
on f, and z. .

We fix a basis {¢1,...,¢y} for Vi, and let Fy = (¢1 (£1), ..., ¢u (f\)). Then
F = P(F)) is independent of choices of A. Therefore, we can define a mero-
morphic map F : M — P*~(C). Write the basis B as linear forms Ly, ..., Ly
in ¢1,...,¢y satisfying ¢s (f1) = Ls (Fy), s = 1,...,u. By the definition of F,
there exist positive constants ¢; and co, independent of A, such that

L L
c1 [T < [[Fa(2)]| < ez [Ifx(2)]]
Combining the above inequality with (21), we obtain

s AL ;
22 A, (F >(——+0(L Ap (0]
@ Yoz (g o) Z )+ 00).
The linear forms Lq,...,L, are linearly 1ndependent7 and we have, by the

assumption of algebraic non-degeneracy of f, that F : M — P*~1(C) is linearly



SECOND MAIN THEOREM ON PARABOLIC MANIFOLDS 1637

nondegenerate. Since there are only finitely many choices of N-polynomials in
{@1,...,Qq}, then the collection of all possible linear forms Ly (1 < s <u) is
a finite set. For simplicity, we denote it by £ := {L; }j 1 A <oo.

Hence, by (7) and (22), taking integration on the pseudo-sphere of radius r,
we have

AL+ ; q
(23) (d(£+1)! +0 (L )) 'j;mf (r, D;)
N—{l+k
< -t
< - / max Z Az, ( Yo+ O(1),
(r) jeK
where the maximum is taken over all subsets K C {1, ..., A} with #K = usuch

that {L;},_ are linearly independent. Since Nramr (r,s) = 0, Lemma 2.4
yields that, for > s > 0, and any &’ > 0 (which will be chosen later),

maxZ)\L

jek
< (u+e)Tk(r,s)

M{r)

+ (u(u{”+) (mo(8: 7, 5)+Ricy(r, s)+slog™ ¥ (r?) +<log™ (r)) +0(1).

Combining the above inequality with (23), we have

41 q
(24) ||< (£L++1) O(Lf)) .me (r,D;)
< N_:—’—H{(u—&—g’)TF(r,s)

+ (UQQ_ “ -‘1—6/) (mo(ﬁ; 7, 8)+Ricy(r, s)+<log™ Y (r?)+¢ log+(r))} +0(1).
Now, we encounter a comparison between T (r, s) and Ty (r, s). By [6], we get
Tp(r,s) =L -T¢(r,s)+ O(1).
Since we have, for L big enough
It
u=Hx(L) =A% +0 (L1,

(24) gives that

q
1> my(r, D)
j=1

N—C+r[ dl+1)
{ALZ(I +0(1))

IN

P (u + 8/)Tf (7“, S)
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whe

is a
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+Cy (mo(ﬂ; r,s) + Ricy(r, s) + <log" Y (r?) +¢ log+(r)>} ,

re
+1
=A——L"' O (L?
Cr 20 + ( )
constant dependent on L. For L large enough, we may suppose

A+ 1)l(u + )

AT o) S U D e

Hence, we have

q
(25) 1> my (r,D;)
j=1
< W (d(£+ 1) + &) Ty (r, s)
+ Cr (mo(&;r,s) + Ricy(r, s) + slogt YV (r?) +clog™ r) .
Thus, this completes the proof. O

Acknowledgements. We would like to express our heartfelt appreciation to
the reviewing experts for their valuable comments and suggestions on our paper.
Additionally, we would like to acknowledge the financial support provided by

the

Natural Science Research Project for Colleges and Universities of Anhui

Province (Nos. 2022AH050329, 2022AH050290).

[1]
[2]
3]

(4]

[5]

6

(8]

References

L. V. Ahlfors, The theory of meromorphic curves, Acta Soc. Sci. Fennicae. Nova Ser. A
3 (1941), no. 4, 31 pp.

H. Cartan, Sur les zeros des combinaisons lineaires de p fonctions holomorphers don-
nees, Mathematica 7 (1985), 5-31.

W. Chen and N. V. Thin, A general form of the second main theorem for meromorphic
mappings from a p-parabolic manifold to a projective algebraic variety, Indian J. Pure
Appl. Math. 52 (2021), no. 3, 847-860. https://doi.org/10.1007/s13226-021-00095-8
P. Corvaja and U. M. Zannier, On a general Thue’s equation, Amer. J. Math. 126
(2004), no. 5, 1033-1055.

G.-E. Dethloff and T. V. Tan, Holomorphic curves into algebraic varieties intersecting
moving hypersurface targets, Acta Math. Vietnam. 45 (2020), no. 1, 291-308. https:
//doi.org/10.1007/s40306-019-00336-3

Q. Han, A defect relation for meromorphic maps on generalized p-parabolic manifolds
intersecting hypersurfaces in complex projective algebraic varieties, Proc. Edinb. Math.
Soc. (2) 56 (2013), no. 2, 551-574. https://doi.org/10.1017/S0013091512000284

Q. Ji, Q. Yan, and G. Yu, Holomorphic curves into algebraic varieties intersecting
divisors in subgeneral position, Math. Ann. 373 (2019), no. 3-4, 1457-1483. https:
//doi.org/10.1007/s00208-018-1661-4

S. D. Quang, Degeneracy second main theorems for meromorphic mappings into projec-
tive varieties with hypersurfaces, Trans. Amer. Math. Soc. 371 (2019), no. 4, 2431-2453.
https://doi.org/10.1090/tran/7433


https://doi.org/10.1007/s13226-021-00095-8
https://doi.org/10.1007/s40306-019-00336-3
https://doi.org/10.1007/s40306-019-00336-3
https://doi.org/10.1017/S0013091512000284
https://doi.org/10.1007/s00208-018-1661-4
https://doi.org/10.1007/s00208-018-1661-4
https://doi.org/10.1090/tran/7433

SECOND MAIN THEOREM ON PARABOLIC MANIFOLDS 1639

[9] S. D. Quang and D. P. An, Second main theorem and unicity of meromorphic mappings
for hypersurfaces in projective varieties, Acta Math. Vietnam. 42 (2017), no. 3, 455-470.
https://doi.org/10.1007/s40306-016-0196-6

[10] M. Ru, A defect relation for holomorphic curves intersecting hypersurfaces, Amer. J.
Math. 126 (2004), no. 1, 215-226.

[11] M. Ru, Holomorphic curves into algebraic varieties, Ann. of Math. (2) 169 (2009), no. 1,
255—267. https://doi.org/10.4007/annals.2009.169.255

[12] M. Ru, Some generalizations of the second main theorem intersecting hypersurfaces,
Methods Appl. Anal. 21 (2014), no. 4, 503-526. https://doi.org/10.4310/MAA.2014.
v21.n4.a6

[13] M. Ru and J. T.-Y. Wang, A second main theorem on parabolic manifolds, Asian J.
Math. 9 (2005), no. 3, 349-371. https://doi.org/10.4310/AJM.2005.v9.n3. a4

[14] L. Shi, Degenerated second main theorem for holomorphic curves into algebraic vari-
eties, Internat. J. Math. 31 (2020), no. 6, 2050042, 18 pp. https://doi.org/10.1142/
S0129167X20500421

[15] B. Shiffman, On holomorphic curves and meromorphic maps in projective space, Indiana
Univ. Math. J. 28 (1979), no. 4, 627-641. https://doi.org/10.1512/iumj.1979.28.
28044

[16] M. Sombra, Bounds for the Hilbert function of polynomial ideals and for the degrees in
the Nullstellensatz, J. Pure Appl. Algebra 117/118 (1997), 565-599. https://doi.org/
10.1016/S0022-4049(97)00028-5

[17] W. Stoll, The Ahlfors-Weyl theory of meromorphic maps on parabolic manifolds, in
Value distribution theory (Joensuu, 1981), 101-219, Lecture Notes in Math., 981,
Springer, Berlin, 1983. https://doi.org/10.1007/BFb0066385

[18] P.-M. Wong and W. Stoll, Second main theorem of Nevanlinna theory for nonequidi-
mensional meromorphic maps, Amer. J. Math. 116 (1994), no. 5, 1031-1071. https:
//doi.org/10.2307/2374940

[19] P.-M. Wong and P. P. W. Wong, The second main theorem on generalized parabolic
manifolds, in Some topics on value distribution and differentiability in complex and
p-adic analysis, 3—41, Math. Monogr. Ser., 11, Sci. Press Beijing, Beijing, 2008.

[20] L. Xie and T.-B. Cao, Second main theorem for meromorphic maps into algebraic vari-
eties intersecting moving hypersurfaces targets, Chinese Ann. Math. Ser. B 42 (2021),
no. 5, 753-776. https://doi.org/10.1007/s11401-021-0289-y

YUEHUAN ZHU

SCHOOL OF MATHEMATICS AND PHYSICS
ANHUI UNIVERSITY OF TECHNOLOGY
MA’ANSHAN, 243032, P. R. CHINA
Email address: zhuyh@ahut.edu.cn


https://doi.org/10.1007/s40306-016-0196-6
https://doi.org/10.4007/annals.2009.169.255
https://doi.org/10.4310/MAA.2014.v21.n4.a6
https://doi.org/10.4310/MAA.2014.v21.n4.a6
https://doi.org/10.4310/AJM.2005.v9.n3.a4
https://doi.org/10.1142/S0129167X20500421
https://doi.org/10.1142/S0129167X20500421
https://doi.org/10.1512/iumj.1979.28.28044
https://doi.org/10.1512/iumj.1979.28.28044
https://doi.org/10.1016/S0022-4049(97)00028-5
https://doi.org/10.1016/S0022-4049(97)00028-5
https://doi.org/10.1007/BFb0066385
https://doi.org/10.2307/2374940
https://doi.org/10.2307/2374940
https://doi.org/10.1007/s11401-021-0289-y

