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Abstract. It is our goal in this study to present the structure of isotropic

mean Berwald Finsler warped product metrics. We bring out the rich
class of warped product Finsler metrics behaviour under this condition.

We show that every Finsler warped product metric of dimension n ≥
2 is of isotropic mean Berwald curvature if and only if it is a weakly

Berwald metric. Also, we prove that every locally dually flat Finsler

warped product metric is weakly Berwaldian. Finally, we prove that
every Finsler warped product metric is of isotropic Berwald curvature if

and only if it is a Berwald metric.

1. Introduction

Warped product metrics have a remarkable and significant application in
many areas in Mathematics, Riemannian geometry, Finsler geometry as well as
Physics. Moreover, the class of warped product metrics can often be interpreted
as key space models for general relativity theory and theory of space-time
structure.

Recently, the significant and interesting warped product Finsler metric in-
troduced by B. Chen, Z. Shen, and L. Zhao has attracted the attention of many
authors [1]:

F (u, v) = ᾰ( ŭ, v̆ )ϕ
(
u1,

v1

ᾰ( ŭ, v̆ )

)
,(1)

where u = (u1, ŭ), v = v1 ∂
∂u1 + v̆. ϕ is a function on R2. They have used

the notion of warped product which is equipped with a Riemannian met-
ric. Mn := I × M̆n−1, where I is an interval of R and M̆n−1 is an (n − 1)-
dimensional manifold. According to [1, Lemma 3.1], they proved that this
class of Finsler metrics includes spherically symmetric Finsler metrics and also
they obtained a formula of the flag curvature and Ricci curvature of Finsler
warped product metrics to characterize these metrics to be Einstein [1]. H.
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Liu and X. Mo have given a local characterization of this metric with van-
ishing Douglas curvature [9]. In [6], M. Gabrani, B. Rezaei, and E. S. Sevim
have obtained a differential equation that characterizes a Finsler warped prod-
uct metric with isotropic E-curvature. Moreover, they have characterized the
Landsberg Finsler warped product metrics [7].

Immediately after this study, P. Marcial and Z. Shen have introduced an-
other significant type of warped product Finsler metrics, namely, it is similar
to (1). They have been motivated to construct this type of warped product
metric, inspiring the Schwarzschild metric, which is most likely getting the ex-
act solution of the Einstein field equation; It determines the gravitational field
around a static, spherically symmetric single body with no charge [3].

The new type class of warped product Finsler metrics is consistent with the
form of metrics modeling static spacetimes and is simplified by spherical sym-
metry over spatial coordinates, which emerged from the Schwarzschild metric
in isotropic coordinates, and it is given as follows [10]:

Consider the product manifold M = R × Rn with their Euclidean metrics
dt2 and α2, respectively. Let x = (x0, x̄), where x̄ = (x1, . . . , xn) be a local
coordinate system on M . From now on, our index conventions are as follows:

1 ≤ A,B, . . . ≤ n, 2 ≤ i, j, . . . ≤ n.

Therefore, a vector y on M can be written as y = yA∂/∂xA. Now, we consider
a Finsler warped product metric on M

F = α
√

ϕ(z, ρ),(2)

where α = |ȳ|, z = y0

|ȳ| , ρ = |x̄|, and ϕ is a suitable function on R2.

This warped product Finsler metric given by (2) is very interesting and the
study to be done on it constitutes an important part of both Mathematics and
Physics. Understanding better and revealing the geometric behavior of this
metric needs more concentration. For this reason, we present the following
main theorems:

For the class of Finsler metrics, we first prove the following theorem:

Theorem 1.1. Every Finsler warped product metric of dimension n ≥ 2 is of
isotropic mean Berwald curvature if and only if it is a weakly Berwald metric.

Example 1.2. The following Finsler warped product metrics

F = α (h(ρ))
−1

G(h(ρ)z)

are of Douglas type [12], where h and G are arbitrary positive functions such
that

G− t(G)′ > 0, (G)′′ > 0.

By (4), one easily find that U = z (lnh)′

2ρ and V = W = − (lnh)′

2ρ . Thus, Eq. (21)

holds. Hence, they are weakly Berwald metrics.
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The Berwald curvature is a non-Riemannian quantity in Finsler geometry
[11]. We know that Berwald metrics have isotropic Berwald curvature. How-
ever, the converse might not be true in general. This fact becomes a necessary
and sufficient condition for the warped product Finsler metric given by (2). We
present it as follows:

Theorem 1.3. Let F = α
√
ϕ(z, ρ), z = y0

|ȳ| , ρ = |x̄| be a Finsler warped

product metric. Then F is of isotropic Berwald curvature if and only if it is a
Berwald metric.

2. Preliminaries

Let GA be the geodesic coefficients of a Finsler metric F on an n-dimensional
manifold M , which are defined by

GA :=
1

4
gAB{[F 2]xCyByC − [F 2]xB},

where gAB(x, y) =
[
1
2F

2
]
yAyB and (gAB) = (gAB)

−1. Recently, P. Marcal and

Z. Shen [10] have obtained the geodesic coefficients GA of a Finsler warped

product metric F = α
√
ϕ(z, ρ), z = y0

|ȳ| , ρ = |x̄| as follows:

G0 = (U + zV )(xmym)α, Gi = (V +W )(xmym)yi −Wxiα2,(3)

where

U :=
1

2ρΛ
(2ϕϕzρ − ϕzϕρ), V :=

1

2ρΛ
(ϕρϕzz − ϕzϕzρ), W :=

1

2ρΩ
ϕρ,(4)

where

Λ := 2ϕϕzz − ϕ2
z, Ω := 2ϕ− zϕz.

They also proved the following important lemma [10]:

Lemma 2.1. A Finsler warped product metric is strongly convex if and only
if

2ϕ− zϕz > 0, 2ϕϕzz − ϕ2
z > 0.(5)

Considering the equation (4), we get the following important result:

Lemma 2.2. If Wz = 0, then Vz = 0 and Uzz = 0.

Proof. From (4), we have

U :=
2ϕϕzρ − ϕzϕρ

2ρ(2ϕϕzz − ϕ2
z)
, V :=

ϕρϕzz − ϕzϕzρ

2ρ(2ϕϕzz − ϕ2
z)
, W :=

ϕρ

2ρ(2ϕ− zϕz)
.(6)

Let Wz = 0. Then W = f(ρ). Therefore

ϕρ = f(ρ)[2ρ(2ϕ− zϕz)], ϕρz = f(ρ)[2ρ(ϕz − zϕzz)].(7)

Hence, U = −zf(ρ) and V = f(ρ). Thus, Uzz = 0 and Vz = 0. □
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Now, we need briefly to introduce some needed geometric quantities, and
definitions to proof the main theorems in this paper.

Let (M,F ) be a Finsler manifold. The E-curvature E = EABdx
A ⊗ dxB of

F is defined by [8]

(8) EAB :=
1

2

∂2

∂yA∂yB
(
∂GC

∂yC
).

A Finsler metric with vanishing E-curvature is also a weakly Berwald metric.
The Finsler metric F is of isotropic E-curvature if there is a scalar function
c = c(x) on M such that

(9) E =
1

2
(n+ 1)cF−1h,

where h is a family of bilinear forms hy = hABdx
A⊗dxB , which are defined by

hAB := FFyAyB [4]. The Berwald curvature B = B A
C DEdx

C⊗dxD⊗dxE⊗ ∂
∂xA

of a Finsler metric F is defined by

B A
C DE :=

∂3GA

∂yC∂yD∂yE
.

F is called a Berwald metric if B = 0. Furthermore, F is said to be of isotropic
Berwald curvature if its Berwald curvature B A

C DE satisfies

B A
C DE = τ(x)(FyCyDδAE + FyCyEδAD + FyDyEδAC + FyCyDyEyA),

where τ(x) is a scalar function. Also,

D = DA
BCDdxB ⊗ dxC ⊗ dxD

is a tensor on TM \ {0} which is called the Douglas tensor, where

DA
BCD :=

∂3

∂yB∂yC∂yD

(
GA − 1

n+ 1

∂GC

∂yC
yA

)
.(10)

A Finsler metric F is called a Douglas metric if D = 0.
We need the following important lemma that is obtained by X. Cheng and

Z. Shen:

Lemma 2.3 ([2]). For a Finsler metric F on an n-dimensional manifold M .
The followings are equivalent.

(a) F is of isotropic Berwald curvature;
(b) D A

B CD = 0 and EAB = n+1
2 κFyAyB for a scalar function κ = κ(x) on

M .

Moreover, depending on the goal of this paper, we need to present briefly
the notion of dually flat Finsler metrics:

A Finsler metric F (x, y) on a manifold M is locally dually flat if and only
if the function F = F (x, y) satisfies the following equation in an adapted local
coordinate system (xA):

(11) [F 2]xByAyB − 2[F 2]xA = 0.
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When we apply the dually flatness idea to the warped product Finsler metrics,
we obtain a necessary and sufficient condition for a Finsler warped product

metric F = α
√
ϕ(z, ρ), z := y0

α , α =: |ȳ|, ρ := |x̄| to be locally dually flat and
we state the following proposition:

Proposition 2.4. Let F = α
√
ϕ(z, ρ), z := y0

α , α =: |ȳ|, ρ := |x̄| be a Finsler
warped product metric. Then F is locally dually flat if and only

ϕρ = 0.(12)

Proof. By a direct computation of a Finsler warped product metric F =

α
√
ϕ(z, ρ), z := y0

α , α =: |ȳ|, ρ := |x̄|, we obtain

[F 2]x0 = 0, [F 2]xj =
1

ρ
α2ϕρx

j ,(13)

[F 2]y0xByB =
1

ρ
α2sϕzρ, [F 2]yixByB =

1

ρ
αsΩρy

i.(14)

Hence, one can see that (11) is equivalent to

0 = [F 2]xBy0yB − 2[F 2]x0 =
1

ρ
α2sϕzρ,(15)

and

0 = [F 2]xByiyB − 2[F 2]xi =
2

ρ
αϕρ(sy

i − αxi)− z

ρ
αsϕzρy

i.(16)

Hence, ϕρ = 0. □

Now by Proposition 2.4 and [12, Theorem 5], we easily obtain the following:

Corollary 2.5. Let F = α
√

ϕ(z, ρ), z := y0

α , α =: |ȳ|, ρ := |x̄| be a Finsler
warped product metric. Then F is locally dually flat if and only it is locally
projectively flat.

By (12), we have that ϕ = ϕ(z). Hence, by (6), U = V = W = 0. So,
GA = 0. By the above corollary and the proof of Theorem 1.1 in [13], one can
see that if ϕρ = 0, then F is a locally Minkowskian metric.

3. Isotropic mean Berwald Finsler warped product metrics

In this section, we will get the necessary and sufficient condition for a Finsler
warped product metric to be of isotropic mean Berwald curvature. Then, we
will use the locally dually flat condition and vanishing χ-curvature condition to
simplify the if and only if equation of isotropic mean Berwald Finsler warped
product metrics.

For a Finsler warped product metric, F = α
√

ϕ(z, ρ), z := y0

α , α =: |ȳ|,
ρ := |x̄|, we need the following important identities:

zy0 =
1

α
, zyi = −zyi

α2
, αyi =

yi

α
, zyiyi = −z,
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zyixi = −zyixi

α2
, syi =

xiα− syi

α2
, sy0 = 0.

By (3), we have

∂G0

∂y0
= sα(Uz + V + zVz),

and

∂Gi

∂yi
= sα[(n+ 1)V + (n− 1)W − zVz],

where s := ⟨x,y⟩
α . Then, we have

∂GC

∂yC
=

∂G0

∂y0
+

∂Gi

∂yi
= sα

[
Uz + (n+ 2)V + (n− 1)W

]
.(17)

Therefore, by (8) and (17), one can obtain that

E00 =
1

2

[
Uzzz + (n+ 2)Vzz + (n− 1)Wzz

] s
α
,(18)

E0j =
1

2

[
Uzz + (n+ 2)Vz + (n− 1)Wz

]xj

α
− 1

2

{
Uzz + (n+ 2)Vz(19)

+ (n− 1)Wz + z
[
Uzzz + (n+ 2)Vzz + (n− 1)Wzz

]} s

α2
yj ,

Eij = − z

2

[
Uzz + (n+ 2)Vz + (n− 1)Wz

]( s
α
δji +

xiyj

α2
+

xjyi

α2

)
(20)

+
z

2

{
3
[
Uzz + (n+ 2)Vz + (n− 1)Wz

]
+ z

[
Uzzz + (n+ 2)Vzz

+ (n− 1)Wzz

]} s

α

yiyj

α2
.

Thus, it is easy to see that the necessary and sufficient condition for a Finsler
warped product metric F = α

√
ϕ(z, ρ) to be weakly Berwaldian, E = 0, namely

Uzz + (n+ 2)Vz + (n− 1)Wz = 0.(21)

By Proposition 2.4 and Lemma 2.2, we obtain the following proposition:

Proposition 3.1. Every locally dually flat Finsler warped product metric on
M = R× Rn is weakly Berwaldian, E = 0.

Proof. Let F = α
√
ϕ(z, ρ) be a locally dually flat Finsler warped product

metric. Then, by Proposition 2.4, we have

ϕρ = 0.(22)

Thus, by (6), U = V = W = 0. So, the equation (21) holds. □
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In [10], P. Marcal and Z. Shen proved that:

Lemma 3.2 ([10]). Let F = α
√
ϕ(z, ρ), z = y0

|ȳ| , ρ = |x̄| be a Finsler warped

product metric on M = R× Rn. Then the χ-curvature of F is given by

χ = χAdx
A(23)

= χ0dx
0 + χidx

i

=
[
s2(

1

2ρ
Πzρ − UΠzz −WΠz) +

1

2

(
2Wρ2 + 1

)
Πz

]
(αdx0 − zyidxi)

+ s (zW + U)Πz(sy
i − αxi)dxi,

where Π := Uz + (n+ 2)V + (n− 1)W .

It is remarkable that the χ-curvature is obtained from S-curvature [5]. It is

easy to see that F = α
√
ϕ(z, ρ) has vanishing χ-curvature if the equation (21)

holds. So, we have the following lemma:

Lemma 3.3. Every weakly Berwald warped product Finsler metric (Πz = 0)
has vanishing χ-curvature χ = 0.

Proof of Theorem 1.1. Let F = α
√
ϕ(z, ρ), z := y0

α , α =: |ȳ|, ρ := |x̄| be a
Finsler warped product metric given by (2). We have

Fy0y0 = 1/4
2ϕϕzz − ϕ2

z

αϕ3/2
,(24)

Fy0yj = −1/4
z
(
2ϕϕzz − ϕ2

z

)
yj

α2ϕ3/2
,(25)

Fyiyj = 1/4
−2(zϕϕz − 2ϕ2)(α2δji − yiyj) + z2(2ϕϕzz − ϕ2

z)y
iyj

α3ϕ3/2
.(26)

By (9), we get

∂

∂yB
∂

∂yA
(
∂GC

∂yC
) = (n+ 1)cFyAyB .(27)

Assume that F is of isotropic E-curvature. Then, by (18)∼(20), (24)∼(26) and
(27), we obtain[

Uzzz + (n+ 2)Vzz + (n− 1)Wzz

]
s(28)

=
(n+ 1)c(2ϕϕzz − ϕ2

z)

4ϕ3/2
,[

Uzz + (n+ 2)Vz + (n− 1)Wz

]
(αxj − syj)(29)

− z
[
Uzzz + (n+ 2)Vzz + (n− 1)Wzz

]
syj

= −
(n+ 1)cz

(
2ϕϕzz − ϕ2

z

)
yj

4ϕ3/2
,

− αz
[
Uzz + (n+ 2)Vz + (n− 1)Wz

](
sαδji + xiyj + xjyi

)
(30)
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+ z
{
3
[
Uzz + (n+ 2)Vz + (n− 1)Wz

]
+ z

[
Uzzz + (n+ 2)Vzz + (n− 1)Wzz

]}
syiyj

=
(n+ 1)c[−2(zϕϕz − 2ϕ2)(α2δji − yiyj) + z2(2ϕϕzz − ϕ2

z)y
iyj ]

4ϕ3/2
.

Substituting (28) into (29), we get[
Uzz + (n+ 2)Vz + (n− 1)Wz

]
(αxj − syj) = 0.(31)

Then, by (28), c = 0 and therefore F is weakly Berwaldian, that is, E = 0.
The converse is clear. □

Now, we are going to prove Theorem 1.3. First, we need to state the following
lemma that have been proved by N. Mayer and S. Chavez:

Lemma 3.4 ([12]). Let F = α
√
ϕ(z, ρ), z = y0

|ȳ| , ρ = |x̄| be a Finsler warped

product metric. Then F has vanishing Douglas curvature if and only if ϕ sat-
isfies

R− zRz = 0,

Tz = 0,

Wz − zWzz = 0,

where

R = U − z

n+ 2
[Uz + (n− 1)W ] , T =

1

n+ 2
(3W − Uz)(32)

and W is given in (4).

By Lemma 2.3, Theorem 1.1, and Lemma 3.4, we get the following:

Proposition 3.5. Let F = α
√
ϕ(z, ρ), z = y0

|ȳ| , ρ = |x̄| be a Finsler warped

product metric. Then F is isotropic Berwald if and only if ϕ satisfies

R− zRz = 0,(33)

Tz = 0,(34)

Wz − zWzz = 0,(35)

Uzz + (n+ 2)Vz + (n− 1)Wz = 0.(36)

Proof of Theorem 1.3. Suppose that F = α
√
ϕ(z, ρ) is an isotropic Berwald

metric. Then (33)-(36) hold. From (32), (33) and (34) we have

U − zUz + z2Wz = 0.(37)

Differentiating (37) with respect to the variable z, we get

Uzz − 2Wz − zWzz = 0.(38)

By (35), (36), and (38) we have

Wz + Vz = 0.(39)
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By the proof of [12, Corollary 2], we can see that if (35), (37), and (39) hold,
then F is a Berwald metric. The converse is trivial. □
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