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AN EXAMPLE FOR THE NON-STABILITY OF
MULTI-ADDITIVE-QUADRATIC-CUBIC MAPPINGS

ABASALT BODAGHI

ABSTRACT. In this paper, we improve Corollary 1 of [4] and then present
an example to show that the assertion in the mentioned corollary can not
be valid in the singularity case.

1. Introduction

Throughout this paper, N, Q and R are the set of all natural numbers, the set
of all rationals and the set of all real numbers, respectively. In addition, Ny :=
NU{0},R; :=[0,00). For each | € No,n € N, t = (t1,...,tp) € {—1,1}" and
x=(z1,...,2,) € V" we write lx := (lz1,...,lz,) and tz := (121, ..., tnZn),
for which [z is the Ith power of an element x of the commutative group V.

Let V and W be linear spaces over Q, n € N and k,p € {0,...,n}. Recall
from [4] that a multivariable mapping f : V* — W is called k-additive,
p-quadratic and n — k — p-cubic or briefly, multi-additive-quadratic-cubic if f
satisfies A(xz +y) = A(z) + A(y) in each of some k components, fulfills Q(2z +
Y)+Q(2x —y) =Q(x+y)+ Q(x —y) + 6Q(x) in each of some p components
and satisfies equation C(2x+y) +C(2z —y) = 2C(x+y) + 2C(x —y) + 12C(z)
in each of the other components. Let us note that for kK = n, p = n and
k,p = 0, this definition leads us to multi-additive, multi-quadratic and multi-
cubic mappings, respectively. It is easily verified that the function f : R — R
defined by f(vi,...,v,) = H§:1 Hfi,fﬂ r—kipi1 ViV 0y is a multi-additive-
quadratic-cubic mapping.

We remember that the celebrated Ulam query [18] about the stability of
group homomorphisms has been studied and established for instance in papers
and books [8-10,12,13,16,17] and moreover references therein. In addition,
in the two last decades, the Ulam stability challenge has been answered and
investigated for some special multivariable mappings such as multi-additive,
multi-quadratic and multi-cubic mappings for example in [2,5-7,11,14,15,19].
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In [4, Corollary 1], the authors obtained a stability result for the multi-
additive-quadratic-cubic functional equation (see equation (2.1)). In this paper,
we modify this corollary and then by an example show that the assertion is not
true for a = 3n — 2k — p.

2. Main results

Let V and W be linear spaces over Q, n € N and k,p € {0,...,n}. It is
shown in [4, Proposition 2] that every multi-additive-quadratic-cubic mapping
f: V"™ — W satisfies the equation

)DIEED DA CRRE RSP P el PRt
se{-1,1}P te{-1,1}—k-P
p n—k—p
2.1) = 6l x gn—k=p=m s qom ¢ (pk pR+P gn—k—p
[ »m

1=0 m=0 ic{1,2}

E_ k P _ n—k—p _
for all 7 = (x1,...,2x) € V®, 2] = (Tigt1,-- - Tikt+p) € VP and ;] =

i

(Tiftptts- - Tin) € VTF7P (i € {1,2}), where

b Al Er) = ST ST (o e B)

Apy pEAFTP B, cBIFP
for i € {1, 2}, whereas
AP = iy = (Aksrsoo o Akyp) € AR | Card{4; 1 Aj = ;) = 1}
and
B P = {B,, = (Brypt1, ..., Bn) € B P[Card{B; : B; =1} =m}

are the subsets of AP = {1, = (Akt1,..., Apsp) | A € {m1j £ 205, 71 }}
and B"*P = {B,, = (Byip+1,...,Bn) | Bj € {x1j & 225, 21,}}, respectively.

Recall from [4] that a mapping f : V™ — W has the s-power condition in
the jth component if

f(vl,-.-,vj_1,2'l/j,vj+1,-.-,Un) = 28.](‘(,017” .7'Uj_1,’Uj,Uj+1,.--,'Un)

for all vy,...,v, € V. Note that 2-power (resp., 3-power) condition is some-
times called the quadratic (resp., cubic) condition.

For a converse version of the above result, it is proved in Proposition 3
of [4] that each mapping f : V" — W fulfills equation (2.1) and the cubic
condition in the last n — k — p and the quadratic condition in the middle p
components, then it is multi-additive-quadratic-cubic. In the next result, we
modify Corollary 2 from [4] without the proof.

Corollary 2.1. Let § > 0 and o € R with o # 3n — 2k — p. Let also V' be
a normed space and W be a Banach space. Suppose that f : V" — W is a
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mapping fulfilling

2 n
[ Pagef (@r,22)] <6 [l |®

i=1 j=1

for all 1,29 € V™. Then, there exists a solution F : V" — W of (2.1) such
that

k P
)
19) = F@)l < grmpmmmrmy e 220 bl + D hasl”
Jj=1 j=k+1
for all x = (x1,...,2,) € V™. Moreover, if F satisfies the cubic condition

in the last n — k — p components and the quadratic condition in the some p
components, then it is a unique multi-additive-quadratic-cubic mapping.

In the sequel, we will indicate an example to show that the condition o #
3n — 2k — p in Corollary 2.1 is necessary. For doing this we need some funda-
mental results as follows. At the first, we bring the upcoming result which was
presented in [11, Theorem 13.4.3].

Theorem 2.2. Let h : RY" — R be a continuous p-additive function. Then
there exist constants c¢j,...;, € R, j1,...,7a = 1,...,m, such that

m m
h(:cl,...,zd): E E Cjy-jqT1jy ** Tdjg

Ji=1 ja=1
for all x; = (xi1, ..., %) and i =1,...,d.
We bring the following results which have been proved in [1] and [3].

Proposition 2.3 ([3, Proposition 14]). Let f : R® — R be a continuous
n-quadratic function. Then, f has the form

f(rlw--,’l“n):cr%...ri

forallry,...,r € R, where ¢ is a constant in R.

Proposition 2.4 ([1, Proposition 2.4]). If f : R"™ — R is a continuous n-cubic
function, then there exists a constant ¢ € R such that

f(r1,...,rn)=cr:f-~-r731, (ri,...,r €R).

In the next theorem, we give a representation of the multi-additive-quadratic-
cubic mappings on R"™. Indeed, it is a direct consequence of the above results.

Theorem 2.5. Let f : R® — R be a continuous k-additive, p-quadratic and
n — k — p-cubic function. Then, there exists a constant ¢ € R such that
k  k+p n
f($1,--~7$n):CH H H rjalad
j=1i=k+1r=kt+p+1
for all z1,...,x, € R.
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Proof. We firstly identify z = (x1,...,7,) € R" with (z¥, 2P, 2"~%) € RF x

—k— k._ — —k—p ._
RP x R"~*7P where 2" := (21, ..., %), ¥ := (Tp41,. .., Thtp) and " 7P
(Thtpti,---,Tpn). For any 2P € RP, 2" k=P ¢ R"~*~P consider the mapping
Typ gn—k—p : R¥ — R defined by

k—
Tar wn—t—o(T1, .. ap) = [ (1,..., 2%, 2", 2" F7P) .

By assumption, T,p ;n-+-p is k-additive. It follows from Theorem 2.2 for the
case d = 1 that there exists a constant ¢; € R such that

k

(2.2) Ep’zn—k—p(‘Tl’ . ,.Tk) = f (371, . ,.Tk,xp,xn_k_p) = H .
j=1

Note that ¢; depends on zP, 2"~ *~P_ In fact,

(2.3) ey = T(aP,z"~FP).
Putting z; = -+ = 23 = 1 in (2.2) and applying (2.3), we get
(2.4) c1 =T (aP, 2" *P) = f(1,...,1,2P, 2" k7P,

Once again, for any 2"~ *~P € R"¥=P  define the mapping S,n—x—» : R? — R
through

Spn—k—p ($k+17 S ,$k+p) =f (17 U B P 7.,lj}€+1”xn—k’—p) )

Since S n—x-p is p-quadratic, by Proposition 2.3 there exists a constant c; € R
such that

Spn—t-p(Tht1, s Thpp) = f (1, oLty Ty x"*k*p)
k+p
(2.5) =c H z2.
i=k+1

It is obvious that ¢y depends on 2™~ *~? and hence
(2.6) co = S(z"7k7P),
Letting og+1 = -+ = Tg4p = 1 in (2.5) and using (2.6), we get
k-times  p-times
n—k— n—k—

co=8(x n=ra,...,1,1,...;1,x Py,
On the other hand, S is an n — k — p-cubic function, and so by Proposition 2.4,
there exists a constant ¢z € R such that

k-times  p-times

—N—
(2.7)  S(z"kPy=Ff 1,01 L Zpgpt1,. T | =c3 H 3.
r=k+p+1

The result now follows from (2.2), (2.4), (2.5), (2.6) and (2.7). O
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‘We remember that in the proofs of Theorem 2.2, Proposition 2.3 and Propo-
sition 2.4 the continuity of f with respect to each variable separately were used,
and thus all results again hold if and only if f is assumed separately continuous
with respect to each component. On the other hand, in light of the proofs of all
mentioned results, if the continuity condition of f is removed, then the results
remain valid for a function f : QP — Q. Therefore, the same discussions can
be repeated without any gap for Theorem 2.5. We use this fact to make a
non-stable example. In other words, we show the hypothesis oo # 3n — 2k — p
can not be eliminated in Corollary 2.1. The argument is taken to what given
in [3, Example 1], but we include it completely for the sake of completeness.
Before it, we bring a notation as follows.

For a mapping f : V" — W, we have the notation

Daqcf(xb $2)

D D DR (R R R R e a
se{-1,1}r te{-1,1}»—k-P

n—k—p

PORED DI S R AN CE e

P
1=0 m=0 ic{1,2}

k n—k—py : I k
forall z; = (2,2 2] ""P) in which ¥ = (2;1,...,2) € VF, 2l = (2 k41, ..

Tiktp) € VP and x?_k_p = (Tikaptis- - Tin) € VPP wherei € {1,2} (see
also the begging of this section).

b

Example 2.6. Let ¢ > 0 and n € N. Consider the function 1 : Q" — Q

whose range is the constant 1. Set [Dgqcl| =M and A = %5 Define
the function ¢ : Q" — Q through

k k+ .
b1, ) = )\Hj:1 Ht:,fH H?:k+p+1 ryriry  for all r, with |r,| <1,
B A otherwise

for u € {1,...,n}. Moreover, consider the function f: Q" — Q defined via

- ¢(25T17"'725rn)
fOro, o)=Y G (1 €Q.
s=0

It is clear that ¢ is bounded by A. Indeed, for each (rq,...,7,) € Q™ we have
93n—2k—p

|f(r1,. . )| £ siimm=p— A It follows from the last inequality that

23n72k7p
(2.8) [Dagef (@1,22)] < Sy =AM
forall z; = (2%, 2?, x?fkfp) in which 2% = (z1,...,z4) € V¥, 2 = (Ti g1 -

Tiktp) € VP and x;“kfp = (Ti ftptls- - Tin) € VVF7P where i € {1,2}.
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We claim that

2 n
(2.9) |Dagef (x1,22)] < € Z Z |xij|3n—2k§—p

i=1 j=1

for all x1,xz9 € Q™. Here, we discuss three cases as follows:
(i) For the case that z; = x5 = 0, obviously, (2.9) is valid.
(ii) Assume that z1,zs € Q™ with

2 n 1
. 13n—2k—p
Z Z ‘LE”| < 23n—2k—p :

i=1 j=1

Therefore, there exists a positive integer m such that

2 n
1 3n—2k— 1
(2.10) STIE ) < lel 4] "< G
i=1 j=
and so
2 n 1
3n—2k— 3n—2k—
(2.11) ig [P < YN e[ < ey
i=1 j=1
We now concludes from (2.11) that 2™|z;;| < 1 for all i € {1,2} and j €
{1,...,n}, and thus 2™ 'z;;| < 1. Moreover, for any 21,22 € {z;;]i €

{1,2}, j€{1,...,n}}, we have

2 2 £ 2| < 1, 2™ 22 £ 29| < 1
The definition of ¢ shows that it is a multi-additive-quadratic-cubic function
on (—1,1)", and hence Dgge¢p (2°21,2°x2) = 0 for all s € {0,1,2,...,m — 1}.
Now, (2.10) and the last equality imply that

o0

|Dagef (2°w1,2°23)| < Z |Dage® (2°21,2°22)|
2(

2 9k 9k 2 Y S
dim1 ey |wig|3n2k-p Sn=2kop)s 3 ) D iy |wg|nmhr

S v
— —2k—p)(s 2 n —2k—
= 2(3n—2k—p)(s+m) Zi:l Zj:l |xij‘3n 2k—p

1

= 23n_2k_p)\MZ 2s(3n—2k—p)
s=0

22(3n72k7p)

=AM o, =€

for all x1,zs € Q™ and therefore (2.9) holds in this case.
(iii) Let 37, Sy @i PP > st Applying (2.8), we obtain

|Daqcf (23$1,23$2)| < 23n—2k—p 23n—2k—p MM = e.

S Sy feg P2 22y
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The above arguments necessitate that inequality (2.9) is true for all 1,25 €
Q™. Suppose contrary to our claim for non-stability, that there exits a multi-
additive-quadratic-cubic mapping Faqc : Q" — Q of (2.1) and 6 > 0 such
that

k  k+p n

|f(7117"'77nn)_-Faqc(Tlv"'vrnNSéz Z Z |7“j|7"?|7"l|3

j=1t=k+1I=k+p+1

for all (ry,...,7,) € Q™. Without loss of generality, one can take a number
w € [0,00) so that
k k+p n k k+p n
NN il <e] ITT IT Irilriinl®.
j=1t=k+1l=k+p+1 j=1t=k+1l=k+p+1

Hence,
k+p n

k
‘f(rlw'wrn)_]:an(le"vr’ﬂ)l<MH H H ‘Tj|7nt2|7ﬂl|3

j=1t=k+11l=k+p+1

for all (r1,...,7r,) € Q™. A consequence of Theorem 2.5 implies that there is a
k k
constant ¢ € Rsuch that Foge(r1,...,7m0) = ch:1 Htilf+1 H?:k+p+1 |rj|r2 |3
for all (rq,...,r,) € Q™. It follows the discussion above that
k  k+p n

(2.12) ool <A +m [T TT IT Irlrdiml?
J=1t=k+1I=k+p+1

for all (ri,...,r,) € Q™. Given m € N such that mA > |¢| + p. For r =

(ri,...,m) € Q" with r; € (0, Qm%l) for all j € {1,...,n}, we have 2°r; €

(0,1) for all s =0,1,...,m — 1. Therefore,

oo
¢ (25’["1’ R 257‘”)
|f(’l“1, - ,Tn)| = z_; 9s(3n—2k—p)
m—1 9s(3n—2k— k k+ n
BRS 2sGn=2k=p) [0 TP T gy TiTers
- . 25(3117216717)
5=

k  k+p n
=mA [T IT 11 Irslediml®
j=1t=k+1l=k-+p+1
k  k+p n
>Uel+m [T IT I1 Irlrfinf?,
j=1t=k+1l=k+p+1

and so we are led to a contradiction with (2.12).
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