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ON THE GENERALIZED ORNSTEIN-UHLENBECK
OPERATORS WITH REGULAR AND SINGULAR
POTENTIALS IN WEIGHTED LP-SPACES

IMEN METOUI

ABSTRACT. In this paper, we give sufficient conditions for the generalized
Ornstein-Uhlenbeck operators perturbed by regular potentials and inverse
square potentials

Asgve=A—-VO-V+G V-V 4 clz|2
with a suitable domain generates a quasi-contractive, positive and ana-
lytic Cp-semigroup in Ll’(]RN,ez’q)(z)dgc)7 1 < p < oco. The proofs are
based on an LP-weighted Hardy inequality and perturbation techniques.

The results extend and improve the generation theorems established by
Metoui [7] and Metoui-Mourou (8].

1. Introduction

Generalized Ornstein-Uhlenbeck operators have been widely investigated in
literrature by using different methods, see for instance [1,3-12]. The main
motivation comes from the study of Metafune-Priiss-Rhandi-Schnaubelt [6] in
which they dealt with the operator

Apg=A—-V®-Vu+G-V

in the space LP(RY, du), where dy = e~ *®)dz, 1 < p < co. More precisely,

under appropriate conditions on ® and G, they established that Ag ¢ with
the domain Wﬁ”’(RN ) generates an analytic Cp-semigroup on LP (RN, du), 1 <
p < oo. Afterwards, Kojima—Yokota [4] also Sobajima—Yokota [12] studied
the operator Ag ¢ perturbed by a positive potential V' € CH(RY). By using
different methods and some conditions on ®, G and V, they proved that the
operator Ag,¢ — V endowed with the domain

WP (RN, dp) = {u e WZP(RY) : Vu e LE(RY)}
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generates a quasi-contractive analytic Cy-semigroup on Lﬁ(RN ) for 1 < p<
oo. Besides, several recent studies concerned with Ag ¢ perturbed by singular
potentials [1,3,7,8]. In [1], Durante-Rhandi considered the case where p = 2,
G(z) =0, ®(z) = (M=, z) and V = c|z|~2. More specifically, they showed
that

Ape=A— Mz -V +clx|?

is essentially selfadjoint in L2(RY, du) if ¢ < % — 1 and N > 4, where
dp = (2I0) 2 (det M)z e~ 2 (Mo oy

and M is a real, symmetric N x N-matrix. Their result was generalized by
Fornaro-Rhandi [3] to LP-setting, 1 < p < co. Subsequently, the operator Ag ¢
perturbed by a nonnegative singular potential ¥V in the space LP(RY du),
1 < p < o0, has been investigated by Metoui-Mourou [8]. They showed that
Ag. ¢ — vV generates a quasi-contractive and positive analytic Cp-semigroup in
LP(RY  dpui). More recently, Metoui [7] proved under sufficient conditions on @,
G, V and c that

Apgve=0-V® Vu+G-V -V +clz|?

generates a positive Cp-semigroup in L?(RY, du).

To complete the picture, we investigate the perturbation of Ag ¢ v with the
inverse square potential ¢|z|~2 in the weighted space LP(RY du), 1 < p < oo.
We focus on the accretivity and dispersivity of such operator. Moreover, we
provide sufficient conditions on ®, G, V and c ensuring that As ¢ v, endowed
with a suitable domain generates an analytic semigroup on the weighted spaces
LT, (RM), 1 < p < 0o. Our proofs based on an LP-weighted Hardy’s inequality
and on the following perturbation results.

Theorem 1.1 ([11, Theorem 1.6]). Let A and B be linear m-accretive operators
in a Banach space X with uniformly convex X*. Let D be a core of A. Assume
that there are constants a,b,d > 0 such that for alluw € D and € > 0,

Re(Au, || Beul[; 77| Beul™2 Beu) > =b]| Beully — dlull} — al| Beull|lully,

where B = B(I + e¢B)~! denotes the Yosida approzimation.

Ifv > b, then A4+ vB with domain D(A)N D(B) is m-accretive and D(A)N
D(B) is core for A.

Moreover, A+ bB is essentially m-accretive on D(A) N D(B).

Theorem 1.2 ([11, Theorem 1.7]). Let A and B be linear m-accretive operators
in a Banach space X with uniformly convex X*. Let D be a core of A. Assume
that

(i) there are constants d,a > 0 and k1 > 0 such that for all w € D and
e >0,

Re(Au, || Beul ;77| Beul™2 Beu) > kyl| Beull} — dl|ullf — al| Beullplull,,

where B. denote the Yosida approximation of B.
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(i) Re(u,||Beul?™?|Beu[P~2Bou) >0 for allu € X and e > 0.
(iii) there is ko > 0 such that A — koB is accretive.

Set k = min{ky, ka}. If t > —k, then A+ tB with domain D(A+tB) = D(A)
is m-accretive and any core of A is also core for A+tB. Furthermore, A—kB
is essentially m-accretive on D(A).

Now, we introduce the following conditions on ®, G and V:

(A1) The function ® € C*(RY,R) and satisfies that for every 7 € (0, 75 ),
there is a constant C; > 0 such that

|D2®| < 7|V + C,.
(A2) The function G € CH(RY,RY) satisfies

1
2

Gl < 5(]VB[2+V + A1)

for some constants k > 0 and Ay > 0.
(A3) There are constants 8 < p and 8 € R such that

G-VO—divG —0V < B.
(A4) There are constants v > 0 and A2 > 0 such that
IVV| <AV + Ay

(A5) There is a constant & > 0 such that
-2
]G - pTV@‘ < ¢lz].

We mention that under the assumptions (A1) for all 7 > 0, (A2), (A3) for some
constants § € R, 81 € R and (A4) Sobajima—Yokota established in [12, Theorem
1.1] that the operator Ag ¢ v with domain

2,
WP (RN dp) = {u e WPP(RY) : Vu e LE(RN)}
generates an analytic semigroup on L% (RM) for 1 < p < oo if

?pmtn(E+T) <1

The paper is structured as follows. In Section 2, we prove an LP-weighted Hardy
inequality. Besides, we use them to study the accretivity and the dispersivety
of As v, In Section 3, we state and prove the main generation results.

2. Hardy inequality

Our main aim of this section is to extend the result of [7, Theorem 2.1] to
the whole space L% (RY) for 1 < p < oo.
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Theorem 2.1. Assume N > 3 and (A1) hold. Then, for any u € C(RY),
one has

up
h [ dns o) [ Ve, [l
Ry |7 RN RN
ifp>2 and
|p

[ s oyt [ (0T VuPdut e, [ v
RN |.7;‘| 0—0 JrN RN

if 1 < p < 2, for any 0 > 0 with a corresponding constant c, > 0, where
* _ [ N=2 2

,YN - ( P ) °

Proof. Let u € C°(RN). Take § > 0if 1 < p <2 and § = 0 if p > 2. Hence,

we have

F3 (I)(J?) e d F3 @(tx)
2 4 _— = — _— 2 4 —
(uf? + 9 @exn (= Z52) == [ L (1l + ¥ ) exp(= =5 ar
Thus, by a change of variables, it follows that
‘“WP+®%
[ Nz

< (72 |Bnindar + )% - J0ut+ 05w

< () [Ftmluf + 9% = S(u + a)¥ve]

Moreover, by using the Hoder, Young and Jensen inequalities, we infer that
N —2y2 240)%
2.1) (i) / Mdu
p RN ||
- 1 .
[ VPPl + 6% 5 [ [9OP(ul? + 8
RN p® Jry

IN

2 p—2
+*/ Vo - Vullu|(Jul® +6) 2 du
P Jry

IN

p—4 1 P
[ VPP +8)F dut 5 [ 9OR(ul? + )
RN p* JrN

1
2

2 2 201,12 B4 H / 201,12 z
2 ([ 1Rl + 9% @) ([ 190l + 6)Ean)

1 7])/ 2 2 P
— + = Vo |“(lul“+46)2d
(e +2) [ I7oRGu? + o)t

1 p—4
+ (1+)/ [ul*[V |ul [ (|uf® + )= dp.
np/) JrnN
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Furthermore, combining integration by parts, (Al) and Young inequalities, we
deduce that

/ IV (jul? + )% dp
RN

/A@(Iu|2+5)%du+p/ VE -V ullul(jul? + 6) T dp
RN RN

IN

1 P P
<N7+>/ |vq>|2(|u\2+5)fdu+NCT/ (Juf* + 6)* dp
2 RN RN
P 2 201,12 et
B [ WPVl +8)F dp.
RN

Hence,

/ VB (jul? + 6)Edu
]RN

2NCr 2 4 P 2 201,12 B4
< — 6)2d —_— v é d
< toge [l F e e [l Ol +6)F

for every 7 € (0, ﬁ) Hence, collecting all the terms and using the identity

|[Vu| > |V|ul|, we conclude that

N —2\2 (Jul® +6)%
A
(= )/RN FEE.
<[ 1.n pz+1+1]/ IVul(Juf? + 6) dp
- p?2  p) 1—-2N71 npl Jgn

1 n QNOT 2 P
-+ - ) — 0)2d
+<p2+p> 1—-2NTt RN(M +0)2d

1 n p2 1 2 2 p—4
— — =) — 1 — 2 .
5[(132 +p> ot +np} /RN IV |ul)?(Ju? + 6) "= du

So, taking the minimum with respect to 7, that is, choosing n = %7 7 small,

and letting § go to zeros, we get (2.1). The case where p > 2 can be handled
similarly. O

3. Dissipativity and dispersivity of As g,v,c

As an application of Theorem 2.1, we establish firstly the dissipativity of the
operator As G v,

Proposition 3.1. Assume that (Al) and (A3) hold. Then, the operator
Ag cv,e — 72 with domain C(RY) is dissipative in LL,(RN) if and only if

W2 (1) ;g Yo = % 4+ e 5.

¢ < Yo, where Yo = 1(dt0) ifo
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Proof. Let u € C°(RY). Take § > 0if 1 < p < 2and § = 0if p > 2. Then, by
using the identity Re(aVu) = |u|V|u| and integration by parts, it follows that

Re(Aw,cvu, ulul +8)°7 )
. / Vul(fuf? + 6)"F du
RN

~0=2) [ Re(@u)P(ul? + ) du
1

_ ; —_a. 2 5
p/RN (de G V<I>)(|u| + o)

7/ V(\u|2+5)%d,u+5/ V(jul? +6)" dp.
RN RN

So, using the identity |Vu|? > |V|u||?, we obtain

R6<A¢)G)Vu,u|u|p_2>Lﬂ
1
< —(p- 1)/ IV [l |2 [P~ 2 dpe — f/ (divG —G- V<I>> lulPdp
RN D Jry

- V0ulPdu
RN

if p > 2 and

Re(As g vu, u\u|”_2>Lﬁ

< —(p—1) lim / 9l 2(Juf? + 8)"F du
d—0+ RN

1
77/ (divG7G~V<I>)|u|pduf/ VulPdp
P JrnN RN

if 1 < p < 2. Using now Theorem 2.1 and (A3), we infer, in both cases, that

Re(As,cvu, U|U|p_2>Lﬁ

(V-2 1) [ P, (B ey [
< -t et (G ) [ e

Hence, we have

Re(As gvu+ clz| ?u, u|u|p_2>Lﬁ

—22(p — ulP co(p —
< (c——(N 4(j)+(i) ”)/RN :x:2du+ (£+f’+ Ul))/RN lufPdp.

Thus, it follows that
Re(As,q,v,cu — Y2u, U|U|p72>Lﬁ <0

if and only if ¢ < 7y so the proof is now complete. O

Now, we present sufficient conditions for the dispersivity of As.q,v.c.
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Proposition 3.2. Suppose that (A1) and (A3) are verified. Then, the operator
Ao G v.e — 2 with domain CZ(RYN) is dispersive in Lﬂ(RN) if and only if
c< .

Proof. Let u € CX(RY) be real-valued and fix § > 0. By straightforward
computation we deduce that

(s (8 +0)F )y = = [ (0 +8)F [Tus P
p—4
~0=2) [ () 0V P

1 s (e
fE/RN(MM) (dlvG7G~V<b)d,u

- / V(2 +6)5du+ 5/ V(ud +6)"7 dp.
RN RN
Hence, we have

(Ap qu, (uy)’ e

1
< (1—p)/ uf’;2|Vu+|2d,u—f/ (divG—G~V<I>>uﬁ_du—/
RN D Jr~y

- Vull dp

if p > 2 and
(Agcu, (ur)? e

p—2 1
< (1—p) lim (ui+5)T|Vu+|2du—];/ (divG — G- V)u? dy
RN

§—0 RN
- Vb dp
RN
if 1 < p < 2. Whence, by applying Theorem 2.1 where u is replaced by w4 and
(A3), we get the thesis. O

4. Main result

In this section, we present and prove our main results of this paper. First,
we deal with the case when 2p(4 + o) > N.

Theorem 4.1. Let 1 < p < oo, N >3 and 0 > 0 such that 2p(4 + o) > N.
Suppose that (A1)-(Ab) are verified and

0 K

er(pfl)v(—Jrf) < 1.

p p 4
Then, for every ¢ < ag, Ag.av + clz|™? endowed with domain W2P(RN) N
D(|z|7?) generates a quasi-contractive analytic semigroup in LE(RN). Fur-

thermore, the closure of (Agc,v + aolz| =2, W2P(RN) N D(|z|~2)) generates a
quasi-contractive semigroup in Lﬁ(RN).
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Proof. As the main consequence of Theorem 1.1 together with Proposition 3.1,
we have
—As oy +y2 —clz|?
with domain W2P(RY) N D(|z|~2) is m-accretive if ¢ < ap and
—As.qv + 72 — aglz| 2
is essentially m-accretive.
Furthermore, thanks to [12, Theorem 1.1], the semigroup generated by
Ao, q,v is analytic if
0 K
-+ (- l)fy(erf) < 1.
p p 4
Whence, under this condition, As g,V is sectorial and therefore there exists v,
such that

1Zm(As cvu, [uP"?u)pp] <7, Re(Asqvu, [ulP~>u)rp

for every u € W2P(RYN  du). Replacing Ae.c.v by As,gv — 72 + c|z| =2 where
¢ < ap, the above estimate continues to hold for all u € W2*(RY) N D(|z|~2).
This means that Ag ¢ v + c|z|~2 is sectorial and whence by virtue of [3, The-

orem 1.54], we infer that A g v + c|z|™? generates an analytic semigroup in

LP(RN). O
Next, we treat the case when 2p(4+0) < N. In this connection, in order to

apply Theorem 1.2, we will need the following result.

Proposition 4.2. Set U, = |x|%+€. Assume that (A1)-(A6) hold. Then, for

every u € C°(RY), one has

Re(—As . vu+vou, |[Uu|* P [UculP~Ucu) 1z

> aol[Ueull}y, — o |[Ueul| g Jull .
where ) N ) )
ao:(p; )( —2p)N, 0 = Xp=1)
14 440 P

Proof. Let u € C2°(RY) and set us = ((R|u|)2+0)2 where R? = UP~!. In the
computations below, we have to take d > 0 in the case 1 < p < 2, whereas we
only take § = 0 to deal with the case p > 2. We have

(—As,c.vu, [Ucul""2Ucu)
= lim [ W ?R¥%U(—Au+ V- Vu—G - Vu+ Vu)dp.
6—0 RN
Integration by parts gives

/ w? T R*u(—Au + V& - Vu)du
RN

= /RN u? ?R(@Vu) - VRdu + /RN u? ™%V (Ru)|?du
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- / u? *uVR - V(Ru)dp
RN
+(p—-2) /]R T R I R@Yw) - V(RJul)dp
Since Re(uVu) = |u|V|u|, taking the real parts in the identity above we see

that
— Re / u?? R¥U(Au — VO - Vu)du
]RN

[ o VP [ oV P
RN RN

+o-2) [ B PRVl 9 (Rlul)du.
RN

=TI
Now, we rearrange the last integral in the following way
= [ T RWP Pl [ o Rl (Rla) - VR
RN RN
[ V@R~ [l VR
RN RN

—/ uE‘QRIU\V\ul-VRdu—é/ u?"* RV (R|u) - V|u|dp.
RN RN

On the other hand, an integration by parts implies

- Re G- (ﬂVu)R2u§_2du+/ VIuPR*u2 ™ 2dp
RN RN

1
/ (div G-G- V@)ugdu + / [ul?R(G - VR)uY *dp
RN RN

o
+/ Vuldp — 5/ Vu§_2du.
RN RN
Collecting all the terms gives
/ ug_QRQE(—A@G,Vu)du
RN
> (p=1) [ VR P (0= 1) [ ol VR
RN RN
—(p— 2)/ u§72R|u|V\u| -VRdy — (p — 2)5/ u§74RV(R|u\) - Vuldu
RN RN

+ =
p

1
/ (divG —G-V®+ 0V)u§du + / u*R(G - VR)u} ™ *dp
]RN ]RN
+ (1 — 9) = Vuldp — 6/]RN Vuf;’_2du7

p
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where we have used the inequality |V (Ru)| > |V(Ru|)|. Letting § — 0" and
recalling the definition of RP = UP~! we infer that

Re(—As cvu, |U5u|p72Ueu>Lﬂ

> (- 1) [l RV R~ o= 1) [ PRV REd
RN RN
dp(p—1)(p—2 2N(p—1)(p—2
4 p(p 3(19 ) / |ul? |z 2UP dp — (p 2)(1’ ) / |u[PUPdp
p RN P RN

—9 1
- / V‘I)~VR”|u\pdu+f/ <divG—G~V<I>+0V)Rp|u|pdu
p RN P JrN

+/ lulPR(G - VR)RP~2dp.
RN

3
Thus, combining Theorem 1.2, the inequalities |VU,| < 2U¢Z, the assumptions
(A3) and the Young inequality, we deduce that

R€<_A<1>,G,Vua |Ueu‘p72Ueu>Lﬁ

(p—l)(N—2)2/ —1 Ca(p—l)/ -1
A VAR R U v YA N S R

—1)3 4p(p—1)(p—2
_4(p 1) |x|2Up+1|u|pd,u+ p(p )(p ) |’U,‘p|$‘2Up+1d/,L
p? RN ‘ p? RN ‘

B 2N(p—1)(p—2) / lu|PUPdp — é/ Up’1|u|pdu
p2 RN € p ]RN ‘

-2 1
_P i / VfI)-VUg’*1|u|pdu+f/ G - VUP HulPdp.
p RN D JrN

Thus, by means of the inequality |x|?U. < 1 and (A5), we obtain

Re(—As c vu, \U5u|p72Ueu>Lﬁ

— —92)2 —
> (p 1)(N 2) / Uéu|’u,|pd/J, o Ca(p 1) / U£71|u|pdﬂ
RN RN

p?(4+ o) d+o
_1)3 dp(p—1)(p—2
e T e e L
p RV p Y
_2N(p-1)(p-2) / lu|PUPdp — B / UP~|ulPdu
p2 RN € p ]RN ‘
2(p—1
_ M/ UP fufPdp.
P Jery

Hence, we have

Re{—As,c,vu+ You, \U5u|p72U6u>Lﬁ

> ao/ Uf\u|pd,u—a1/ UP~|ulPdp.
RN RN

This completes the proof. (I
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We now come to state and establish the second main result of this paper.

Theorem 4.3. Let 1 <p < oo, N >3 and o > 0 such that 2p(4+0) < N and

set v = min{ag, Yo}, where vy = % and oy = (pp_gl) (4%7 — 2p)N.

Assume that (A1)-(A5) hold. Then, for every ¢ < v, As.cv + c|lz|™? endowed
with domain W27P(RN, du) generates a quasi-contractive positive semigroup in
Lﬂ(RN) and C2(RY) is a core for such an operator. Moreover, the closure

of (Aq%G’V + v|z|72, W2P(RY, d,u)) generates a quasi-contractive semigroup in
LB (RY).

Proof. Our purpose is to apply Theorem 1.2. Indeed, set A = —As.qv + 72
with D(A) = W2P(R") and let B be the multiplicative operator by |z|~2 en-
dowed with the maximal domain D(|z|~?) = {u € LE(R"N) : [z|%u € LE(RN)}
in LF, (R™). We mention that the Yosida approximation B, of B is the mul-
tiplicative operator by U, = (|z|? +¢)~!. Both A and B are m-accretive in
LA (RN). Set D = C*(RY). Then, Proposition 4.2 yields (i) with k; = ao,
d = 0 and a = «3. The second assumption (ii) is obviously satisfied. More-
over, (iii) holds with 79 = ko thanks to Proposition 3.1. As a consequence
of Theorem 1.2, we infer that for every ¢ > —v, —As gy + 72 + cz|2
with domain W2?(RY) is m-accretive in L%(RY) and C°(RY) is a core for
—Ascyv + 72 + cJz|72 In addition, —Ae gy + Y2 — v|z|7? is essentially
m-accretive. The generation results follow then by Lumer Phillips Theorem
[2, Theorem 3.15]. Lastly, the positivity of the generated semigroups follows
by virtue of Proposition 3.2, which implies that Ag g,v — 2 — c|z|7? is disper-
sive for every ¢ > —v. The dispersivity is equivalent to the positivity of the
resolvent, which is equivalent to the positivity of the semigroup, we complete
so the proof of our results. O
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