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RNA FOLDINGS AND STUCK KNOTS

Jost CENICEROS, MOHAMED ELHAMDADI, JOSEF KOMISSAR,
AND HITAKSHI LAHRANI

ABSTRACT. We study RNA foldings and investigate their topology using
a combination of knot theory and embedded rigid vertex graphs. Knot
theory has been helpful in modeling biomolecules, but classical knots
emphasize a biomolecule’s entanglement while ignoring their intrachain
interactions. We remedy this by using stuck knots and links, which pro-
vide a way to emphasize both their entanglement and intrachain interac-
tions. We first give a generating set of the oriented stuck Reidemeister
moves for oriented stuck links. We then introduce an algebraic structure
to axiomatize the oriented stuck Reidemeister moves. Using this alge-
braic structure, we define a coloring counting invariant of stuck links and
provide explicit computations of the invariant. Lastly, we compute the
counting invariant for arc diagrams of RNA foldings through the use of
stuck link diagrams.

1. Introduction

We introduce an algebraic structure in order to study RNA folding. These
structures will be used to investigate and classify the topology of RNA foldings,
and the classification is highly relevant to molecular biology. The structures
we propose are related to stuck links introduced in [1]. The primary motivat-
ing factor for studying stuck knots and links is their application to modeling
biomolecules. Classical knot theory has been used to model biomolecules with
limited success. For example, in [14], an overwhelming number of the proteins
in the Protein Data Bank were classified into one specific isotopy class, the
unknot. One potential reason for the limited success of classical knot theory
is that the emphasis is placed on the knottiness of the biomolecule while com-
pletely ignoring any intrachain interactions or bonds, as noted in [10]. In order
to address these limitations, graphical models of folded molecules lead to the
study of embedded rigid vertex graphs in general and singular knots [16] in
particular. We will consider a generalization of singular links called stuck links
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since they are uniquely equipped to model the entanglement and intrachain
interactions of a biomolecule as described in [1].

Specifically, this research aims to develop tools to classify arc diagrams of
RNA foldings by developing an algebraic structure and invariant of oriented
stuck links. In order to define our invariant, we first introduce a generating set
of the Reidemeister type moves for oriented stuck links. Using the generating
set of stuck Reidemeister moves and motivated by the effectiveness of quan-
dles and singquandles in distinguishing oriented knots and singular knots and
links, we define stuquandles. We then use stuquandles to define a computable
invariant of oriented stuck knots and links.

Equipped with the stuquandle structure and counting invariant, we will focus
on the relationship between stuck links and RNA folding. In [1], a transforma-
tion was introduced between arc diagrams of RNA foldings defined in [9] and
stuck links. Arc diagrams of RNA foldings have been studied, and polynomial
invariants have been defined in order to classify them in [1,9,15]. In contrast
to the approaches previously taken, which depend on skein relations, we define
an invariant that is easily computable with Mathematica, Maple, or Python.
Our invariant of RNA foldings is a consequence of the stuquandle structure and
stuquandle counting invariant of stuck links. Furthermore, we show that the
stuquandle counting invariant is a computable and effective invariant of RNA
foldings.

The article is organized as follows. Section 2 reviews the basics of the theory
of stuck knots and links as introduced in [1]. In Section 3, we review the
relationship between arc diagrams of RNA foldings and stuck links. Section 4
introduces a generating set of oriented Reidemeister moves for oriented stuck
links. In Section 6, we introduce the notion of an oriented stuquandle and
provide examples. In Section 7, we provide applications of oriented stuquandles
to distinguish oriented stuck links. Lastly, in Section 8, we apply oriented
stuquandles and stuck knots and links to distinguish arc diagrams of RNA
folding.

2. Review of stuck knots and links

In this article, we will follow the definitions and conventions of stuck knots
introduced in [1]. The theory of stuck knots can be thought of as a general-
ization of the theory of singular knots in the sense that a diagram of a stuck
knot may contain classical crossings and stuck crossings. A stuck crossing is
a singular crossing with additional under and over information. See Figure 1
for a singular crossing and its representation in a singular link diagram. See
Figure 2 for the two possible ways a stuck crossing may be stuck along with
their representations in an oriented stuck link diagram.

At a stuck crossing, we will be assigning the A-region introduced by Kauff-
man in [8] in order to indicate the over and under information at a stuck
crossing. See middle figures in Figure 2. Alternatively, we will use a thick red
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FIGURE 1. Singular crossing in singular link and a singular
crossing in a singular diagram.

A
FIGURE 2. Positively stuck crossing (top) and negatively
stuck crossing (bottom).

bar on the over-strand at a stuck crossing. See the right figures in Figure 2.
We will refer to the top crossing in Figure 2 as being a positive stuck crossing,
while the bottom crossing we will refer to as a negative stuck crossing.

Similar to the classical case, an oriented stuck link is an equivalence class of
oriented stuck link diagrams subject to oriented classical Reidemeister moves
and oriented stuck Reidemeister moves. See Figures 11, 12, and 13 for the
oriented stuck Reidemeister moves.

There are some immediate invariants of stuck knots. For example, the num-
ber of stuck crossings is the sticking number of a stuck knot or link; see [1].
Additionally, there is the following variation of the sticking number.

Definition 2.1 ([1]). The signed sticking number of an oriented stuck knot or
link is the sum of signs of the stuck crossings.

Examples 7.3 and 8.1 show that the invariant we introduce in this article
called the stuquandle counting invariant is stronger than the signed sticking
number.



226 J. CENICEROS, M. ELHAMDADI, J. KOMISSAR, AND H. LAHRANI

c-c-C5 iy
A u
A Y
A U
/N

Ficure 3. RNA folding.

FIGURE 4. Arc diagram of RNA folding (left) and an arc di-
agram of RNA folding with gray stripe (right).

3. RNA folding and stuck knots

This section will describe the connection between arc diagrams of RNA
folding and stuck knots. Arc diagrams were introduced by Kauffmann and
Magarshak in [9] as a combinatorial way of studying RNA folding. As described
in [9], the RNA molecule is a long chain consisting of the bases A (adenine), C
(cytosine), U (uracil), and G (guanine). The pairs (A and U) and (C and G)
are able to form bonds with each other. Therefore, an RNA molecule may be
represented as a linear sequence of the letters A, C, U, and G, and a folding of
the molecule is a possible pairing of a given sequence of bases. For a complete
description and theory of arc diagrams, see [9]. The following example was
taken from [9], consider the chain --- CCCAAAACCCCCUUUUCCC- - - with
the folding given in Figure 3.

Kauffmann and Magarshak abstracted RNA foldings by introducing arc di-
agrams. See the figure on the left in Figure 4. We will use the convention
introduced in [1] of a gray stripe in place of the four connecting arcs. See the
figure on the right of Figure 4.
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FIGURE 5. Transformation between arc diagram and stuck
diagram.
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FIGURE 6. Transformation starting with a stuck crossing.

The following transformation, which relates arc diagrams and stuck links,
was defined in [1]. In order to change from an arc diagram of RNA folding to
a stuck knot or link, we will use the transformation, T'; see Figure 5.

The same transformation may be used when starting with a negative stuck
crossing; see Figure 6.

The following example will consider an RNA folding and construct its cor-
responding stuck link diagram via the transformation defined above. Since the
strands in an arc diagram can be closed in several ways, we will avoid ambiguity
by following the approach of self-closure introduced in [1,15].

Example 3.1. We include arc diagrams of several RNA foldings and their cor-
responding stuck knot/link diagrams after applying the transformation 7' and
self-closure; see Figure 7. In the first example, we will consider the following arc
diagram of the following RNA folding with one strand and the corresponding
stuck knot after applying the transformation T and performing the self-closure;
see Figure 8. In this case, since the arc diagram only has one strand, the self-
closure means connecting the loose ends.
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FIGURE 7. Arc diagram and corresponding stuck knot.
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FIGURE 8. Another arc diagram and corresponding stuck
knot.

Next, we consider an arc diagram of an RNA folding with two strands and
the corresponding stuck link diagram after we apply the transformation 7" and
perform the self-closure. In this case, since the arc diagram has two strands,
the self-closure means that we connect the loose ends of one strand to each
other and the loose ends of the other strand to each other.

In the following section, we will introduce a set of moves that may be applied
to stuck link diagrams to simplify the diagram while still representing the same
stuck link. For example, in the first example in Example 3.1, the diagram on
the right may be simplified by applying an Q1b Reidemeister move.

4. Generating set for oriented Reidemeister moves for stuck knots

This section will introduce a generating set of oriented stuck Reidemeister
moves. We note that minimal generating sets for the classical Reidemeister
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FIGURE 9. A minimal generating set for the classical Reide-
meister Moves.

moves have been studied by Polyak; see [13]. Polyak proved the following set
is a minimal generating set of the classical Reidemeister moves; see Figure 9.

Furthermore, Bataineh, Elhamdadi, Hajij, and Youmans investigated gen-
erating sets for Reidemeister-like moves for singular links. They were able to
show that in the presence of the Reidemeister moves in Figure 9, the moves
in Figure 10 are enough to generate all generalized Reidemeister moves; see
[2]. We will use the naming convention for the oriented classical and singular
Reidemeister moves used in [2].

Each singular Reidemeister move will give rise to two stuck Reidemeister
moves. The singular Reidemeister move 25a gives rise to the following two
stuck moves; see Figure 11.

Similarly, the singular Reidemeister move Q4a gives rise to the following two
stuck moves; see Figure 12.

Lastly, we derive the following two stuck Reidemeister moves from the 4e
singular Reidemeister move; see Figure 13.
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FI1GURE 10. Additional singular Reidemeister moves.
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FIGURE 11. Oriented stuck Reidemeister moves derived from
Oba.
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Since each singular crossing has two possible ways it can be stuck, each move
in Figure 10 gives rise to two stuck moves. Therefore, in the presence of the
oriented classical Reidemeister moves, Figure 9, the moves in Figures 11, 12,
and 13 form a generating set of oriented stuck Reidemeister moves. The proof
that this is a generating set for the stuck Reidemeister moves follows directly
from the proof of the generating set of the generalized Reidemeister moves in

[2].

5. Quandles and singquandles

In this section, we will review the definitions, provide basic examples of
quandles and singquandles, and introduce an algebraic structure that axioma-
tizes the oriented stuck Reidemeister moves. We will first review the basics of
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FIGURE 12. Oriented stuck Reidemeister moves derived from
Q4a.
— \//

FIGURE 13. Oriented stuck Reidemeister moves derived from
Ode.

quandle theory; more details can be found in [6,7,11]. We will use the following
convention at a classical crossing; see Figure 14.

Definition 5.1. A set (X, %) is called a quandle if the following three identities
are satisfied.
(i) Forallz € X, zxz = x.
(ii) For all y,z € X, there is a unique z € X such that z xy = z.
(ii) For all z,y,z € X, we have (zxy) 2z = (z* 2) * (y * 2).

From Axiom (ii) of Definition 5.1, we can write the element x as zxy = .
Notice that the operation * defines a quandle structure on X. A quandle’s
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A X

F1GURE 14. Coloring rules.

axioms correspond to the three Reidemeister moves of types I, I, and III. The
typical examples are: (1) Alexander quandles given by z %y = tx + (1 —¢)y on
a Z[t,t"]-module M and (2) conjugation quandle defined on groups G with
T kY = ymy’l.

Next, we review the basics of singquandles; more details can be found in
[2-5].

Definition 5.2. Let (X, *) be a quandle. Let R; and Ry be two maps from
X x X to X. The quadruple (X, *, Ry, Ro) is called an oriented singquandle if
the following axioms are satisfied:

(1) Ry(xxy,z) *xy = Ry(x,z*y) coming from Q4a,

(2) Ry(x*y, z) = Ra(z,z * y)*y coming from Q4a,
(3) (yxRi1(x,2)) *x = (y * Ra(x, 2))*z coming from Qde,
(4) Ro(z,y) = Ri(y,x xy) coming from Qba,

(5) Ri(z,y) * Ro(x,y) = Ra(y,x *y) coming from Q5a.

Similar to the case of quandles, a singquandle’s axioms are motivated by the
generalized Reidemeister moves following the classical coloring rule in Figure 14
and the singular coloring rule in Figure 15.

RQ(x7 y) Rl (Z‘, y)
F1GURE 15. Coloring rule at a singular crossing.

The following two examples were given in [2].
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Example 5.3. For an invertible element a € X = Z,, consider the quandle
operation x xy = ax + (1 — a)y. Define the maps R; and Ry by Ri(z,y) =
br 4+ (1 —b)y and Ra(z,y) = a(l —b)x + (1 — a(l — b))y, where b € Z,,. Then
(X, *, Ry, Ro) is an oriented singquandle.

Example 5.4. Consider the conjugation quandle, z * y = y~'zy, on a non-

abelian group X = G. Then (X, x, Ry, Rs) is a singquandle, where for all
z,y € G the maps R; and Ry are given by:

)
(2) Ri(z,y) = zyzy'z~" and Ry(z,y) = zyz~ '
(3) Ri(z,y) =y~ 'ay and Ro(z,y) = y~ '~ lyxy.
(4) Ri(z,y) = zy *z~'yz, and Ry(z,y) = o~ 'y Loy
(5) Ri(z,y) = y(z~'y)" and Ry(x,y) = (y~'x)" 'y, where n > 1.

6. Algebraic structures for stuck knots: stuquandles

Since the oriented stuck Reidemeister moves are a generalization of the ori-
ented generalized Reidemeister moves, this suggests introducing a new alge-
braic structure for coloring oriented stuck knots and links with new operations
at stuck crossings.

Definition 6.1. Let (X, x, Ry, R2) be a singquandle. Let R3 and R4 be maps
from X x X to X. If R3 and Ry satisfy the following axioms for all z,y,z € X:

(6) R3(y, @) * Ra(y, ®) = Ra(x * y,y),

(7) Ry(y,x) = R3(z * y,y),

(8) Rs(y * x,z) = Rs(y, z%x) * x,
(9) Ry(y, z%x) = Ry(y * x, 2)*x,
(10) (z x Ry(y, 2))xy = (¢%R3(y, 2)) * z,

then the 6-tuple (X, *, Ry, Ro, R3, R4) is called an oriented stuquandle.

Remark 6.2. In this paper, we will only consider oriented stuck knots. There-
fore, we will refer to oriented stuquandles as stuquandles.

Definition 6.3. Let (X, %, Ry, Ro, R3, R4) be a stuquandle and L an oriented
stuck diagram. Then a coloring of L by X is an assignment of elements of X
to the semi arcs of L obeying the following crossing rules:

The stuquandle axioms are motivated by the oriented stuck Reidemeister
moves for stuck link diagrams using the coloring rules presented in Figure 16.
Therefore, we obtain the following result.

Theorem 6.4. Let L be an oriented stuck link diagram. For any finite stuquan-
dle (X, *, R1, R, R3, Ry), the number of colorings of L by X is invariant under
the oriented stuck Reidemeister moves and defines, Colx (L), the stuquandle
counting invariant.
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X X

T Y T Y
R1(:c,y) RQ(zvy) R3(yvx) R4(yvx)

FI1GURE 16. Coloring rules at crossings.

Proof. Asin classical knot theory, there is a one-to-one correspondence between
colorings before and after each move in the generating set of stuck Reidemeister
moves. Note that (X,x*) is a quandle; therefore, the colorings are invariant
under the oriented classical Reidemeister moves. Therefore, we must check
the oriented stuck Reidemeistere moves. First, we check the oriented stuck
Reidemeister moves derived from 25a; see Figure 17.

We have axioms (4), (5) in Definition 5.2 and (6), (7) in Definition 6.1.
Next, we check the oriented stuck Reidemeister moves derived from 4a; see
Figure 18.

We have axioms (2), (3) in Definition 5.2 and (8), (9) in Definition 6.1.
Next, we check the oriented stuck Reidemeister moves derived from (24e; see
Figure 19.

We have axioms (1) in Definition 5.2 and (10) in Definition 6.1. O

Next, we provide two examples of stuquandles that will be useful in distin-
guishing oriented stuck knots and links.

Example 6.5. Let X = Z,, with the quandle operation = xy = axz + (1 — a)y,
where a is invertible so that ¥ y = a=*x+(1—a~!)y. Now let Ry (z,y) = bz +
cy, then by axiom (4) of Definition 5.2 we have Ry (z,y) = acz+[c(1 —a) + bly.
By substituting these expressions into axiom (1) of Definition 5.2 we find the
relation ¢ = 1 — b. Substituting, we find that the following is an oriented
singquandle for any invertible a and any b in Z,:

(11) zxy=ax+ (1 —a)y,
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R3(y,z) * Ra(y, x) \ Ry(y,z) Ra(zrxy,y) Rs(z*y,y)
R3(y,$)
Ry(y, x) 5 T*Y Y
Yy x Y \ x
Rl(‘r7y)*R2(I7y) \ RQ(f,y) RQ(y,l‘*y) Rl(y7m*y)
R1($7y)
Ry(x,y) e THY Y

Yy x Yy \1’

FIGURE 17. Oriented stuck Reidemeister moves derived from
Qba with colorings.

(13) Ry(z,y) = a(l —b)z+ (1 —a(l —b))y.
Next, let Rs(x,y) = dx + ey, then by axiom (7) of Definition 6.1, we have
Ry(z,y) = [d(1—a)+e]z+ady. By substituting these expressions into axiom (6)
of Definition 6.1 we obtain no constraints on the coefficients d and e. Axiom (8)
of Definition 6.1 imposes that d = 1—e, while axioms (9), (10) of Definition 6.1
introduce no constraint. Substituting, we obtain
(14) Ry(z,y) = (1 —e)z + ey,
(15) Ru(z,y) = (1 - a(1 — &)z +a(l — e)y.
Therefore, (Z,,*, R1, R2, R3, R4) is an oriented stuquandle where a is an in-
vertible element of Z,, and any b, e € Z,,.
Example 6.6. Let A = Z[tT! v] and let X be a A-module. Let
xxy=tx+ (1 —1t)y,

(z,y) = ala,b,c)x + (1 — ala, b, c))y,
Ry(z,y) = t[1 — afa,b,c)]z + [1 — t(1 — afa, b, )]y,
( y) = (1 —a(d,e,f))x—!—a(d,e,f)y,

(,y) = 1 —t(1 = a(d,e, )]z + 11 — ald,e, fly,
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Y Ry(y, zxx) Y \ / Ry(y * z, 2)*x

3(y, z¥x) Rs(y *x, 2)

Yy /Rg(zia;,y) \ /R2 2,y * T)%
AT

(z%x,7y) Ri(z,yxx)

FIGURE 18. Oriented stuck Reidemeister moves derived from
Q4a with colorings.

where a(a, b, c) = at+bv+ctv and a(d, e, f) = dt+ fu+etv. Then (X, *, Ry, Ra,
R3, R4) is an oriented stuquandle, which we call an Alezander oriented stuquan-
dle. The fact that (X, %, R1, Ra, R3, R4) is an oriented stuquandle follows from
Example 6.5 by straightforward substitution.

Given a finite set X = Z,, we can specify a stuquandle structure on X
by explicitly listing the operation tables of the five stuquandle operations. In
practice, it is convenient to put the operation tables together into an n x 5n
block matrix; see Example 6.7.

Example 6.7. Consider the stuquandle X = Z3 with xxy = 2z+2y, Ry (z,y) =
x, Ro(x,y) =y, R3(x,y) = x, and Ry(x,y) = 2 + 2y. This is a stuquandle by
Example 6.5 with a =2, b =1, and e = 0. We can also specify the stuquandle
with the following operation table,

x[001 2 R |01 2 R |01 2 Rg[0 1 2 Ry[0 1 2
0f02 1 o0f0o12 0[000 0[01 2 0[0 21
1210 1{0 12 1|1 1 1 1/0 12 1/2 10
2/1 02 2f0 12 2/222 2(012 2|10 2
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y Ry(y, 2) y Ra(y, 2)
(x*x Ry(y, z))*y B
(z*R3(y, ZS) * 2 x
R T R
Y Ra(z,y) Y Ry(z,y)
(@ Role))iy\
(xiRl(z,yS) * 2 z
‘ Rl(z,y) : Rl(zvy)

FIGURE 19. Oriented stuck Reidemeister moves derived from
Q4e with colorings.

and the operation tables can be encoded as the block matrix
0 2 1|01 2/0 0 0|0 1 2|0 2 1
21 0/01 21 1 1(0 1 212 10
10 2/0 1 2|12 2 2|0 1 2|1 0 2

Definition 6.8. Let D be a stuck link diagram of a stuck link L and let
S ={ay,as9,...,a,} be the set of labels of the arcs in D at classical crossings
and semi arcs in D at stuck crossings. We define the fundamental stuquandle
of D by proceeding as in classical knot theory with the fundamental quandle.

(1) The set of stuquandle words, W (S5), is recursively defined.
(a) S CW(S),
(b) If a;,a; € W(S), then

a; * aj,aﬂaj,R1(ai,aj),Rg(ai,aj)7Rg(ai,aj),R4(ai7aj) S W(S)

(2) The set Y is the set of free stuquandle words which are equivalent
classes of W(.S) determined by the conditions in Definition 6.1.

(3) Let ¢1,...,c, be the crossings of D. Each crossing ¢; in D determines
a relation r; on the elements of Y.
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(4) The fundamental stuquandle of D, ST Q(D), is the set of equivalence
classes of words in W (S) determined by the stuquandle conditions and
the relations given by the crossings of D.

Theorem 6.9. The isomorphism class ST Q(L) of STQ(D) is an invariant
of oriented stuck links.

Proof. By construction, oriented stuck Reidemeister moves on diagrams induce
Tietze transformations on the presentations of ST Q(D). O

Example 6.10. In this example, we compute the fundamental stuquandle
of the following oriented stuck link. Consider the stuck Hopf link with one
stuck crossing and one positive classical crossing, L, with stuck diagram D; see
Figure 20. We will label the arcs of the diagram D by z,y, and z. Then the
fundamental stuquandle of L is given by,

STQ(L) = <$,y,2‘ T = R4(yax)7 z = R3(ya$)7 2RI = y>

= (z,y| R3(y, ) * Ra(y,x) = y).

x Yy

FicUure 20. Diagram D of L.

Definition 6.11. Let (X, *, Ry, Ro, R3, R4) and (Y,>, 51,52, 55,54) be two
stuquandles. A map f: X — Y is a stuquandle homomorphism if the follow-
ing conditions are satisfied:

(1) f(zxy) = f(z)> f(y),

(2) f(Bi(z,y)) = S1(f(x), f(y)),
(3) f(Ra(x,y)) = Sa(f (), f(y)),
(4) f(Rs(z,y)) = S3(f(x), f(y)),
(5) f(Ra(z,y)) = Sa(f(2), f(y))-

If f is a bijective stuquandle homomorphism, then it is called a stuquandle
isomorphism.
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For any oriented stuck link L with diagram D, there is an associated fun-
damental stuquandle, (ST Q(L), %, R1, Ra, R3, R4), and for a finite stuquandle,
(X,>, R}, RS, Ry, R)y), the set of stuquandle homomorphisms,

flxxy) = f(z)> f(y),

f(By(x,y)) = Ri(f(x), f(y)),
Hom(STQ(L), X) = ¢ f: STQ(L) = X | f(Ra(z,y)) = Ry (f(x), f(y)), ¢

f(Rs(y,x)) = R3(f(y), f(x)),

f(Ra(y, x)) = Ry(f(y), f())

can be used to construct computable invariants for stuck links. For example,
by computing the cardinality of this set, we obtain the stuquandle counting
invariant defined in Theorem 6.4. To see this, the assignment of elements of
X to the semi arcs in D at a stuck crossing and to the arcs at the classical
crossings in D defines a homomorphism f : STQ(D) — X if and only if the
coloring conditions in Definition 6.3 are satisfied at every stuck and classical
crossing in D. We can compute the set, Hom(ST Q(L), X), by computing the
colorings of D by X. Thus, we have

Colx (L) = |Hom(STQO(L), X)|.

Proposition 6.12. Let L be a stuck link. Let f : (X,*, Ry, Ro, Rs, Ry) —
(Y,>, S1,59,53,54) be an isomorphism of stuquandles then there is a one-
to-one correspondence between the spaces of colorings Hom(ST Q(L), X) and

Hom(STQ(L),Y).

The following section will consider stuck knots and links derived from sin-
gular knots and links known as 2-bouquet graphs of type K and type L. We
will follow the notation for 2-bouquet graphs found in [12]. We will modify the
notation of a 2-bouquet graph by adding + or — in the superscript to denote
the derived oriented stuck link with a positive or negative stuck crossing. For
an example; see Figure 21.

7. Computations

Example 7.1. Let X = (Zs, *, Ry, Ra, R3, R4) be the stuquandle with opera-
tion matrix below,

0 00|01 1j]0 2 21 1 1|11 1 2

11 1}2 1 2|1 1 0|1 2 2|1 2 1

2 2 2120 1(1 2 12 1 0|1 2 0

The link with diagram S; has the following coloring equations:
=Ry (yv .73),

y = Rs(y, ) * .
Using the stuquandle defined above, the system of coloring equations for Sp
has zero solutions. Therefore, Colx (S1) = 0. The following link with diagram
So has the following coloring equations:
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FIGURE 21. Oriented singular link 0} (left), derived oriented
stuck links 047 (middle), and 0}~ (right).

Y Ra(y, x)

FI1GURE 22. Diagram 5.

z = Ra(2,y),
y = Ri(z,y) * .
Using the stuquandle defined above, the system of coloring equations for Sy

has two solutions. Therefore, Colx (S2) = 2.

Remark 7.2. Notice from this example that it is possible to obtain zero colorings
of a stuck knot by a stuquandle. This is impossible when considering the
colorings of classical knots by quandles.

In the following example, we get a sense of the effectiveness of the invariant
by selecting a specific stuquandle, and we compute the stuquandle counting
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Y Ry (1‘, y)

x Rl (Iv y)

FIGURE 23. Diagram So.

invariant for several stuck knots. Specifically, we will compare our results of
the stuquandle counting invariant to the signed sticking number.

Example 7.3. Let X = Z;5 be the stuquandle with operation defined by
x*xy = 11z + 2y and maps Ri(x,y) = 10z + 3y, Ra(z,y) = 92 + 4y, Rs(z,y) =
2x + 11y, and Ry(x,y) = 3x + 10y. By Example 6.5 with a = 11, b = 10
and e = 11 we obtain that (X, *, Ry, Re, R3, R4) is an oriented stuquandle. We
compute the stuquandle counting invariant for eight stuck knots derived from
the first four singular knots in [12]; see Figure 24.

Signed Sticking # | Colx(K) | K
—1 24 0y, 4f~
48 3k
144 ok=
k k k
1 12 27F, 31, 47t
36 0k

8. Invariant of arc diagrams

We will now compute the stuquandle counting invariant to investigate the
topology of RNA structure. We will first consider an arc diagram of RNA
folding and then use the transformation defined above to turn the arc diagram
into a stuck arc diagram. Then, we will close the diagram using the self-
closure operation to get a stuck knot diagram. We will then compute the
stuquandle counting invariant using the stuck knot diagram corresponding to
the arc diagram of RNA folding.

Example 8.1. Let X = Z, be the stuquandle with operation defined by
xxy = x and maps R;(z,y) = 2z + 3y, Ro(x,y) = 3z + 2y, Rs(z,y) = vy,
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A XD

0k 0k~
ok + ok
@
3ht 3k
S
NN NN
VL b=

FIGURE 24. Oriented stuck knots used in Example 7.3.

and R4(z,y) = x. By Example 6.5 with ¢ = 1, b = 2 and e = 1 we obtain that
(X, *, Ry, Ro, R3, Ry) is an oriented stuquandle. Consider the arc diagrams of
RNA foldings in Figures 25 and 26.
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-

FIGURE 25. Arc Diagram of an RNA folding and correspond-
ing stuck knot.

T
z
T
— Y
w

FIGURE 26. Arc Diagram of an RNA folding and correspond-
ing stuck knot.

Using the corresponding stuck knot diagram, we obtain the following coloring
equations:
T = R3(Za R3(y7 l')),

y = Ru(y, z),
z = Ry(z, R3(y, x)).
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From the first equation, we obtain x = z. From the second equation, we
obtain y = y, and from the last equation, we obtain z = z. Therefore,

/ q\\

Colx | wa | =64
t )
N

Using the corresponding stuck knot diagram, we obtain the following coloring
equations:

x = Ry(z,w) = z,
y = R3(z,w) = w,
z=Ry(y,x) xx =1y,
w= R3(y,z) *x = =x.
From this system of equations we obtain y =z, z = z, w = z for any & € Zy,
Y
\]
therefore, this system has 4 solutions in Z4. Thus, Colx \ﬁ = 4.
NS

The stuck knot associated with each arc diagram above has a sticking number
of —2. This means that the basic invariant cannot distinguish these two arc
diagrams, but the stuquandle counting invariant can distinguish the two arc
diagrams.

Acknowledgement. The authors would like to thank the referee for the
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thank Willi Kepplinger for his comments on an earlier version of this article.
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