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C*-ALGEBRA OF LOCAL CONJUGACY EQUIVALENCE
RELATION ON STRONGLY ITRREDUCIBLE SUBSHIFT OF
FINITE TYPE

CHENGJUN HOU AND XIANGQI QIANG

ABSTRACT. Let G be an infinite countable group and A be a finite set. If
3 C A€ is a strongly irreducible subshift of finite type and G is the local
conjugacy equivalence relation on 3. We construct a decreasing sequence
R of unital C*-subalgebras of C'(X) and a sequence of faithful conditional
expectations £ defined on C(X), and obtain a Toeplitz algebra 7 (R, E)
and a C*-algebra C*(R,E) for the pair (R,E). We show that C*(R, &)
is *-isomorphic to the reduced groupoid C*-algebra C}:(G).

1. Introduction

In [7], Ruelle constructed C*-algebras from the equivalence relation given by
homoclinicity satisfying the “Condition C” in expansive dynamical systems of
countable groups actions on metrizable spaces by homeomorphisms. Roughly
speaking, the above homoclinicity with the “Condition C” means that homo-
clinic property of two points in the systems can be extended to a “uniform
local homoclinicity”, and this restriction ensures that the homoclinic equiva-
lence relation under certain topology is étale. As a generalization of this strong
version of homoclinic property, Thomsen introduced in [8] the notion of local
conjugacy relation in a relatively expansive system and constructed the cor-
responding equivalence relation C*-algebra which is called the Ruelle algebra
or the homoclinic algebra (associated with the expansive system). It is very
interesting to characterize the structure of this kind of algebra. The homoclinic
algebra associated with two-sided shift system of a shift space X C A% over a
finite A is isomorphic to the Krieger algebra of the shift space X, and for posi-
tively expansive group endomorphisms the homoclinic algebra is an AT-algebra

([8))-

Received February 15, 2023; Accepted June 14, 2023.

2020 Mathematics Subject Classification. 46105, 461.85.

Key words and phrases. Local conjugacy equivalence relation, Toeplitz algebras, reduced
groupoid C*-algebra.

This work was financially supported by the NSF of China (Grant No. 12271469,11971419).

(©2024 Korean Mathematical Society

217



218 C. J. HOU AND X. Q. QIANG

For a finite set A and an infinite countable group G, the canonical shift
action of G on each subshift ¥ C A® forms a classic expansive dynamical
system. The second author of this paper showed in [4] the homoclinicity and
local conjugacy of two points in a strongly irreducible subshift ¥ of finite type
are consistent. He also proved that the homoclinic algebra associated with this
kind of subshift is a minimal AF-algebra.

In [3], Exel and Renault considered a class of examples of approximately
proper equivalence relation R and showed that the associated groupoid C*-
algebra C(R) is isomorphic to the canonical quotient algebra C*(R, ) of the
Toeplitz algebra T (R, &) associated to a pair (R, ), where £ is a sequence of
suitable conditional expectations. They mainly discussed the tail-equivalence
relation on a Bratteli diagram and directly proved that the associated C*-
algebra is isomorphic to the AF-algebra of the diagram. In this paper, we will
characterize the structure of the reduced groupoid C*-algebra associated to
the local conjugacy equivalence relation G on a strongly irreducible subshift of
finite type Y. For this kind of equivalence relation, we construct a decreasing
sequence R of unital C*-subalgebras of C(X) and a sequence of faithful condi-
tional expectations £ defined on C'(X). We provide a very specific and different
structure to prove that C*(R, &) is *-isomorphic to the reduced groupoid C*-
algebra C(G), even though this can be induced from Exel-Renault’s result.

Now we recall some notions. For a finite set A and an infinite countable
group G, let A® be the set of all maps u from G into A. Under the topology of
pointwise convergence, AY is a compact metrizable space. Let o be the shift
action of G on AY defined by gu(h) = u(g~'h) for g,h € G and u € A9. A
closed G-invariant subset of A“ is called a subshift. A subshift ¥ is said to be
of finite type (we abbreviate it as SF'T) if there is a finite subset Q of G and a
subset P C A% such that ¥ = {u € A% : (gu)|q € P for allg € G}, where v|g
is the restriction of v in A% to a subset S of G. The full shift, the empty shift
and the golden mean shift are of finite type, but the even shift is not of finite
type ([5,9]). A subshift ¥ is said to be strongly irreducible if there is a finite
subset A of G such that ¥ is A-irreducible, in the sense that, for given any two
finite subsets ; and Qs of G such that (Q;A)NQy = (), and any two elements
u1, Uy € X, there is a u € X such that u coincides with u; on €7 and with us on
Qs. Moreover, if ¥ is strongly irreducible, then we can choose a finite subset
Q of G and P C A% satisfying that e € Q = Q! and ¥ is Q-irreducible. In
particular, A® is a strongly irreducible subshift of finite type.

Two elements x and y in X are said to be locally conjugate if, for a metric
d on X compatible with the topology, there exist open neighborhoods U and
V of x and y in X, respectively, and a homeomorphism ~ : U — V such
that y(z) = y and limy_, d(gz, gv(2)) = 0 uniformly for z € U. The triple
(U, V,) is called a local conjugacy from x to gy, or just a local conjugacy for
short when it is not necessary to emphasize to the points x and y. Note that
local conjugacy is an equivalence relation on X which is independent of the
choice of the metric d. Endowed with G the topology whose base consists of
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all open subsets of the form {(z,vz) : z € U} for local conjugacies (U, V,~), G
is a separable, locally compact, Hausdorff and r-discrete equivalence relation
on X ([7]). Two points x and y in X are homoclinic in the sense that, for
a given metric d on X compatible with the topology, lim,_,~ d(gz, gy) = 0.
Clearly, local conjugacy implies homoclinicity. There are two homoclinic, but
not locally conjugate points in the even subshift of {0, 1}% ([8]).

2. The Toeplitz algebra arising from the local conjugacy
equivalence relation

Let X be an infinite strongly irreducible subshift of finite type defined by a
finite subset © of G. Let {G,,}»>1 be an increasing sequence of finite subsets
of G such that G; = Q3, G,Q® C Gpy1 for n > 1 and U ,G,, = G. For
convenience, we let Gy = (). For u,v € A%, let

1, if there is g € Gy
k(u,v) = with u(g) # v(g);
sup{n > 2:u(g) =v(g) for g € G,_1}, otherwise,
1
d(u,v) = ———
(u,0) k(u,v)’

where we use the usual convenience é = (. Then d is a metric on A¢ compat-
ible with the pointwise convergence topology.

Remark 2.1. For u,v € A%, d(u,v) = 1 if and only if there exists ¢ € G such
that u(g) # v(g). Moreover, d(u,v) <  for k > 2 if and only if u(g) = v(g)
for all g € Gj_1.

The following property for strongly irreducible subshifts comes from [1,4].

Lemma 2.2. Let F be a finite subset of G and let OF = FQ?\ F. For
ui,ug € ¥ such that uy coincides with us on OF, let u € AS be defined by
u(g) = u1(g) for g € FQ and u(g) = uz(g) for g € G\ FQ. Thenu € X.

In particular, given uy,uz € X with ui|q,, \a, = U2lc,,\q, for some k >
1, let u € A% be defined by u(g) = ui(g) for g € Gry1, and u(g) = uz(g) for
g€ G\ Giy1. Thenu € 3.

In [4], Hou proved that two elements u,v € ¥ are locally conjugate if and
only if they are homoclinic if and only if there exists an integer n > 0 such that
u coincides with v on G \ G,.

Let G = {(z,y) € ¥ x ¥ : z and y are locally conjugate} be the local conju-
gacy equivalence relation on ¥. Let G, = {(u,v) € ¥ x X : ul;\qg,, = v|e\a, }
for n > 0. Then Gy = {(u,u) : v € X} 2 X, G, C G,41 for each n > 0, and
G = Up>0G,. Each G, is a proper equivalence relation on ¥, and under the
relative topology of ¥ x ¥, G, is an open sub-equivalence relation of G, 1 for
all n > 0. In [4], Hou showed that the inductive limit topology 7 on G coin-
cides with the topology 7o given by local conjugatcy, so G is an AF-groupoid
in Renault’s sense ([6]).
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For u € ¥ and n > 0, let G,(u) and G(u) be the equivalence class of u in
G, and G, respectively. Then each G, (u) is finite, so G(u) = U2 G, (u) is
countable. In this paper, we denote by #S the cardinality of a set S.

For each n > 0, let

R, ={f € C(X): fis constant on each equivalence class G, (u)}.

Then Ry = C(X) and {R,}n>0 is a decreasing sequence of unital C*-sub-
algebras of C'(X).

Definition. For each n > 0, let

BN = g 3 Jw)

wEGn (u)
for each f € C(X) and u € X.

Lemma 2.3. Each E, is a conditional expectation from C(X) onto R, for
n>0, and E,E,, = E,E, = E,, forn <m.

Proof. Clearly, Ey = I, so we can assume that n > 1.

We first claim that the function #G, (u), thus its inverse %, are con-
tinuous on X. In fact, for a sequence {u,} converging to w in X, there is
a positive integer N such that d(u,,,u) < %—4—27 thus umlg,,, = ulg,,, for
all m > N. Let m > N be arbitrary. For each w € G,(um), we have
wlenG, = Umla\a,» 0 WG, \G, = UG, ,1\G,- From Lemma 2.2, there exists
a unique w € ¥ such that wl|g,,, = w|g,,, and W|e\q,,, = vle\¢,,,, thus
w € Gp(u). On the other hand, for each v € G, (u), we have ¥|c\g, = ula\a,»
0 UG, \Gp = Umla, i\G,- From Lemma 2.2, there exists a unique v € X
such that vlg,,, = vlg,,, and v|g\¢,., = Umla\G, 1> thus v € Gy (Upm).
Hence we have established a bijection from G, (u,,) onto G,(u), defined by
w € Gp(Um) = W € Gn(u), thus #G,, (um) = #G,(u) for all m > N.

Given f € C(X), for € > 0, there exists an integer k > (n + 1) such that, for
w,w € X with d(w,w) < k%rl, ie., wlg, = Wl|g,, we have |f(w) — f(w)] < e.
Let {um} be a sequence in ¥ converging to u. We can choose an integer N
such that d(upm,,u) < k%rl (< %—s—z) for each m > N. For each m > N, from
the proof of above paragraph, we have #G,, (u,,) = #G,(u) and a bijection ¢
from G, (unm) onto G,(u), defined by ¢ : w € G, (up) — W € G,(u). One can
check that w|g, = W|g,, thus d(w,w) < k%_l for each w € G, (uy,). Hence, for
m > N, we have

| (F) () — En(f)(w)] < %

Y. |fw) - f@) <
WEGy (Um)
so E,(f) € C(2).

Clearly, E,,(f)(u) = E,(f)(v) for f € C(2) and (u,v) € Gy, so that E,(f) €
R,. One can check that F, is a conditional expectation from C(X) onto
R.,. For two nonnegative integers n and m with n < m, since R,, C R,
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and Ej is a conditional expectation from C(X) onto Ry for each k, we have
E.(En(f)) = En(f) for each f € C(X), so E,Ep, = Ep,.

For a subset F of G, let mp : ¥ — A be the restriction mapping defined
by mp(u) = ulp for u € 3, and let 7p(X) be the range of 7p. Let u € ¥. For
n € Ta,\c,(E) and £ € g, (X), we let ue,, € AY be defined by ue »|a, = &,

uggla,n\c, = nand ugylove,, = ulave,,. Forn € 1g,\q, (), we set 57 =
{§ € mg, (X) :ug,y € B} For £ € B}, one can check that w € Gy (ug y) if and
only if there exists ¢’ € X} such that w = ugr . Hence, for f € C(X), one gets

that
Z E ugn Z #gn( Z f Ugr n Z f(Ufm).

gesy cexu g’eEu gesy

Also since v € Gy, (u) if and only if there exist € 7g,\q, (X) and § € ¥} such
that v = u¢ ,,, we have

B En(f)(1) = #gm ;> B

vegm(u)

1
= #gm(u) Z Z E Ug TI

NETG,\Gp () EETY

1
= w Z Z fugn)

NETG,\Gp (B) EE53

#gm Z f(0) = En(f)(w),

'Uegm(u)
thus E,,E, = E,,. O

Given a unital C*-algebra A, let R = {R,}n>0 be a decreasing sequence
of unital C*-subalgebras of A with Ry = A. Assume that £ = {E,,},>0 is a
sequence of faithful conditional expectations defined on A with E,(A) = R,
and E,1E, = E,4; for all n > 0. Recall that the Toeplitz algebra, T(R, &),
of the pair (R, £), is the universal C*-algebra generated by A and a sequence
{én}n>0 of projections subject to the relations:

(i) é9 =1, épt16n = €n€n 1 for each n;

(ii) énaé, = En(a)é, for each n and a € A.
By [2, 3.7], the natural map from A into T(R,€) is injective, so A can be
regarded as a unital C*-subalgebra of T(R,E).

Let K, be the closed linear span of the set {aé,b : a,b € A} in T(R,E) for
each n > 0, and let 7 be the so-called redunancy ideal, which is generated by
the following set

{Zkizogn,kiel@ﬂgign, > kix:Oforeachxelan}.
k=0 k=0
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The C*-algebra C*(R, &) of the pair (R,E), is defined to be the quotient
of T(R,E) by the redunancy ideal J. Let ¢ : T(R,E) — C*(R,E) be the
quotient mapping. From [2, 3.7], the restriction of ¢ to A is injective, so we
can identify a € A with ¢(a) € C*(R,€E), thus A is a unital C*-subalgebra of
C*(R,&). Write q(é,) = e, and K,, = ¢(K,,) for each n. Then K, is the closed
linear span of Ae, A for each n and C*(R, &) is generated by A and {e, }n>0.
If all E,, are of index-finite type, then {,,},,>0 are increasing and C*(R, ) is
the norm-closure of |, , K, ([2]).

Definition. Let A = C(X), R = {Rn}n>0 and € = {E,}n>0. Let T(R,E)
and C*(R, ) be the C*-algebras for the pair (R,E).

3. Isomorphism of C*(R, ) and C}(G)

As before, let 7z (2) be the range of the restriction mapping 7z from ¥ onto
AT for a subset F of G. Recall that Gy = {(u,u) : u € £} and G,, = {(u,v) €
Y x Y :ule\g, = vle\g, } for each n > 1. Let Ag = {(&,§) : £ € mg, (X)} and

Ay = {(5777) € TGrt1 (Z) X ﬂ-GkJrl(E) : E‘GkJrl\Gk = 77|Gk+1\Gk} for k > 1.

Clearly, Ay C 7@, (X) X 7a,,, (¥) is an equivalence relation on 7g,,, (X) for
each k¥ > 0. By Lemma 2.2, for k > 0 and §,7 € 7ng,,,(X), we have (§,n)
is in Ay, if and only if there is (u,v) € Gy with u|g,,, = § and v|g,,, = 7.
For { € g, (x), we let Ax(&) be the equivalence class of § under Ay, for each
k> 0.

Lemma 3.1. For u € X, we have #Gy(u) = #Ay(u|g,,,) for each k > 0.

Proof. 1f k = 0, we have #Gy(u) = #Ao(ulg,) = 1.

Let k > 1. If w,v € Gy(u), we have w|Gk+1\Gk = u|Gk+1\Gk = /U‘GkJrl\Gk?
so we have a mapping ¢ : Gi(u) — Ax(ulg,,,), given by ¢(v) = v|g,,,. For
€ € Ax(ulg,,,), choose v € ¥ such that v|g, , =& and £|Gk+l\gk = u‘Gk+1\Gk'
From Lemma 2.2, the function w € A, defined by WGy = Ule\Gry, and
wlgy,, = vl@, = §is in X, so that w € Gg(u). One can check that ¢ is
injective, so it is a bijection. Hence #Gy(u) = # Ay (ulg,,,)- O

Let E be a faithful conditional expectation from A onto its unital C*-
subalgebra B. A finite subset {u1,ua,...,u,} of A is called a quasi-basis for F
ifz =" wEulz)=>",E(zuf)u for all z € A. A faithful conditional
expectation F is called to be of index-finite type if there is a quasi-basis for it
[10].

Lemma 3.2. Let n > 0 be given. For { € mg,,,(X), let ¥¢ = {u € ¥ :

ulg,., =&}, Ie be the characteristic functional of ¢, and ¢ = /7 Ap(€) I¢.
Then {¢¢ : € € mg,,, ()} is a quasi-basis for E,, thus E, is of index-finite

type.
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Proof. One can check that ¥¢ is an open and closed subset of X, so that I
and ¢¢ are in C'(X) for each £ € mg,,,(X). Since Ey is the identity map on
A = C(X), we can assume that n > 1. For f € C(X) and u € ¥, from Lemma
3.1, we have

Z @&En(wzf) (u)

§ema, 4 (2)

\/ U|Gn+1 <)Ou|cn_*_1 (u)

= /" A, (u|Gn+1)#g (u) Z #Aﬂ(u|Gn+1)Iu\cn+l (v)f(v)
n vEA, (u)
#An(ulG,,L+1)
= — u) = u).
s s () = flu)
Hence {yp¢ : £ € mq, ., (¥)} is a quasi-basis for E,, thus E, is of index-finite
type. O

Lemma 3.3. For k > 0 and {,n € 7g,,,(X), let e’gm = #AL(E) - Ieex, €
C*(R, 8), where Ig and I,, are as in Lemma 3.2. We have
(ii) eg, # 0 if and only if (§,m) € Ax. Moreover, when k = 0, egm =

Ig] # 0 if and only sz 77,
(iii) For (&,m),(s,¢) € Ay, egﬂ7 c,C = 57]&62(, where 6, ¢ is the Kronecker
symbol.

Proof. When k = 0, we have Ag = {(£,€) : £ € 7, (2)}, 50 €, = Ie I = d¢ s
for £, € mg,(¥). In this case, (i), (ii) and (iii) hold. Hence we assume that
k > 1 in the following proof.

(i) By Lemma 3.2, {¢¢ : { € 7g,,,(X)} is a quasi-basis for Ej, where

e = /FAL(E) ¢ for € € mg, ., (X). Tt follows from [2, 6.2(1)] that
Z Onerpn =eg = 1.
NETG,, 4 (2)
Hence for £ € 7, ,(X), we have
Ie = Z Iepnerpn = peerpe = 7 Ap(€) - Teeple = ef ;.
neEmG, , (X)
(ii) For ,n € g, (¥) and u € X, we have
FB)0) = gasTi) 3 I
K (u
vegk (u)

so that I¢E (1) # 0 if and only if there exists (u,v) € Gy, such that u|q,,, = ¢
and v|g,,, =n, i.e., (§,1) € Ag. Moreover in the case that IcE(I,) # 0, we
have I¢Ey(I)(u) = #gk(u)lﬁ( u) = #Ak(ﬁ) I¢(u) for each u € X.
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Since e’gn(e’gn)* = # N, (€)*I¢Ex(1,)exle, we have elgm # 0 if and only if
IEEk( ) 7& 0 if and Only if (§ 17) € Ay.

(iii) For (&, 1), (s,¢) € Ay, we have e5 ne o= TA(E) # Ag(s) TeerdyLeerl.
Thus if  # <, then I,I. = 0, so that egn C_O

If n =g, then (&,¢) € Ag. In this case, from the proof in (ii), we have
IEE]C(I ) = #A © IE, thus

eg,nen’g = Ak(f)2I§Ek(In)6kI< = #Ak(f)l—gekfg = el’;f,C' O

Lemma 3.4. Given k > 0, for (£,n) € Ay, let ® = {(£,7) € Apyr : aGkJrl =
3 7~]|Gk+1 = 77}' Then elg,n = Z eg’%‘%l.

Emee
Proof. Let k = 0. For (¢£,€) € Ag, we have ® = {(£,€) € Ay : {|g, = £}. One
can check that I, = > I & Hence the statement holds for k£ = 0.

£, (B), Ela, =€
Next we assume that k£ > 1.

For ¢ € 7g,,,(X) and u € X, one checks that 3  I¢(v) <1, and the
vEGK (u)
equality holds if and only if u|g, ¢, = (lawa\Gy» 0 that > Ie(v) =
vEGE (u)

where I¢| Gy (u) is the characteristic function of the set

I<|Gk+2\ck (u), 2\Gp

ey mo, = W €T ula 60 = Clara\Gu )

Hence, given ¢ € mg, ., (2), ¢ € mg,.,(X) and u € ¥, by noting that #G(u) =
#Ak(ulG,,,), we have

v #Ak-i-l Z I

Iek(pe)) () = Yt

veGy u)
#Ap11(¢)
- W&I)Q(“)%M\Gk (u),

SO

# Ak 1(0)
IeEr(pc) = Er(pc)le = Tk&)]f]dc“g\ck'

From the proof in Lemma 3.3, {¢¢ : ¢ € 7g,,,(X)} is a quasi-basis for Ey 1,
it follows from [2, 6.1] that {Ex(¢¢) : ¢ € 7a,,,(¥)} is a quasi-basis for the
restriction of Ex11 to Ry. By [2, 6.2] again, we have

Y Erlpo)eri Brlpe) = ex.
CETG, ,(2)
For (¢£,m) € i\k and (E,Tﬂ € ®, we have #A.(€) = #Ax(n), €lari\G, =

77|Gk+1\Gk and §|Gk<t3\Gk+1 = ﬁlCikJrz\Gk+1 Hence each (g 77) in @ is deter-
mined uniquely by €. Let & = {€: (£,7) € ®} and £(&) = {¢ € TGhya(X)
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Clapia\ar = gle+2\Gk} for £ € £. Since e’gm = #A(€)Icerl,, it follows from
the equality for e, that we have

ey= M) Y IeEn(e)eniiBi(eo)],
CEﬂ'Gk+2(E)

Ar41(¢)
= E : #A IﬁICIGk+2\Gkek+1IC\Gk+2\GkL7
k(&)
CETGy,, 5 (D)

_ 3 Aea(Q) ),

#A5,(6) 3 Clck“\ckek+1IC|ck+2\ckI77
CETG,  » (D), C|ck+1\ck:§|ck+1\ck

Ak-{-l
= I+ I 1,
Z Z Ie €leyyo\Crys Ck+1 flego\arpy
EcECeE(E)

—Z Aps1(§ I€k+1f
fee

§ : ekJrl

(Eme® O

Proposition 3.5. Given k > 0, let Ty be the subalgebra generated by {e’gﬂ7 :
(&,n) € A} in C*(R,€E). Then
(i) Tk is a finite dimensional subalgebra in C*(R,E);
(ii) Ty C Tyy1, and C*(R,E) is the norm-closure of U2 Ty, so it is a
unital AF-algebra.

Proof. Recall that, for each k > 0, Ay C 7g,,, (¥) X 7g,., (¥) is an equivalence
relation on 7g, ,(X). Let {Ar(&1), Ar(&2), .- Ap(&n, )} be the list of all Ag-
equivalence classes on 7¢,,,(X) and denoted by m{ the cardinal of the set
Ap(&) fori=1,2,...,n4

By Lemma 3.3, one can check that {e’g’77 2 &,m € Ak(&)} is a complete

. ng
set of matrix units with pj, = > egg. Moreover, Y pj = I. Hence the
£ek (&) =1

subalgebra, T}, generated by {e’g,,7 (&€ AR(&)}in C*(R,E) for 1 < i <y is
isomorphic to the mj, x mj, matrix algebra M,,: (C), thus Tj, = Ty T &+ ®
T}, is isomorphic to the direct sum of matrix algebras M,,1 (C) @ M,,2(C) ®
) Mm;‘k (C). By the above lemma, T, C Tj11.

Let B be the norm-closure of U (T} in C*(R, 5) Since {¥¢ : £ € 1, (X),
k > 0} generates the topology on ¥ and Iz = 666 for each ¢ € 7g, (X), we
have {I¢ : { € mg,(X),k > 0} generates C'(X) as a C*-algebra, thus C(X) is
contained in B. Also since

= e =3 S Y Lelk
1=1 =1

t,j=1neA, (&) CEAK(E))
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ZZ Z# 17(’

HI=1neAr (&) CeAR(E;)
we have e, € B. Hence C*(R, £) is the norm-closure of U2 T} O

Recall that G is the homoclinic equivalence relation on . In the follow-
ing we will show that C*(R,&) is x-isomorphic to the reduced groupoid C*-
algebra C*(G). As in the proof of above proposition, for each k > 0, we
let {Ag(&1),Ak(&2),. .., Ak(€n,)} be the list of all Ag-equivalence classes on
TGy, (X) and denote by mi the cardinal of the set Ay (&;) for i =1,2,...,ny.

Firstly, we have the following characterizations of C;(G) given in [4].

Lemma 3.6. Given k > 0, for (§,1) € Ay, let F(&,1) = {(u,v) € Gi, u|g,,, =
§,0]Gy, =0} and let f(k& ) be the characteristic function of F'(§,n). Then

(i) Fach f(kg’n) is in CF(G) for (&,m) € Ag;
(ii) For eachi=1,2,...,ng, {fé’“?7 1 &,m € Ap(&)} is a set of matriz units

with pi, = AX:( )f£€ and Z pi. = I. So the subalgebra S generated
AL (&

by {j”é‘rﬂ7 2 &,m € Ap(&)} in C;,"(g) is isomorphic to mi x mt matriz
algebra M,,: (C), and the subalgebm Sk generated by {fé‘ﬂ7 :(&,n) € A}
in C¥(G) is equal to S} ® SF® -+ ® S*;

(i) For (&) € M, fE, = 2 fk+1, where ® = {(£,7) € Apy1 :

Emer

aGk+1 =&, Nlan,, =1} is as in Lemma 3.4, so that Sy, C Skq1;

(iv) U Sk is dense in C}(G) under the reduced norm, thus C}(G) is a
unital AF C*-algebra.

#g,ll(u)’ Z.f (’LL, U) € gn

or (u S
0, otherwise, for (w,v)

Lemma 3.7. Forn >0, let é,(u,v) = {

G. Then
(1) {€n}n>o0 is a decreasing sequence of projections in C}(G) with éy = I,
the unit element in C*(G). Moreover, é, x f x &, = E,(f) * &, for each
n:
(ii) For (§,m) € Ay, we have I¢é, I, = #A /-

By the universal property of the Toephtz algebra, there is a unique *-
homomorphism 7 : T(R,E) — C}(G) such that n(f) = f and w(é,) = é,
for each n and f € C(X).

Theorem 3.8. C*(R,&) is x-isomorphic to the reduced groupoid C*-algebra
C:(G).
Proof. Let n > 0, k; € I@- for 0 < i < n such that Z:‘L:o kix = 0 for every

x € K, write k = Y7 k;. Then w(k) € C7(G) C Co(G). Since the support
of each 7(k;) is on G,, we have the support of 7 (k) is also supported on G,,.
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For each (u,v) € Gy, choose f € C(X) such that f(v) = 1 and f(w) = 0
for every w € Gn(v) \ {v}. Since fé, € K,, we have kfé, = 0, so that
w(k) * w(f) * w(e,) = 0, thus w(k) = 7(f) x 7(e,)(u,v) = 0. By calculation,
we have 7(k)(u,v) = 0. Then m(k) = 0. Hence the restriction of 7 to the
redunancy vanishes, so that it induces a *-homomorphism, still denoted by
m, from C*(R,E) onto C}(G). Since w(f) = f, w(en) = &y, it follows from

Lemma 3.7 that W(elgm) = f(kg ;) for each k > 0 and (£,n) € Ag. Hence 7 is an

isomorphism. O
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