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MULTIPLE WEIGHTED ESTIMATES FOR MULTILINEAR

COMMUTATORS OF MULTILINEAR SINGULAR

INTEGRALS WITH GENERALIZED KERNELS

Liwen Gao, Yan Lin, and Shuhui Yang

Abstract. In this paper, the weighted Lp boundedness of multilinear
commutators and multilinear iterated commutators generated by the mul-

tilinear singular integral operators with generalized kernels and BMO

functions is established, where the weight is multiple weight. Our results
are generalizations of the corresponding results for multilinear singular

integral operators with standard kernels and Dini kernels under certain
conditions.

1. Introduction

The multilinear singular integral operator theory is an important topic of
modern harmonic analysis. It originated from the work [1–3] of Meyer and
Coifman in the 1970s.

Before describing the main content of the theory, we give some notations
that we need to use. Rn stands for the n-dimension Euclidean space and
C∞

c (Rn) stands for all infinitely differentiable functions with compact support.
We denote the support of f by supp(f), the p-th power integrable function by
Lp and the essentially bounded function by L∞. For c > 0 and a ball B, the
ball with the same center as B and the radius crB is denoted by cB, where the
rB stands for the radius of B.

The theory mainly studies the following operator:

Definition 1.1. Suppose m ∈ N+ and a function K(y0, y1, . . . , ym) is defined
away from the diagonal y0 = y1 = · · · = ym in (Rn)m+1. We define an m-linear
operator T from m-tuples of test functions on Rn to functions on Rn by

(1.1) T (f1, . . . , fm)(x) =

∫
Rn

· · ·
∫
Rn

K(x, y1, . . . , ym)

m∏
j=1

fj(yj)dy1 · · · dym,
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where fj (j = 1, . . . ,m) ∈ C∞
c (Rn) such that x /∈ ∩m

j=1supp(fj).

In particular, we call K a standard m-linear Calderón-Zygmund kernel if it
satisfies the following size estimates:

(1.2) |K(y0, y1, . . . , ym)| ≤ A

(
∑m

k, l=0 |yk − yl|)mn

for some A > 0 and all (y0, y1, . . . , ym) ∈ (Rn)m+1 away from the diagonal, and
smooth estimates:

(1.3) |K(y0, . . . , yj , . . . , ym)−K(y0, . . . , y
′
j , . . . , ym)| ≤

C|yj−y′j |ε

(
∑m

k, l=0 |yk−yl|)mn+ε

for some ε > 0, whenever 0 ≤ j ≤ m and |yj − y′j | ≤ 1
2 max0≤k≤m |yj − yk|.

Definition 1.2. Let T be anm-linear operator defined by (1.1) with a standard
m-linear Calderón-Zygmund kernel K. We say that T is a standard m-linear
Calderón-Zygmund operator if it satisfies either of the following conditions.

Given a group of numbers t1, t2, . . . , tm, t such that 1 ≤ t1, t2, . . . , tm ≤ ∞
and 1/t = 1/t1 + · · ·+ 1/tm,

(1) T maps Lt1,1 × · · · × Ltm,1 into Lt,∞ if t > 1,
(2) T maps Lt1,1 × · · · × Ltm,1 into L1 if t = 1,

where the signs Lt1,1, Lt2,1, . . . , Ltm,1 and Ltm,∞ all stand for Lorentz spaces.

The initial interest in the study of commutators was related to the general-
ization of the classical factorization theorem for Hardy spaces according to [4].
Then Pérez and Torres generalized the definition to the commutators generated
by multilinear singular integral operators and BMO functions in [16]. Now we
recall the definitions of the multilinear commutators and multilinear iterated
commutators as follows.

Definition 1.3. Let b⃗ = (b1, . . . , bm) be a family of locally integrable functions.

Them-linear commutator generated by b⃗ and them-linear operator T is defined
by

Tb⃗(f1, . . . , fm) =

m∑
j=1

T j

b⃗
(f⃗),

where each summand T j

b⃗
(f⃗) means the commutator of bj and the jth entry of

T , that is

T j

b⃗
(f⃗) = bjT (f1, . . . , fj , . . . , fm)− T (f1, . . . , bjfj , . . . , fm).

Definition 1.4. Suppose that T is anm-linear operator and b⃗ = (b1, . . . , bm) is
a family of locally integrable functions. Then them-linear iterated commutator

generated by T and b⃗ is defined by

T∏ b⃗(f1, . . . , fm) = [b1, [b2, . . . , [bm−1, [bm, T ]m]m−1 . . . ]2]1(f⃗),
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where f⃗ = (f1, . . . , fm). If T is given as in Definition 1.1, then we can write

T∏ b⃗(f1, . . . , fm)(x) =

∫
(Rn)m

m∏
j=1

(
bj(x)− bj(yj)

)
K(x, y1, . . . , ym)f1(y1) · · ·

× fm(ym)dy1 · · · dym.

In 2002, Grafakos-Kalton [6] and Grafakos-Torres [8–10] carried out a sys-
tematic study on the theory. In [8], the authors showed the boundedness of
classical singular integral operators. They obtained that T was bounded from
Lp1×· · ·×Lpm to Lp for every 1 < p1, . . . , pm <∞ with 1/p = 1/p1+· · ·+1/pm.

Grafakos-Martell made some work about weighted estimates for standardm-
linear Calderón-Zygmund operators in [7]. The weight that they discussed was
the Muckenhoupt weight. They obtained that T was bounded from Lp1(w1)×
· · · ×Lpm(wm) to Lp(w) for every 1 < p1, . . . , pm <∞ with 1/p = 1/p1 + · · ·+

1/pm, where w1, . . . , wm were a family of weight functions and w =
∏m

j=1 w
p
pj

j .

In [10], Grafakos and Torres put forward a question: “Is there a multiple
weight theory? The most appropriate multilinear maximal function and multi-
ple weights to work with in this direction have not been yet clear.” To answer
the question, the multiple weight was given by Lerner, Ombrosi, Pérez, Tor-
res and Trujillo-González in [11]. The definition of the multiple weight is as
follows.

Definition 1.5. Let 1 ≤ p1, . . . , pm < ∞ and p be numbers satisfying 1/p =
1/p1 + · · ·+ 1/pm. Given a family of weight functions w⃗ = (w1, . . . , wm), set

vw⃗ =

m∏
j=1

w
p
pj

j .

w⃗ satisfies the AP⃗ condition if

sup
Q

(
1

|Q|

∫
Q

vw⃗

) 1
p

m∏
j=1

(
1

|Q|

∫
Q

w
1−p′

j

j

) 1
p′
j
<∞.

When pj = 1, the condition

(
inf
Q
wj

)−1

takes place of the condition(
1

|Q|
∫
Q
w

1−p′
j

j

) 1
p′
j .

In [11], the authors not only gave the AP⃗ condition for the multiple weight,
but also introduced the following new maximal functions

M(f⃗)(x) := sup
Q∋x

m∏
j=1

1

|Q|

∫
Q

|fj(yj)|dyj ,

Mq(f⃗)(x) := sup
Q∋x

( m∏
j=1

1

|Q|

∫
Q

|fj(yj)|qdyj
) 1

q

.
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Making use of the above notions, the authors in [11] obtained a range of
results for the boundedness of T and Tb⃗. More precisely, with the multilinear
Calderón-Zygmund operator T and w⃗ satisfying the AP⃗ condition, they proved
that T and Tb⃗ are both bounded from Lp1(w1) × · · · × Lpm(wm) into Lp(vw⃗)
for every 1 < p1, . . . , pm <∞ with 1/p = 1/p1 + · · ·+ 1/pm.

In 2014, Zhang-Lu introduced multilinear singular integral operators with
kernels of Dini type in [15]. They are multilinear operators satisfying the
condition (1.3) in the foundation of standard multilinear Calderón-Zygmund
operator into the following condition,

|K(y0, . . . , yj , . . . , ym)−K(y0, . . . , y
′
j , . . . , ym)|(1.4)

≤ C

(|y0 − y1|+ · · ·+ |y0 − ym|)mn
h

( |yj − y′j |
|y0 − y1|+ · · ·+ |y0 − ym|

)
for |yj − y′j | ≤ 1

2 max1≤j≤m |y0 − yj |, where h(t) is a non-negative and non-

decreasing function on R+.
We note that (1.4) implies the condition (1.3). One can easily check this by

letting h(t) = tε. Thus the standard multilinear Calderón-Zygmund operator
is a special case of multilinear singular integral operators with kernels of Dini
type. Assume that h(t) : [0,∞) → [0,∞) is a non-decreasing function with
0 < h(1) <∞. For a > 0, we say that h ∈ Dini(a) if

[h]Dini(a) :=

∫ 1

0

ha(t)

t
dt <∞.

In [15], Lu and Zhang mainly studied the multilinear singular integrals with
kernels of Dini type and the multilinear commutators with the multiple weight.
Let w⃗ ∈ AP⃗ for 1 < p1, . . . , pm < ∞ with 1/p = 1/p1 + · · · + 1/pm. Then the

authors showed that if b⃗ ∈ BMOm and h satisfies∫ 1

0

h(t)

t

(
1 + log

1

t

)
dt <∞,(1.5)

then Tb⃗ is bounded from Lp1(w1) × · · · × Lpm(wm) into Lp(vw⃗), where b⃗ =
(b1, . . . , bm) ∈ BMOm is defined by bj ∈ BMO for j = 1, . . . ,m. Also, it was

shown in [18] that if b⃗ ∈ BMOm and h satisfies∫ 1

0

h(t)

t

(
1 + log

1

t

)m

dt <∞,(1.6)

then T∏ b⃗ is bounded from Lp1(w1) × · · · × Lpm(wm) into Lp(vw⃗). In [13],

Lin-Xiao gave a kind of multilinear singular integrals with generalized kernels
which changed the condition (1.4) into a weaker condition. For any positive
integers k1, . . . , km,(∫

2km |y0−y′
0|≤|y1−y0|<2km+1|y0−y′

0|
· · ·

∫
2k1 |y0−y′

0|≤|ym−y0|<2k1+1|y0−y′
0|

(1.7)
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|K(y0, y1, . . . , ym)−K(y′0, y1, . . . , ym)|qdy1 . . . dym
) 1

q

≤ C|y0 − y′0|
−mn

q′

m∏
i=1

Cki
2
− n

q′ ki ,

where 1 < q < ∞, Cki
is a positive constant about ki and q

′ is the conjugate
exponent of q.

Motivated by [7, 11, 13–15], we now discuss the weighted boundedness of
multilinear commutators and multilinear iterated commutators generated by
the multilinear singular integral operators with generalized kernels and BMO
functions, where the weight is the multiple weight. However, the condition
(1.7) can not be suited for the multiple weight condition. This fact forces us
to search for another kind of generalized kernels as follows. For k ∈ N,(∫

2k
√
m|y0−y′

0|≤|y⃗−y⃗0|<2k+1
√
m|y0−y′

0|
|K(y0, y1, . . . , ym)−K(y′0, y1, . . . , ym)|qdy1 · · · dym

) 1
q

(1.8)

≤ CCk|y0 − y′0|
−mn

q′ 2
− kmn

q′ ,

whenever y⃗0 = (y0, y0, . . . , y0), y⃗ = (y1, y2, . . . , ym), (q, q′) is a fixed pair of
positive numbers satisfying 1

q + 1
q′ = 1 and Ck is a positive constant about k.

Remark 1.6. By calculation, we can find that condition (1.4) implies condition
(1.8) by putting Ck = h(2−k). According to the contents that we mentioned
in the foregoing, the work in [14] includes the classical case. So we can deduce
naturally that our work contains both the cases of standard kernel and Dini
type kernel under some conditions that relate to q.

This paper will be organized as follows. In Section 2, we will list the neces-
sary definitions and lemmas. In Section 3, we will state our main theorem for
the weighted estimates for Tb⃗ and T∏ b⃗. In Section 4, we will give the proof of

all theorems.

2. Necessary definitions and lemmas

In this section, we give some definitions and lemmas to be used later.

Definition 2.1. Fix positive integers k and m satisfying 1 ≤ k < m and we
suppose Cm

k is a family of all finite subsets σ = {σ(1), . . . , σ(k)} of {1, 2, . . . ,m}
with k different elements. If j < l, then σ(j) < σ(l). For any σ ∈ Cm

k , let
σ′ = {1, 2, . . . ,m}\σ be the complementary sequence. In particular, Cm

0 = ∅.
For an m-tuple b⃗ and σ ∈ Cm

k , we denote b⃗σ = (bσ(1), . . . , bσ(k)). Given T the
m-linear operator and σ ∈ Cm

j , the multilinear iterated commutator is defined
by

T∏ b⃗σ
(f1, . . . , fm)=[bσ(1), [bσ(2), . . . , [bσ(j−1), [bσ(j), T ]σ(j)]σ(j−1) · · · ]σ(2)]σ(1)(f⃗).
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According to (1.1), we can also represent the multilinear iterated commutator
by

T∏ b⃗σ
(f1, . . . , fm)(x) =

∫
(Rn)m

m∏
i=1

(
bσ(i)(x)− bσ(i)(yσ(i))

)
K(x, y1, . . . , ym)

× f1(y1) · · · fm(ym)dy1 · · · dym.

Obviously, T∏ b⃗σ
= T∏ b⃗ when σ = {1, 2, . . . ,m} and T∏ b⃗σ

= T j
bj

when σ = {j}.

Definition 2.2. The Hardy-Littlewood maximal operator M is defined by

Mf(x) = sup
B∋x

1

|B|

∫
B

|f(y)|dy,

where the supremum is taken over all balls which contain x. We can also define
the operator Ms by Ms(f) = [M(|f |s)]1/s, s > 0. The sharp maximal operator
M ♯ is defined by

M ♯(f)(x) = sup
B∋x

1

|B|

∫
B

|f(y)− fB |dy ∼ sup
B∋x

inf
a∈C

1

|B|

∫
B

|f(y)− a|dx,

and fB = 1
|B|

∫
B
|f(y)|dy. We define the l-sharp maximal operator M ♯

l by

M ♯
l (f) = [M ♯(|f |l)]1/l, l > 0.

Definition 2.3. For a locally integrable function f , we say that f has bounded
mean oscillation if f satisfies M ♯(f) ∈ L∞. The function space consisting of
all functions that have the property is denoted by BMO. Let

∥f∥BMO := sup
B

1

|B|

∫
B

|f(x)− fB |dx,

where the supreme is taken over all balls B ⊂ Rn.

Lemma 2.4 ([11]). Suppose that p, q satisfy 0 < p < q < ∞. Then there
is a positive constant C = Cp,q such that for any measurable function f , the
following inequality

|Q|−1/p∥f∥Lp(Q) ≤ C|Q|−1/q∥f∥Lq,∞(Q)

holds for any Q.

Lemma 2.5 (see [12]). Suppose that f is a function in BMO(Rn), 1 ≤ p <∞,
x ∈ Rn, and r1, r2 > 0. Then there is a positive constant C independent of f ,
x, r1, and r2 such that(

1

|B(x, r1)|

∫
B(x, r1)

|f(y)− fB(x, r2)|
pdy

)1/p

≤ C

(
1 +

∣∣ln r1
r2

∣∣)∥f∥BMO.

Lemma 2.6 ([5, 11]). Let 0 < p, δ < ∞ and w ∈ A∞. Then there exists a
constant C > 0 depending only on the A∞ constant of w such that∫

Rn

[Mδ(f)(x)]
pw(x)dx ≤ C

∫
Rn

[M ♯
δ (f)(x)]

pw(x)dx



MULTIPLE WEIGHTED ESTIMATES 213

for every function f such that the left-hand side is finite.

Lemma 2.7 ([11]). Let w⃗ = (w1, . . . , wm) and 1 ≤ p1, . . . , pm < ∞. Then
w ∈ AP⃗ if and only if{

w
1−p′

j

j ∈ Amp′
j
, j = 1, 2, . . . ,m,

vw⃗ ∈ Amp.

The condition w
1−p′

j

j ∈ Amp′
j
in the case pj = 1 is replaced by w

1
m
j ∈ A1.

Lemma 2.8 ([11]). Let 1 < pj < ∞, j = 1, 2, . . . ,m, and 1/p = 1/p1 + · · · +
1/pm. Then the inequality

∥M(f⃗)∥Lp(vw⃗) ≤ C

m∏
j=1

∥fj∥Lpj (wj)

holds for any f⃗ if and only if w⃗ satisfies AP⃗ condition.

Lemma 2.9 ([17]). Let m ≥ 2 and T be an m-linear singular integral operator
defined by (1.1) with generalized kernel satisfying (1.8) and

∑∞
k=1 Ck < ∞.

Suppose for fixed 1 ≤ r1, . . . , rm ≤ q′ with 1/r = 1/r1 + · · · + 1/rm, T is
bounded from Lr1 × · · · × Lrm into Lr,∞. If 0 < δ < 1/m, then we have

M ♯
δ (T (f⃗))(x) ≤ CMq′(f⃗)(x)

for all m-tuples f⃗ = (f1, . . . , fm) of bounded measurable functions with compact
support.

3. Main results

Theorem 3.1. Let m ≥ 2 and T be an m-linear singular integral operator
defined by (1.1) with generalized kernel satisfying (1.8) and

∑∞
k=1 kCk < ∞.

Suppose for fixed 1 ≤ r1, . . . , rm ≤ q′ with 1/r = 1/r1+· · ·+1/rm, T is bounded

from Lr1 × · · · × Lrm into Lr,∞. If b⃗ ∈ BMOm, 0 < δ < 1/m, δ < ε0 < ∞
and q′ < s < ∞, then for all m-tuples f⃗ = (f1, . . . , fm) of bounded measurable
functions with compact support

M ♯
δ (Tb⃗(f⃗))(x) ≤ C∥⃗b∥BMOm

(
Mε0(T (f⃗))(x) +Ms(f⃗)(x)

)
,

where ∥⃗b∥BMOm = max1≤j≤m ∥bj∥BMO.

Theorem 3.2. Letm, T be as in Theorem 3.1. Suppose for fixed 1 ≤ r1, . . . , rm
≤ q′ with 1/r = 1/r1+ · · ·+1/rm, T is bounded from Lr1 ×· · ·×Lrm into Lr,∞.

If b⃗ ∈ BMOm, then for q′ < p1, . . . , pm <∞ with 1/p = 1/p1+ · · ·+1/pm, Tb⃗ is
bounded from Lp1(w1)×· · ·×Lpm(wm) into Lp(vw⃗), where w⃗ = (w1, . . . , wm) ∈

AP⃗ /q′ and vw⃗ =
∏m

j=1 w
p
pj

j .
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Theorem 3.3. Let m ≥ 2 and T be an m-linear singular integral operator
defined by (1.1) with generalized kernel satisfying (1.8) and

∑∞
k=1 k

mCk <∞.
Suppose for fixed 1 ≤ r1, . . . , rm ≤ q′ with 1/r = 1/r1+· · ·+1/rm, T is bounded

from Lr1 × · · · × Lrm into Lr,∞. If b⃗ ∈ BMOm, 0 < δ < 1/m, δ < ε0 < ∞
and q′ < s < ∞, then for all m-tuples f⃗ = (f1, . . . , fm) of bounded measurable
functions with compact support

M ♯
δ (T∏ b⃗(f⃗))(x) ≤ C

m∏
j=1

∥bj∥BMO

(
Mε0(T (f⃗))(x) +Ms(f⃗)(x)

)

+ C

m−1∑
j=1

∑
σ∈Cm

j

j∏
i=1

∥bσ(i)∥BMOMε0(T∏ b⃗σ′
(f⃗))(x).

Theorem 3.4. Letm, T be as in Theorem 3.3. Suppose for fixed 1 ≤ r1, . . . , rm
≤ q′ with 1/r = 1/r1+ · · ·+1/rm, T is bounded from Lr1 ×· · ·×Lrm into Lr,∞.

If b⃗ ∈ BMOm, q′ < p1, . . . , pm <∞ with 1/p = 1/p1 + · · ·+1/pm, then T∏ b⃗ is

bounded from Lp1(w1)×· · ·×Lpm(wm) into Lp(vw⃗), where w⃗ = (w1, . . . , wm) ∈

AP⃗ /q′ and vw⃗ =
∏m

j=1 w
p
pj

j .

Remark 3.5. It is easy to check that (1.5) implies
∑∞

k=1 kCk < ∞ and (1.6)
implies

∑∞
k=1 k

mCk <∞ by putting Ck = h(2−k) in (1.8).

∞∑
k=1

kCk =

∞∑
k=1

k · h(2−k) ≈
∫ 1

0

h(t)

t

(
1 + log

1

t

)
dt <∞,

and
∞∑
k=1

kmCk =

∞∑
k=1

km · h(2−k) ≈
∫ 1

0

h(t)

t

(
1 + log

1

t

)m

dt <∞.

Thus the corresponding results of multilinear commutators and multilinear
iterated commutators of multilinear singular integral operators with Dini type
kernels in [15, 18] and the standard kernels can be deduced as special cases of
our results in this paper under the exponent range q′ < p1, . . . , pm <∞.

4. Proof of the main results

Proof of Theorem 3.1. Fix z ∈ Rn. For any ball B ∋ z, we first consider

T 1
b1(f1, . . . , fm)(z) = b1(z)T (f1, . . . , fm)(z)− T (b1f1, . . . , fm)(z).

Let B∗ = 16
√
mB, then for any z ∈ B,

T 1
b1(f1, . . . , fm)(z) = (b1(z)− b1B∗)T (f1, . . . , fm)(z)

− T ((b1 − b1B∗)f1, . . . , fm)(z),
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where b1B∗ = 1
|B∗|

∫
B∗ b1(z)dz. Since 0 < δ < 1, then for any c ∈ C, we have(

1

|B|

∫
B

||T 1
b1(f⃗)(z)|

δ − |c|δ|dz
) 1

δ

≤ C

(
1

|B|

∫
B

|(b1(z)− b1B∗)T (f⃗)(z)|δdz
) 1

δ

+ C

(
1

|B|

∫
B

|T ((b1 − b1B∗)f1, . . . , fm)(z)− |c|δ|dz
) 1

δ

:= I + II.

We can find an l such that 1 < l < min{ ε0
δ ,

1
1−δ}, then lδ < ε0 and l′δ > 1.

By Hölder’s inequality and Lemma 2.5, we obtain

I ≤ C

(
1

|B|

∫
B

|b1(z)− b1B∗ |δl
′
dz

) 1
δl′

(
1

|B|

∫
B

|T (f⃗)(z)|δldz
) 1

δl

≤ C(1 + ln 16
√
m)∥b1∥BMOMδl(T (f⃗))(x)

≤ C∥b1∥BMOMε0(T (f⃗))(x).

For each j, fj = f0j + f∞j where f0j = fjχB∗ . Then

m∏
j=1

fj(yj) =

m∏
j=1

f0j (yj) +
∑

(α1,...,αm)∈Γ

fα1
1 (y1) · · · fαm

m (ym),

where Γ = {(α1, α2, . . . , αm) : there is at least one αj ̸= 0}. Denote z⃗0 =
(z0, z0, . . . , z0), y⃗ = (y1, y2, . . . , ym), the center of B by x0 and the radius of B
by rB . We choose z0 ∈ 4B\3B. Let

c =
∑

(α1,...,αm)∈Γ

T ((b1 − b1B∗)fα1
1 , fα2

2 , . . . , fαm
m )(z0).

Then

II ≤ C

(
1

|B|

∫
B

|T ((b1 − b1B∗)f01 , f
0
2 , . . . , f

0
m)(z)|δdz

) 1
δ

+ C
∑

(α1,...,αm)∈Γ

(
1

|B|

∫
B

|T ((b1 − b1B∗)fα1
1 , fα2

2 , . . . , fαm
m )(z)

− T ((b1 − b1B∗)fα1
1 , fα2

2 , . . . , fαm
m )(z0)|δdz

) 1
δ

:= II0 +
∑

(α1,...,αm)∈Γ

IIα1,...,αm .

Let t = s/q′, then it follows from s > q′ that t > 1. Since rj ≤ q′ for
any j, we get rjt ≤ s. Using Lemmas 2.4, 2.5, and the assumption that
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T : Lr1 × · · · × Lrm → Lr,∞ is bounded, we have

II0 ≤ C|B|−1/δ∥T ((b1 − b1B∗)f01 , f
0
2 , . . . , f

0
m)∥Lδ(B)

≤ C|B|−1/r∥T ((b1 − b1B∗)f01 , f
0
2 , . . . , f

0
m)∥Lr,∞(Rn)

≤ C

(
1

|B∗|

∫
B∗

|(b1(z)− b1B∗)f1(y1)|r1dy1
) 1

r1

×
m∏
j=2

(
1

|B∗|

∫
B∗

|fj(yj)|rjdyj
) 1

rj

≤ C

(
1

|B∗|

∫
B∗

|b1(z)− b1B∗ |r1t
′
dy1

) 1
r1t′

(
1

|B∗|

∫
B∗

|f1(y1)|r1tdy1
) 1

r1t

×
m∏
j=2

(
1

|B∗|

∫
B∗

|fj(yj)|rjdyj
) 1

rj

≤ C∥b1∥BMO

m∏
j=1

(
1

|B∗|

∫
B∗

|fj(yj)|sdyj
) 1

s

≤ C∥b1∥BMOMs(f⃗)(x).

For any (α1, α2, . . . , αm) ∈ Γ, we can find a j ∈ {1, . . . ,m} that makes
αj = ∞. Then for any y⃗ = (y1, y2, . . . , ym) ∈ suppfα1

1 × · · · × suppfαm
m and

z ∈ B, |y⃗ − z⃗0| ≥ 2
√
m|z − z0|, and 2rB ≤ |z − z0| ≤ 5rB . Thus

IIα1,α2,...,αm

≤ C
1

|B|

∫
B

∫
|y⃗−z⃗0|≥2

√
m|z−z0|

|K(z, y⃗)−K(z0, y⃗)||b1(y1)− b1B∗ |

×
m∏
j=1

|fj(yj)|dy⃗dz

≤ C
1

|B|

∫
B

∞∑
k=1

∫
2k

√
m|z−z0|≤|y⃗−z⃗0|<2k+1

√
m|z−z0|

|K(z, y⃗)−K(z0, y⃗)|

× |b1(y1)− b1B∗ |
m∏
j=1

|fj(yj)|dy⃗dz

≤ C
1

|B|

∫
B

∞∑
k=1

(∫
2k

√
m|z−z0|≤|y⃗−z⃗0|<2k+1

√
m|z−z0|

|K(z, y⃗)−K(z0, y⃗)|qdy⃗
) 1

q

×
(∫

|y⃗−z⃗0|<2k+1
√
m|z−z0|

|b1(y1)− b1B∗ |q
′

m∏
j=1

|fj(yj)|q
′
dy⃗

) 1
q′

dz

≤ C
1

|B|

∫
B

∞∑
k=1

(∫
2k

√
m|z−z0|≤|y⃗−z⃗0|<2k+1

√
m|z−z0|

|K(z, y⃗)−K(z0, y⃗)|q
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× dy⃗

) 1
q
(

1

|B(z0, 2k+1
√
m|z − z0|)|

∫
|y1−z0|<2k+1

√
m|z−z0|

|(b1(y1)− b1B∗)

× f1(y1)|q
′
dy1

) 1
q′

×
m∏
j=2

(
1

|B(z0, 2k+1
√
m|z − z0|)|

∫
|yj−z0|<2k+1

√
m|z−z0|

|fj(yj)|q
′
dyj

) 1
q′

× (2k+1
√
m|z − z0|)

mn
q′ dz

≤ C
1

|B|

∫
B

∞∑
k=1

(∫
2k

√
m|z−z0|≤|y⃗−z⃗0|<2k+1

√
m|z−z0|

|K(z, y⃗)−K(z0, y⃗)|qdy⃗
) 1

q

×
(

1

|B(x0, 2k+2
√
m|z − z0|)|

∫
|y1−z0|<2k+2

√
m|z−z0|

|b1(y1)− b1B∗ |q
′t′dy1

) 1
q′t′

×
(

1

|B(z0, 2k+1
√
m|z − z0|)|

∫
|y1−z0|<2k+1

√
m|z−z0|

|f1(y1)|q
′tdy1

) 1
q′t

×
m∏
j=2

(
1

|B(z0, 2k+1
√
m|z − z0|)|

∫
|yj−z0|<2k+1

√
m|z−z0|

|fj(yj)|q
′tdyj

) 1
q′t

× (2k+1
√
m|z − z0|)

mn
q′ dz

≤ C∥b1∥BMO
1

|B|

∫
B

∞∑
k=1

|z − z0|−
mn
q′ Ck2

− kmn
q′ k(2k+1

√
m|z − z0|)

mn
q′

×
m∏
j=1

(
1

|B(z0, 2k+1
√
m|z − z0|)|

∫
|yj−z0|<2k+1

√
m|z−z0|

|fj(yj)|sdyj
) 1

s

dz

≤ C∥b1∥BMOMs(f⃗)(x).

Thus ∑
(α1,...,αm)∈Γ

IIα1,...,αm ≤ C∥b1∥BMOMs(f⃗)(x).

Combining the above estimates we get the result

M ♯
δ (T

1
b⃗
(f⃗))(x) ≤ C∥b1∥BMO

(
Mε0(T (f⃗))(x) +Ms(f⃗)(x)

)
≤ C∥⃗b∥BMO

(
Mε0(T (f⃗))(x) +Ms(f⃗)(x)

)
.

Similarly, we obtain for any j = 1, 2, . . . ,m,

M ♯
δ (T

j

b⃗
(f⃗))(x) ≤ C∥⃗b∥BMO

(
Mε0(T (f⃗))(x) +Ms(f⃗)(x)

)
.
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So we have

M ♯
δ (Tb⃗(f⃗))(x) = M ♯

δ

 m∑
j=1

T j

b⃗
(f⃗)

 (x)

≤
m∑
j=1

M ♯
δ (T

j

b⃗
(f⃗))(x)

≤ C∥⃗b∥BMO

(
Mε0(T (f⃗))(x) +Ms(f⃗)(x)

)
,

which completes the proof of the theorem. □

Proof of Theorem 3.2. Let q⃗ = P⃗
q′ = (p1

q′ , . . . ,
pm

q′ ). Since w ∈ Aq⃗, by Lemma

2.7, each ψj = w
− 1

qj−1

j belongs to A∞ where qj =
pj

q′ , j = 1, . . . ,m. By inverse

Hölder’s inequality, we can find constants cj , tj > 1 depending on the A∞
constant of ψj such that(

1

|B|

∫
B

w
−

tj
qj−1

j

) 1
tj

≤ cj
|B|

∫
B

w
− 1

qj−1

j

for any ball B. Pick a dj > 1 that makes

tj
qj − 1

=
1

qj
dj

− 1
.

Then qj > dj > 1, j = 1, . . . ,m.
Let d = min{d1, . . . , dm} and c = max{c1, . . . , cm}. We have for q0 = p

q′(
1

|B|

∫
B

vw⃗

)1/
q0
d

m∏
j=1

(
1

|B|

∫
B

w
− 1

qj
d

−1

j

)1−1/
qj
d

=

(
1

|B|

∫
B

vw⃗

) d
q0

m∏
j=1

(
1

|B|

∫
B

w
− 1

qj
d

−1

j

)(
qj
d −1) d

qj

≤
(

1

|B|

∫
B

vw⃗

) d
q0

m∏
j=1

(
1

|B|

∫
B

w

− 1
qj
dj

−1

j

)(
qj
dj

−1) d
qj

=

(
1

|B|

∫
B

vw⃗

) d
q0

m∏
j=1

(
1

|B|

∫
B

w
−

tj
qj−1

j

)(
qj−1

tj
) d
qj

≤ cdm
(

1

|B|

∫
B

vw⃗

) d
q0

m∏
j=1

(
1

|B|

∫
B

w
− 1

qj−1

j

)(qj−1) d
qj

≤ cdm[w]dAq⃗
.
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Thus w⃗ ∈ Aq⃗/d. Let s = q′d, then we can find that s > q′ and s < pj ,
j = 1, . . . ,m from d > 1. We can get the result

w⃗ ∈ Aq⃗/d = AP⃗ /s.

Take ε0, δ so that 0 < δ < ε0 <
1
m . We can deduce the following conclusion

from Lemma 2.6, Theorem 3.1, Lemma 2.8, Lemma 2.9 and w⃗ ∈ AP⃗ /s.

∥Tb⃗(f⃗)∥Lp(vw⃗) ≤ ∥Mδ(Tb⃗(f⃗))∥Lp(vw⃗)

≤ ∥M ♯
δ (Tb⃗(f⃗))∥Lp(vw⃗)

≤ C∥⃗b∥BMOm∥Mε0(T (f⃗)) +Ms(f⃗)∥Lp(vw⃗)

≤ C∥⃗b∥BMOm(∥M ♯
ε0(T (f⃗))∥Lp(vw⃗) + ∥Ms(f⃗)∥Lp(vw⃗))

≤ C∥⃗b∥BMOm∥Ms(f⃗)∥Lp(vw⃗)

= C∥⃗b∥BMOm∥M(f⃗s)∥
1
s

L
p
s (vw⃗)

≤ C∥⃗b∥BMOm

m∏
j=1

∥|fj |s∥
1
s

L
pj
s

(wj)

= C∥⃗b∥BMOm

m∏
j=1

∥fj∥Lpj (wj).

This finishes the proof of Theorem 3.2. □

Proof of Theorem 3.3. For the sake of simplicity, we only consider the case
m = 2. The proof of other cases is similar. Let f1, f2 be bounded measurable
functions with compact support and b1, b2 ∈ BMO. Then for any constants λ1
and λ2,

T∏ b⃗(f⃗)(z) = (b1(z)− λ1)(b2(z)− λ2)T (f1, f2)(z)

− (b1(z)− λ1)T (f1, (b2 − λ2)f2)(z)

− (b2(z)− λ2)T ((b1 − λ1)f1, f2)(z)

+ T ((b1 − λ1)f1, (b2 − λ2)f2)(z)

= − (b1(z)− λ1)(b2(z)− λ2)T (f1, f2)(z)

+ (b1(z)− λ1)T
2
b2−λ2

(f1, f2)(z)

+ (b2(z)− λ2)T
1
b1−λ1

(f1, f2)(z)

+ T ((b1 − λ1)f1, (b2 − λ2)f2)(z).

Let C0 be a constant determined later. Fixed x ∈ Rn, for any ball B(x0, rB)
containing x and 0 < δ < 1

2 , we have(
1

|B|

∫
B

||T∏ b⃗(f⃗)(z)|
δ − |C0|δ|dz

) 1
δ
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≤
(

1

|B|

∫
B

|T∏ b⃗(f⃗)(z)− C0|δdz
) 1

δ

≤ C

(
1

|B|

∫
B

|(b1(z)− λ1)(b2(z)− λ2)T (f1, f2)(z)|δdz
) 1

δ

+ C

(
1

|B|

∫
B

|(b1(z)− λ1)T
2
b2−λ2

(f1, f2)(z)|δdz
) 1

δ

+ C

(
1

|B|

∫
B

|(b2(z)− λ2)T
1
b1−λ1

(f1, f2)(z)|δdz
) 1

δ

+ C

(
1

|B|

∫
B

|T ((b1 − λ1)f1, (b2 − λ2)f2)(z)− C0|δdz
) 1

δ

:= I + II + III + IV.

Then we calculate each term, respectively. Denote B∗ = 16
√
2B and λj =

(bj)B∗ = 1
|16

√
2B|

∫
16

√
2B
bj(x)dx, j = 1, 2. Since 0 < δ < 1

2 and 0 < δ < ε0 <

∞, it is easy to seek an l such that 1 < l < min{ ε0
δ ,

1
1−δ}. We can deduce

that lδ < ε0 and l′δ > 1. Choose q1, q2 ∈ (1,∞) satisfying 1
q1

+ 1
q2

= 1
l′ , then

1
q1

+ 1
q2

+ 1
l = 1, q1δ > 1 and q2δ > 1. By Lemma 2.5, we have

I ≤ C

(
1

|B|

∫
B

|T (f1, f2)(z)|lδdz
) 1

lδ
(

1

|B|

∫
B

|b1(z)− λ1|q1δdz
) 1

q1δ

×
(

1

|B|

∫
B

|b2(z)− λ2|q2δdz
) 1

q2δ

≤ C∥b1∥BMO∥b2∥BMOMδl(T (f1, f2))(x)

≤ C∥b1∥BMO∥b2∥BMOMε0(T (f1, f2))(x).

It follow from Hölder’s inequality that

II ≤ C

(
1

|B|

∫
B

|T 2
b2−λ2

(f1, f2)(z)|lδdz
) 1

lδ
(

1

|B|

∫
B

|b1(z)− λ1|l
′δdz

) 1
l′δ

≤ C∥b1∥BMOMδl(T
2
b2−λ2

(f1, f2))(x)

≤ C∥b1∥BMOMε0(T
2
b2(f1, f2))(x).

Similarly we can get

III ≤ C∥b2∥BMOMε0(T
1
b1(f1, f2))(x).

Next, we estimate IV . Split fi into two parts fi = f0i +f
∞
i , where f0i = fχB∗

and f∞i = fi − f0i , i = 1, 2. Choose z0 ∈ 4B\3B. Denote z⃗0 = (z0, z0) and
y⃗ = (y1, y2). Let

C0 =
∑

(α1,α2)∈Γ

T ((b1 − λ1)f
α1
1 , (b2 − λ2)f

α2
2 )(z0),
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where Γ = {(α1, α2) : there is at least one αj ̸= 0, j = 1, 2}, then

IV ≤ C

(
1

|B|

∫
B

|T ((b1 − λ1)f
0
1 , (b2 − λ2)f

0
2 )(z)|δdz

) 1
δ

+ C
∑

(α1,α2)∈Γ

(
1

|B|

∫
B

|T ((b1 − λ1)f
α1
1 , (b2 − λ2)f

α2
2 )(z)

− T ((b1 − λ1)f
α1
1 , (b2 − λ2)f

α2
2 )(z0)|δdz

) 1
δ

:= IV0 +
∑

(α1,α2)∈Γ

IVα1,α2
.

Let t = s/q′, then it follows from s > q′ that t > 1. Since rj ≤ q′ < s for
any j = 1, 2, we can get rjt ≤ s. By Lemma 2.4 and Hölder’s inequality,

IV0 ≤ C|B|−1/δ∥T ((b1 − λ1)f
0
1 , (b2 − λ2)f

0
2 )∥Lδ(B)

≤ C|B|−1/r∥T ((b1 − λ1)f
0
1 , (b2 − λ2)f

0
2 )∥Lr,∞(B)

≤ C

(
1

|16
√
2B|

∫
16

√
2B

|b1(y1)− λ1|r1 |f1(y1)|r1dy1
) 1

r1

×
(

1

|16
√
2B|

∫
16

√
2B

|b2(y2)− λ2|r2 |f2(y2)|r2dy2
) 1

r2

≤ C

(
1

|16
√
2B|

∫
16

√
2B

|f1(y1)|r1tdy1
) 1

r1t

×
(

1

|16
√
2B|

∫
16

√
2B

|b1(y1)− λ1|r1t
′
dy1

) 1
r1t′

×
(

1

|16
√
2B|

∫
16

√
2B

|f2(y2)|r2tdy2
) 1

r2t

×
(

1

|16
√
2B|

∫
16

√
2B

|b2(y2)− λ2|r2t
′
dy2

) 1
r2t′

≤ C∥b1∥BMO∥b2∥BMO

(
1

|16
√
2B|

∫
16

√
2B

|f1(y1)|sdy1
) 1

s

×
(

1

|16
√
2B|

∫
16

√
2B

|f2(y2)|sdy2
) 1

s

≤ C∥b1∥BMO∥b2∥BMOMs(f⃗)(x).

For any (α1, α2) ∈ Γ, we can find a j ∈ {1, 2} that makes αj = ∞. Then for

any y⃗ = (y1, y2) ∈ suppfα1
1 × suppfα2

2 and z ∈ B, |y⃗ − z⃗0| ≥ 2
√
2|z − z0| and
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2rB ≤ |z − z0| ≤ 5rB . Thus

IVα1,α2

≤ C
1

|B|

∫
B

∫
|y⃗−z⃗0|≥2

√
2|z−z0|

|K(z, y1, y2)−K(z0, y1, y2)|

×
2∏

j=1

|bj(yj)− λj ||fj(yj)|dy⃗dz

≤ C
1

|B|

∫
B

∞∑
k=1

∫
2k

√
2|z−z0|≤|y⃗−z⃗0|<2k+1

√
2|z−z0|

|K(z, y1, y2)−K(z0, y1, y2)|

×
2∏

j=1

|bj(yj)− λj ||fj(yj)|dy⃗dz

≤ C
1

|B|

∫
B

∞∑
k=1

(∫
2k

√
2|z−z0|≤|y⃗−z⃗0|<2k+1

√
2|z−z0|

|K(z, y1, y2)−K(z0, y1, y2)|q

× dy⃗

) 1
q
(∫

|y⃗−z⃗0|<2k+1
√
2|z−z0|

2∏
j=1

|bj(yj)− λj |q
′
|fj(yj)|q

′
dy⃗

) 1
q′

dz

≤ C
1

|B|

∫
B

∞∑
k=1

(∫
2k

√
2|z−z0|≤|y⃗−z⃗0|<2k+1

√
2|z−z0|

|K(z, y1, y2)−K(z0, y1, y2)|q

× dy⃗

) 1
q

2∏
j=1

(
1

|B(z0, 2k+1
√
2|z − z0|)|

∫
|yj−z0|<2k+1

√
2|z−z0|

|bj(yj)− λj |q
′

× |fj(yj)|q
′
dyj

) 1
q′

|B(z0, 2
k+1

√
2|z − z0|)|

2
q′ dz

≤ C
1

|B|

∫
B

∞∑
k=1

(∫
2k

√
2|z−z0|≤|y⃗−z⃗0|<2k+1

√
2|z−z0|

|K(z, y1, y2)−K(z0, y1, y2)|q

× dy⃗

) 1
q

2∏
j=1

(
1

|B(x0, 2k+2
√
2|z − z0|)|

∫
|yj−z0|<2k+2

√
2|z−z0|

|bj(yj)− λj |q
′t′

× dyj

) 1
q′t′ 2∏

j=1

(
1

|B(z0, 2k+1
√
2|z − z0|)|

∫
|yj−z0|<2k+1

√
2|z−z0|

|fj(yj)|q
′tdyj

) 1
q′t

× |B(z0, 2
k+1

√
2|z − z0|)|

2
q′ dz

≤ C∥b1∥BMO∥b2∥BMO
1

|B|

∫
B

∞∑
k=1

|z − z0|−
2n
q′ Ck2

− 2kn
q′ k2(2k+1

√
2|z − z0|)

2n
q′

×
2∏

j=1

(
1

|B(z0, 2k+1
√
2|z − z0|)|

∫
|yj−z0|<2k+1

√
2|z−z0|

|fj(yj)|sdyj
) 1

s

dz
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≤ C∥b1∥BMO∥b2∥BMOMs(f⃗)(x).

Thus ∑
(α1,α2)∈Γ

IVα1,α2
≤ C∥b1∥BMO∥b2∥BMOMs(f⃗)(x).

So

IV ≤ C∥b1∥BMO∥b2∥BMOMs(f⃗)(x).

Finally, we can get the result,

M ♯
δ (T∏ b⃗(f⃗))(x) = M ♯(|T∏ b⃗(f⃗)|

δ)
1
δ (x)

≤ C sup
B∋x

(
1

|B|

∫
B

||T∏ b⃗(f⃗)(z)|
δ − |C0|δ|dz

) 1
δ

≤ C∥b1∥BMO∥b2∥BMO

(
Mε0(T (f⃗))(x) +Ms(f⃗)(x)

)
+ C(∥b1∥BMOMε0(T

2
b2(f⃗))(x) + ∥b2∥BMOMε0(T

1
b1(f⃗))(x)).

This completes the proof of Theorem 3.3. □

Proof of Theorem 3.4. Proceeding as in the proof of Theorem 3.2, we can find
an s such that q′ < s, s < pj , j = 1, . . . ,m and w⃗ ∈ AP⃗ /s.

Choose δ, ε1, ε2, . . . , εm satisfying 0 < δ < ε1 < ε2 < · · · < εm < 1
m . We can

deduce the conclusion by Lemma 2.6 and Lemma 2.9.

∥Mεj (T (f⃗))∥Lp(vw⃗) ≤ C∥M ♯
εj (T (f⃗))∥Lp(vw⃗)

≤ C∥Mq′(f⃗)∥Lp(vw⃗) ≤ C∥Ms(f⃗)∥Lp(vw⃗).

By Theorem 3.3, we have

∥M ♯
δ (T∏ b⃗(f⃗))∥Lp(vw⃗)

≤ C

m∏
j=1

∥bj∥BMO

(
∥Mε1(T (f⃗))∥Lp(vw⃗) + ∥Ms(f⃗)∥Lp(vw⃗)

)

+ C

m−1∑
j=1

∑
σ∈Cm

j

j∏
i=1

∥bσ(i)∥BMO∥Mε1(T∏ b⃗σ′
(f⃗))∥Lp(vw⃗)

≤ C

m∏
j=1

∥bj∥BMO

(
∥Mε1(T (f⃗))∥Lp(vw⃗) + ∥Ms(f⃗)∥Lp(vw⃗)

)

+ C

m−1∑
j=1

∑
σ∈Cm

j

j∏
i=1

∥bσ(i)∥BMO∥M ♯
ε1(T

∏
b⃗σ′

(f⃗))∥Lp(vw⃗).

For the purpose of reducing the dimension of BMO functions in the commu-

tators, we apply Theorem 3.3 to ∥M ♯
ε1(T

∏
b⃗σ′

(f⃗))(x))∥Lp(vw⃗).
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Let σ = {σ(1), . . . , σ(j)} and σ′ = {σ(j + 1), . . . , σ(m)}, Ah={σ1 : subse-
quence of σ′ with σ1 ̸= σ′}.

∥M ♯
ε1(T

∏
b⃗σ′

(f⃗))∥Lp(vw⃗)

≤ C

m∏
i=j+1

∥bσ(i)∥BMO

(
∥Mε2(T (f⃗))∥Lp(vw⃗) + ∥Ms(f⃗)∥Lp(vw⃗)

)

+ C

m−j−1∑
h=1

∑
σ1∈Ah

h∏
i=1

∥bσ1(i)∥BMO∥Mε2(T∏ b⃗σ′\σ1

(f⃗))∥Lp(vw⃗).

Repeating the process above and using Theorem 3.1, we can get

∥M ♯
δ (T∏ b⃗(f⃗))∥Lp(vw⃗)

≤ C

m∏
j=1

∥bj∥BMO

(
Am+1(m,n)∥Ms(f⃗)∥Lp(vw⃗)

+A1(m,n)∥Mε1(T (f⃗))∥Lp(vw⃗) +A2(m,n)∥Mε2(T (f⃗))∥Lp(vw⃗)

+ · · ·+Am(m,n)∥Mεm(T (f⃗))∥Lp(vw⃗)

)
,

where A1(m,n), A2(m,n), . . . , Am+1(m,n) are positive constants depending on
m and n.

We can deduce the following conclusion from Lemma 2.6, Lemma 2.8 and
w⃗ ∈ AP⃗ /s.

∥T∏ b⃗(f⃗)∥Lp(vw⃗) ≤ ∥Mδ(T∏ b⃗(f⃗))∥Lp(vw⃗)

≤ C∥M ♯
δ (T∏ b⃗(f⃗))∥Lp(vw⃗)

≤ C

m∏
j=1

∥bj∥BMO

(
Am+1(m,n)∥Ms(f⃗)∥Lp(vw⃗) +A1(m,n)

× ∥Mε1(T (f⃗))∥Lp(vw⃗) +A2(m,n)∥Mε2(T (f⃗))∥Lp(vw⃗) + · · ·

+Am(m,n)∥Mεm(T (f⃗))∥Lp(vw⃗)

)
≤ C

m∏
j=1

∥bj∥BMO∥Ms(f⃗)∥Lp(vw⃗)

≤ C

m∏
j=1

∥bj∥BMO∥∥fj∥Lpj (wj).

The proof is completed. □
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