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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO
STOCHASTIC 3D GLOBALLY MODIFIED NAVIER-STOKES
EQUATIONS WITH UNBOUNDED DELAYS

CunG THE ANH, VU MANH To1, AND PHAN THI TUYET

ABSTRACT. This paper studies the existence of weak solutions and the
stability of stationary solutions to stochastic 3D globally modified Navier-
Stokes equations with unbounded delays in the phase space BOL_ o (H).
We first prove the existence and uniqueness of weak solutions by using the
classical technique of Galerkin approximations. Then we study stability
properties of stationary solutions by using several approach methods. In
the case of proportional delays, some sufficient conditions ensuring the
polynomial stability in both mean square and almost sure senses will be
provided.

1. Introduction

Let O be a bounded domain in R? with smooth boundary d0O. Let us define
Fy :[0,00) — (0,1] by

N
Fn(r) = min {1, —}, r € [0, 00).
T
In this paper we consider the following stochastic 3D globally modified Navier-
Stokes equations with infinite delays
du + [—vAu + Fx(JJul)(u - V)u + Vpldt
= [f(t) + g1(t, we)]dt + ga(t, u)dW (t) in R x O,
(1.1) V-u=0 in RT x O,
u(t,z) =0 in R x 90,
U(G,.I) - d)(aax)v e (*0070}7 z €0,
where v > 0 is the kinematic viscosity, u = (u1,u2,us) is the velocity field
of the fluid, p is the pressure, f is a nondelayed external force field, g; and

go are another external force terms and contain hereditary characteristics, ¢
is the initial datum and W (t) is a Wiener process on a suitable probability
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space to be described below. Here, for a function u : (—o0,0) — H, for each
t > 0 we have denoted by wu; the function defined on (—oo,0) by the relation
ue(s) = u(t+ ), s € (—o0,0).

We set

BCL_o(H) = {¢ € C((—o0,0]; H) : elim ©(0) exists in H},
——0c0
which is a Banach space with the norm

lelpor o = sup ]||¢(9)||H-

€(—00,0

We assume that

(H1) For any £ € BCL_o(H), the mappings [0,00) > t > g;(t,€) € H,
1 = 1,2, are measurable;

(H2) f € L2 (0,00 V') with E [, || f(t)||2dt < oo for any T > 0;

(H3) For the terms g1, g2, we assume that g1 : Rx BCL_(H) — L% (0, 00;
H) and g2 : R x BCL_o(H) — L*(Q, F,P; L*(Ko, H)). There exist
Ly, > 0 and Ly, > 0 such that, for any ¢ € [0,00) and all £,n €
BCL_o(H),

(1.2) l91(t,8) — g1(t,n)| < Ly, 1§ = nllBor_ . (m);
(1.3) 1g2(t, &) — g2(t, M L2(k0.11) < Lo lI€ = nllBOL_ 0 (1)
and g1(-,0) = 0; g2(-,0) = 0.
Here, the spaces H, V, V' and other notations above are defined in Section 2
below.

The system (1.1) is indeed a globally modified version of the Navier-Stokes
system since the modifying factor Fy(||lu||) depends on the norm |ju||, which in
turn depends on Vu over the whole domain O and not just at or near the point
x € O under consideration. Essentially, it prevents large gradients dominating
the dynamics and leading to explosions. The deterministic globally modified
Navier-Stokes equations were first introduced by Caraballo et al. [5] and have
been investigated in several papers since then, both for their own sake and as
a means of obtaining results about the three-dimensional Navier-Stokes equa-
tions. The existence, uniqueness and numerical approximations of solutions
were studied in [5,6,18]. The stability of solutions is studied in both the cases
of finite and infinite delays, see e.g. [3,4,11,14,16,17] and references therein.
The existence of attractors in both autonomous and non-autonomous cases,
and the existence of invariant measures have been investigated extensively in
[8,10,15,21,24,25]. In the stochastic case, in the work [7], the authors proved
the existence, uniqueness and convergence of strong solutions as N — co. And
in a very recent paper [1], in the case without delays, the authors studied both
mean square exponential stability and pathwise exponential stability of weak
stationary solutions.

In [13], stability results for the 2D Navier-Stokes equations with unbounded
variable delays in the phase space BCL_,(H) were studied. And then some
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extensions for other models in fluid mechanics were investigated in [19,20]. For
the stochastic case, in [12], the authors studied the stability for weak solutions
of 2D stochastic Navier-Stokes equations. A natural and important question
arising is to study the stochastic 3D globally modified Navier-Stokes equations
with unbounded variable delays. This is a main motivation of the present
paper.

In this paper we will study the stability of a stationary solution to the de-
terministic globally modified Navier-Stokes equations, which is regarded as a
solution of the stochastic equations (1.1). To do this, we follow the general
lines of the approach carried out in [12] to investigate the mean square (lo-
cal/asymptotic/polynomial) stability of stationary solutions. In the case of
proportional delay, using the polynomial decay rate, we give a sufficient condi-
tion to obtain the pathwise polynomial stability of stationary solutions.

The rest of the paper is organized as follows. In the next section, for conve-
nience of the reader, we recall some results on the function spaces and operators,
cylindrical Wiener processes, which will be frequently used later. In Section 3,
we prove the existence and uniqueness of a global weak solution to the prob-
lem. The stability results for the stationary solution are established in the last
section.

2. Preliminaries
2.1. Function spaces and operators

Let V = {u € (C§°(0))® : V-u = 0}. Denote by H the closure of V in
(L?(0))3, and by V the closure of V in (H}(0))?. Then H and V are Hilbert
spaces with inner products given by

(u,v) : /OZqujdx and ((u,v) /ZVuj Vjdz,

j=1

respectively, and the associated norms
u? = (u,w), [Jul® = ((u,u)).

It follows that V € H = H' C V', where the injections are dense and contin-
uous. We will use || - ||« for the norm in V', and (-,-) for the duality pairing
between V' and V’. Denote by P the Helmholtz-Leray orthogonal projection in
(L?(0))? onto the space H.

Set A:V — V' by (Au,v) = ((u,v)). It is well-known that Au = —PAu,
with the domain

D(4) = (H*(0))* NV,

is a positive self-adjoint linear operator with a compact inverse. Thus, there
exists a sequence {¢; : j = 1,2,3,...} of elements of H which forms an or-
thonormal basis in H, orthogonal in V' corresponding the eigenvalue A; with
0<>\1§)\2§"'§)\j4)0®&8j4)00.
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We have the following Poincaré inequality
(2.1) [ull> > Ai]ul* for all u € V.
We now define the trilinear form b by
3
b(u,v,w) = igl/(guigZUjdx,

and we denote

by (u,v,w) = Fy(|lv|)b(u, v, w), Yu,v,w € V.
The form by is linear in u and w, but it is nonlinear in v. We have the following
property
(2.2) b(u,v,v) =0, Yu,veV.
We will also make use of the following inequality (see [14, p. 657])
(2.3) b, v, w) < 27 a4 ful P4 ol w] 4 w] P2,

Using the Holder inequality (with power exponents 6, 2, 3), the Sobolev inequal-
ity and the Gagliardo-Nirenberg inequality we have the following inequality (see
also in [18]),

(2.4) [b(u, v, w)| < collull||vlfw]*/?[[w]]/2, Vu,v,w e V.
Moreover from the properties of b and the definition of Fj, we have

1/4

(2.5) |bn (u, v, w)| < ey T N|u||||w]], Yu,v,w € V.

If we denote

<BN(u? U)? ’lU> = bN(U, v, ’lU), VU, v, W € V7
then from (2.5) we have
(2.6) I By (u,0)|lx < oAy AN |ul|, Yu,v € V.

If u = v, we write By(u) = By (u,u).
We recall the following important lemma.

Lemma 2.1 ([18]). For every u,v € V, and each N > 0,
(1) 0 < Jlull En(flull) < N,
(2) [Fn(llull) = Enx(lvD] < & En (lul) Fn (ol l[e =l

The following inequality is obtained from Lemma 2.1 and (2.4) (see [18,

(2.4)])
(2.7) |(Bny(u) — By(v),u —v)| < %||ufv|\2+C’(y, cO)N4|ufv|2, Yu,v € V,

for some positive constant C(v, cp).
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2.2. The cylindrical Wiener process

We first introduce stochastic integrals in Hilbert space (see [9]). Let (Q, F,P)
be a complete filtered probability space on which an increasing and right con-
tinuous family {F;}ier of complete sub-o-algebra of F is defined. We assume
that Fy contains all null set of F, and further F; = Fy for all ¢t < 0. Let 8,(t),
n=1,2,3,... be a sequence of real valued one-dimensional standard Brownian
motions mutually independent on (2, P, F). Assume that {e,} (n =1,2,3,...)
is a complete orthonormal basis in the real and separable Hilbert space K.
We denote by {W(t),t > 0}, the cylindrical Wiener process with value in K
defined formally as

W(t) = Z \/Eﬂn(t)em t>0,
n=1

where ), (n = 1,2,3,...) are nonnegative real numbers such that > >~ A <
0. Let Q € L(K, K) be the operator defined by Qe,, = X, e,. Set Ko := Q2 K,
where Q% is the operator defined by Q%en = \/Een. Then K is a Hilbert
space with inner product

(u,v)p = (Q_1/2u,Q_1/2v), Yu,v € K.

Let || - |lo denote the norm in Kj. For another separable Hilbert space K,
with scalar product (-,-)z and the associated norms | - || z, a linear operator
® in L(Ky, K) is called Hilbert-Schmidt from K to K if for every complete
orthonormal basis {e%} of Ky,

o0
Z ||<I>62H§~< < 0.
n=1

The value of the series is independent of the choice of {e}. Clearly, the imbed-
ding of Ky in K is Hilbert-Schmidt since @ is a trace class operator. The
space of all Hilbert-Schmidt operators from Kj into K, denoted by L2 (Ko, K’),
a separable Hilbert space with the scalar product

(B, 9) 120 i) = O (Pen, Wed) g, ¥, W € L* (Ko, K).

n=1

Furthermore, by the definition of Ky, every complete orthonormal basis of K
can be represented by {4/\,e,} for some complete orthonormal basis {e,} of
K. Then, the norm in L2(K, K) is

180122 0 1) = T [ (201 (207) ] = > I/ No®eal%, ® € L2(Ko, ).
n=1
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Now for an L?(Kj, f()—valued process ®(t,w), 0 < t < T, the stochastic integral

[ ®(s,0)dW (s) is well-defined if

T
IE/O 10($)]125 g, 5 < o0

We will define some probabilistic evolution spaces necessary throughout the
paper. For any separable Banach space X and p > 1, we consider the space
L?(0,T; X) of X-valued measurable functions u defined on [0, 7] such that

1

T P
ullLe0,7:x) = </0 ||u(t)||§{dt> < 0.

For r,p > 1, we will write LP(Q, F,P; L"(0,T; X)) to denote the space of all
functions u = u(t, z,w) with values in X defined on [0, T]x O x 2 and such that u
is measurable with respect to (¢,w) and for almost all ¢, u is F; measurable. The
space LP(Q, F,P; L"(0,T; X)) so defined is a Banach space with the following
norm

Sk
D=

T
ullr .7 piLr0.1:x) = |E (/ ||u(t)||7"th> < 00,
0

where E denotes the mathematical expectation with respect to the probability
measure P.

We will write L?(Q, F,P;C((—o0,T]; X)), to denote the space of all X-
valued adapted process u(t,w) defined on (—oo,T] x Q which are continuous in
t € (—o0,T] for almost every w €  and which satisfy E  sup |Ju(t)|% < oo.

t

€(—o0,
The norm in L?(Q, F,P; C((—o0,T]; X)) is given by
1

lull 20,7 B0 (=00, 11:X)) = (E sup ||“(t)||,2x)2 < oo.
te[0,7)

3. Existence and uniqueness of weak solutions

We first give the definition of weak solutions.

Definition 3.1. Let T > 0 and ¢ € L?(Q, F,P; BCL_(H)) be an initial
process. A stochastic process u(t), t € (—oo,T], is said to be a weak solution
of (1.1) on [0,T], if

(la) u(t) is Fy-adapted, for ¢t < T,

(1b) u(-) € L*(Q, F,P;C((—o00,T); H)) N L?(Q, F,P; L?(0,T; V)),

(1c¢) The following equation holds as an identity in V', a.s.

u(t) = ¢(0) — 1//0 Au(s)ds —/0 Bp(u(s))ds —|—/O (f(s)+ g1(s,us))ds
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(1d) u(t) = ¢(t), t € (—o0,0], as.
Theorem 3.1. Let T > 0 and ¢ € L*(Q,F,P; BCL_o(H)), be an initial
condition. If (H1)-(H3) are fulfilled, then there exists a unique weak solution

to the stochastic 3D system of globally modified equations (1.1) on [0,T] that
satisfies the following energy inequality

T
E sup |u(s)|® + Z/]E/ lu(s)||?ds < Co.
0<t<T 0

Here, Cy is a positive constant only depending on || f||., T and other parameters
of system.

Proof. We will split the proof into five steps as follows.

Step 1. Construction of an approximating sequence.
For each integer m > 1, we denote by H,, the vector space spanned by
{b1,...,0m}. We define by P,, : H — H,, the orthogonal projection from
H on H,,. Now we use the Galerkin approximation method to prove the exis-
tence of weak solution to (1.1). Set

um(ta m>w) = Z7j(taw)¢j(x)a

where ;(t,w) are determined by the following ordinary differential stochastic
systems

(u™ (), b;) = (ug', ¢5) +/0 (=vAu™(s) = PnBn (u™(s)) + P f(s), ¢;) ds

(3.1) + / (Pnga (5,u7), 6;)ds + / (P (5, u), 6;)dW (5)

for j = 1,...,m with an initial value u™(¢t) = P,,¢(t), t € (—00,0], where
ul® = u™(0) = P, ¢(0). Here and from now on, for short, we only write u™(¢)
instead of u™ (¢, z,w) and y(¢) instead of (¢, w).

The existence and uniqueness of v(t) = (y1(¢),...,¥m(t)) are proved simi-
larly as in [22] (one can see in [23]). For convenience to the reader, we sketch
the proof as follows.

We rewrite (3.1) as the following system

3 (8) = ho(y ()t + R (b, 1)t + ha(t. 7 ) AW (1), 1 0,
’7(9) = 5(9), 6 <0,

where £(0) := ((Pnd(0), 1), . . ., (Prn(0), i), and the j-component of hg, hq
and hg are given in the following forms

hy(y(t)) = —v(Au™(t),6;) — (P By (w™ (1)), ¢;),
h{(t,’yt) = (ngl(tu;n)?qu)’ J=1...,m,
hé(tvvt) = (ngQ(tvuT)7¢j)’ ] = 13 cee, M.

(3.2)
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We can check that hg, h; and ho satisfy the following estimates:

(3.3) |ho(v(t)) = ho(¥(1))] < Lollve — YellBoL_ oo @),
(3.4) |hi(t,ve) — ha(t, ¥e)| < Lallve — Al BoL_ o @),
(3.5) |ha(t, ve) — ho(t, )| < Lallvt — %ellBor_ o ®m),
for a.e. t € [0,T], VT > 0, and three positive constants Lg, L1, Lo depending

on m,v, Ly, ,Lg, and N.
Estimates (3.4) and (3.5) are obtained from the global Lipschitz conditions
on g; and go. To prove (3.3) we first have

[ho(¥(1)) = ho(F()] < v Y [(A(W™ (1) — @™ (t)), ;)|

=1
Here, u™(t) = 72: v;(t)¢; and ™ (t) = il Y5 (t)d;
We have ” ”

S HA@™(E) = a@™(t), 65)] < Z)\ 175 (8) =4, (1)

j=1 j=1

=1
< Amly(t) = 7(1)]

(3.6) < Anllve = Al BoL_ oo mm)-

Using (2.3), the Poincaré inequality and Lemma 2.1, we have

m

D (P By (™ (1)), ¢5) — (PuBn (@™ (1)), 65)|

j=1

>

/FN [u™ (@)™ () - V)u™ () = En([[a™ (@) (@™ () - V)a™ ()] - ¢;dz

IN

@ODIp(w™ () —a™(2)), a™ (1), ¢;)]

N ([le™ @ Db (@), w™ () — a™(t), 6;)|

2"l
Z (™ @) = Fn (@™ @D b(u™ (), a™ (), ¢5)]
o
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<277 1/4ZF (™ @Dla™ @l fe™ @) = a™ @l

j=1
+o7ia Z Ex([lu™ @) Fn((la™ @) w™ () = a™ @)™ O™ (@]l
+ 27NN Fw(lem @)D ™ ™ () — @™ @)1
j=1
< 2N ”4ZH¢JIIHW )~ ().
Since .
u™ () — @ () = (1) = 75() by,
=1
then ’

m

la™ () = @™ (@)l < D Myl Iv() —F(t) Z 85 llll7ve — FellBer o @m)-
j=1

Thus
=1
’ 2
3
(3.7) < SN S hosl ) e = Fulor ooy

Jj=1
Combining (3.6) and (3.7), we deduce that (this proves estimate (3.5)).

lho(v(t)) = ho(Y(1))] < Lollve = FellBer_ @),
with
2
3 —14 [
Lo= A+ SNAT4 (S
j=1
Now, using (3.3), (3.4) and (3.5), we can prove as same as [22, Lemma 3.1] that
E( sup [y(t)]*) < C(TyE”szBCL,m(Rm))-
—oo<t<T

Therefore, using the arguments as in [22, Theorem 3.1] we get the existence
and uniqueness of a solution to (3.2).

We consider the following approximation of stochastic 3D globally modified
Navier-Stokes equations

u™(t) =u81+f§ (—vAu™(8) = Py BN (u™(8)) + P f () + Prngi(s,uy’)) ds
(38) +f(: Pm92(57u;n)dw(s)>
u™(t)=Pno(t), t € (—o0,0].
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Step 2. Estimates for the approximating sequence.
By the Ito formula for [u™(¢)|? and notice that by (u™(s),u™(s),u™(s)) = 0,
we obtain

|UWUP=h@F—2V/Iwm@W%%+2/jG%ﬂ@+f%m®ﬂ£%um@»%
0 0

t t
(39)  + / g (5, 0 21y 10yl + 2 / (Prga(s, ul), u™(5))dW (s).

Taking supremum with respect to ¢ in (3.9) and expectation, we obtain

t
E sup \um(s)|2+21/]E/ lu™(s)||%ds
0<s<t 0

< 2E|¢(0)|? + 4E sup / 17() - u™ ()l ds
0<r<t Jo

+4E sup / ™ ()] [ga (s, ul™) s
0<r<tJo

+ 4E sup
0<r<t

T
+2E sup / ||92(37UT)||%2(K0,H)C[3
o<r<t Jo

/O (W™ (5), Pouga(s, u™))dW (s)

= 2B|p(0)> + I + I + I3 + I4.

Using the Cauchy inequality, we have

I = 4E sup / 1£(3) ™ (s) s
o<r<t Jo

t ) t
<2E [ sup [un(r)|Pds+ 2B [ [1£(s)]Eds.
0 0

0<r<s

By the condition (H3) on g; and the Cauchy inequality, we have

I = 4E sup / ™ ()11 (5, u)|ds
0

0<r<t

IN

1 . L
Z]E sup |u (s)\2+16L§1]E/ [|ug ||QBCL,M(H)d3
0<s<t 0

IN

1 t
1E sup [0 ()P + 6L [ sup [um(r)Pds + 1672 Blolfhcn .
4 o<s<t 0 0<r<s

Now we use the Burkholder-Davis-Gundy inequality, condition (H3) on g, and
the Cauchy inequality to obtain

Iy — 4E sup /O "W (3), Ponga(s, ™) dW (s)

0<r<t
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t 1/2
< 16E ( / |um<s>2||gz<s,u';”>||%2(KO,H>ds)

1
< =E sup |u™(s) +256L2 / ”um“BCL
4 o<s<t
1
< 1IE sup |u™(s )|2—}—256L£272 / sup |u™(r)] dS+256TL32]E”¢H2BCL,OC(H)'
0<s<t 0 0<r<s

Finally, using condition (H3) on g, we have

I, = 2 sup / lg2(s, w132 1y ryds

o<r<t Jo
t
<or?, / E sup [u"(r)%ds + 2TL2,E|6ll30r__ .
0 0<r<s
Hence,

t
E sup |um(s)|2+uE/ |u™(s)||%ds
0

0<s<t

4 T
<4BIGO)F + B [ IF()lEds+ 27 (1622, + 2583, Ellolfhcr .

t
(3.10) +2(2+16L7 +256L§2)/ E sup [u™(r)|*ds.

0 0<r<s

By the Gronwall inequality, there exists a constant Cy > 0 such that

(3.11) E sup |[u™(s)|* + VIE/ lu™(s)||?ds < Co, uniformly in m > 1.
0<s<t
Step 3. Taking limits in the finite-dimensional equations.

From (3.11), we have {u™} is bound in L*(Q, F,P; L>(0,T; H) N L*(0,T;V)).
And therefore, { Au™} is bounded in L*(Q, F,P; L2(0,T;V’)). From (2.6) and
the properties of By we conclude that {By(u™)} is bounded in L%(Q, F,P;
L?(0,T;V")). On the other hand, from (H3) and (3.11), we see that {g1 (¢, u}™)}
is bounded in L?(Q2, F,P; L?(0,T; H)) and

{g2(t,u™)} is bounded in L?(Q, F,P; L*(0,T; L*(Ko, H))).

From these uniform bounds, there exists a subsequence of {u™} (relabeled the
same) such that

(3.12) u™ — u weakly in L?(Q, F,P; L>=(0,T; H) N L*(0,T;V)).
Moreover,

(3.13) Au™ — Au weakly in L*(Q, F,P; L*(0,T; V")),
(3.14) By (u™) — By weakly in L*(Q, F,P; L*(0,T; V")),

(3.15) g1 (t,uf™) — € weakly in L*(Q, F,P; L?(0,T; H)),
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(3.16) ga(t,uf™) — ¢ weakly in L*(Q, F,P; L*(0,T; L*(Ko, H))).

Taking limits in (3.8) when m — oo, we obtain

(3.17) u(t) = uo +/0 (—vAu(s) — By + f(s) + &) ds + /0 AW (s).

Step 4. Proving that —vAu — By + § = —vAu — By (u) + g1(t,ue) and ¢ =

g2(t, us).
Using the It6 formula to e~ |u(t)|? and e~ *|u™(t)|?, respectively,

¢
Ee |u(t)]? = E[u(0)|* — E/ e u(s)ds
0

t

+2E [ e (—vAu(s) — By + f(s),u(s)) ds

o\o\

t
(3.18) 198 [ e (¢, uls))ds + E / ¢ oy 05,

and

B um™ (1) 2 —]E|u6”|2—2E/ = (P f(s), u™ (s)) ds
0
= —IE/O e 2w (s)|*ds
4R /0 e (—yAu™ () — By (u™(s)), u™(s)) ds
28 / e~ (g1 (5, u™), u™())ds

t
(3.19) +E / €925, 4|2 sco 11y 85 1= i

Let z € L*(Q, F,P;L%(0,T; H)) and z(s) = ¢(s), s < 0. We notice that
[u™ — 2|2 = |[u™|? + |2]? — 2( , %), then from (3.19) we have

Bm + Ym = Qm,

where

]E/ A=y (s) — 2(s)[2ds

0

+ 2E/0 e M (—vAu™(s) — By (u™(s)),u™(s) — z(s)) ds
-

211«:/ e (—uAx(s) — By (2(s)), u™ (s) — 2(s)) ds

o

+ QE/ e ul') — g1(8, zs),u™(s) — z(s))ds

[=)
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+E [ e s, ) — 9205, 20) Bty
and
= B [ 2 () 2. 20) ds
+2E | e (oA (s) — Buy(u™ () + gn (s, —=(s)) ds
~28 [ (s = By(al6) g1(ss20) () — 2(5) s

t
FE [ e (ga(5,2) — 2gals, ). ga(s,2) s,
0

By (2.7), there is a positive constant A such that ., < 0. Using (3.12)-(3.16),
then

m—r o0

t
0 > liminf o, > — IE/ e Mu(s) — z(s)|%ds
0
t

+ QE/O e (—vAu(s) — By, u(s) — 2(s)) ds

- 2JE/O e (v Az(s) — By (2()), u(s) — 2(s)) ds
+28 [ (e g, u(s) = 2()ds

t
(3.20) +E / eI = a5, 20|22 g1, d5-

Taking z(t) = u(t) in (3.20), it follows that ¢ = ga(t,us), t € [0,T], where we
use the fact that e=** is bounded for ¢ € [0, T].
From (3.19), we have

B = Ee Mu™(t)|* — E[u™(0)|* — ZE/ e (f(s),u™(s)) ds.
0

Since (3.12), [u™(0)|? < |u(0)|? and using (3.18) with notice that ¢ = ga(t,us)
then

liminf B, > Ee M[u(t)|* — E[u(0)|? — 2E /t e (f(s),u(s)) ds
m— o0 0
=2E /t e M (—vAu(s) — By + &, u(s)) ds
0

t t
(321) _]E/O )\ef)\8|u(8)|2d5+]E\/(; ||92(S7us)||%2(K07H)d8.
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Using (3.12)-(3.16) once again and notice that ¢ = go(t, u;), we deduce that

1ygﬁm2EA¥Am4ﬁ22w@xwm@
+9E /Ot e (—yAu(s) — By + €, —2(s)) ds
—2EAZz“cﬂﬂz—BN@@»+gma%»w@—zw»@
(3.22) +E /Ot e (ga(s, 25) — 29a(s, us), ga(s, 7)) ds.

Combining (3.21) and (3.22) with notice that o, <0, one has
0 > liminf vy, > liminf §,, + liminf ~,,
m—o0 m—soo m—o0
¢
> — )\IE/ e Mu(s) — z(s)|%ds
0
¢
+ QE/ e M (—vAu(s) — By + &, u(s) — 2(s)) ds
0
¢
- QE/ e M (—vAz — By (2) + g1(s, 25), u(s) — z(s)) ds
0
t
B [ M galo ) = g2l 2) e, s
0

Hence,
t
0<E [ e llgals,ue) = gals. ) s s
0
t
< )\E/ e Mu(s) — z(s)|%ds
0
t
- 2]E/ e (—vAu(s) — By + & u(s) — 2(s)) ds
0
t
+ 2]E/ e (—vAz — By (2(5)) 4+ g1(s, 25), u(s) — z(s)) ds.
0
For any fixed w € L2(Q, F,P; L2(0,T;V)), set 2(t) = u(t) — nw(t), then
t t
0< 77)\1[-3/ e N |w|?ds — QIE/ e N (=B + & w(s)) ds
0 0

+2EZ;a*smAww>—BNW@>—nww»+gmaus—mmgxw@»ds

Let n — 0, and since L2(2, F,P; L2(0,T;V)) is dense in L*(Q, F,P; L*(0,T; H)),
e M(By — & — By (u(t)) + g1(t,us)) =0, ae. t € [0,T], we Q.
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Thus, we get from (3.17) that

ult) = 6(0) + / (—vAu(s)— By (u(s))+ F(s)+1 (5, 1)) ds+ / 025, 1) AW (5),

a.e. w €

Step 5. Uniqueness of solutions.

Let u(t) and v(t) be two solutions to (1.1) with the same initial value. Applying
the It6 formula to |u(t) — v(t)|?, we have that

[u(t) —v(t)|* = 2/0 (=vA(u(s) —v(s)) — Bn(u(s)) + By (v(s), u(s) — v(s)) ds
+ 2/0 (g1(s,us) — g1(s,vs),u(s) —v(s))ds
42 [ (gl = ga(s.0). () = v(s) AW ()

(3.23) [ s, = a5, 0 .
Thank to (2.7), we have

| A = 0(s) — Buu) + B (o) ) ~ v(s) ds
(3.24) < - g/o llu(s) —v(s)|*ds + C (v, co)N4/0 lu(s) — v(s)|*ds.
We can now deduce from (1.2) and (1.3) that

t t
(3.25) /0 lg2(s, us) — gQ(SavS)”%Z(KO,H)dS < L?;Q/O llus — US”%CL_N(H)dSv

and

/0 (91(s,us) — g1(5,v5),u(s) — v(s))ds
< /0 lg1(s,us) — g1(s,vs)||u(s) —v(s)|ds

t
(3.26) < Lg, /0 lus —vsllBor_ . mylu(s) —v(s)|ds.

Combining (3.23), (3.24), (3.25), (3.26) and using the fact that |u(s) —v(s)| <
lus —vsllBoL_ . (#), We obtain

Ju(t) —v(t)]* + VE/O lu(s) = v(s)||*ds

t
< (2Ly, + L2, + 2C(v,c0)NY) / s — vsllBen_inyds
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t
2 / (925, us) — ga(s,v2), u(s) — v(s)) VW (s).
0
Then for any ¢ > 0, we have

E sup |u(s) — v(s)|?
0<s<t

< (2Lg, + L2, +2C(v,co)N*)E / lus = vslBer_

(3.27) +2E sup

0<r<t

/0 (925 u2) — ga(s, ve), us) — v(s)) AW (s)|

Using the Bulkhoder-Davis-Gundy inequality and using (1.3), we have

/0 (ga(5,12) — ga(s, ve).u(s) — v(5)dW (s)

2E sup
0<r<t

t 1/2
<8E Liulzt lu(s) —v(s)] </ llg2(s,us) — 92(3,%)%2(1(0,1{)@) ]

1E sup Ju(s) — v(s)? + 3212, / s — vsl30n__
2 0<s<t

Substituting this inequality into (3.27) to obtain

E sup |u(s) - v(s)|?
0<s<t

t
(328) < 2(2Ly, +20(v.co)N* + 3312))E /O s = velBor__gands

Since u(s) = v(s) = ¢(s), s <0, we see that

¢
/ llus — vs||BCL () ds SE/ sup |u(s +6) — v(s + 0)|%ds
0 —t<9<0

< E/O sup |u(r) — v(r)|*ds.

0<r<s
Hence (3.28) becomes

E sup Ju(s) — v(s)P
0<s<t

¢
< 2(2Lg4, + LZZ +2C(v,co) N* + 32L§2)E/0 sup |u(r) — v(r)|*ds.

0<r<s
By the Gronwall inequality we have
E sup |u(s) —v(s)|* = 0.

0<s<t

Consequently, u(t) = v(t), a.e. w € Q for all t <T. The proof is complete.
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4. Stability of stationary solutions

This section is devoted to investigating the stability of stationary solutions
to problem (1.1) with some extra conditions. More precisely, from now on, we
assume f is independent of time, i.e., f(t) = f € V', and g;, i = 1,2 are given
by ¢:(t,u;) = Gi(u(t — p(t)) with p € C1([0,00)), p(t) > 0 for all ¢ > 0 and
px = sup p/'(t) < 1. Here, G; : R?® — R3 satisfying G;(0) = 0 and

>0

|Gi(u) — Gi(v)||rs < La,

for some L¢, > 0,4 = 1,2. One can check that all assumptions (H1)-(H3) are
satisfied with L4, are replaced by L¢,.

Using the above notations, we can rewrite the 3D globally modified Navier-
Stokes equations with unbounded delays (1.1) in the following functional form

u — vl|gs

du + [vAu+ By (u, u)]dt

(4.1) ¢ =[PGy(u(t—p(t)))+Pfldt+PGa(u(t—p(t)))dW(t) in (0,00) x O,
u(f) = ¢(0), 0 € (—o0,0].

By Theorem 3.1, for any ¢ € L?(2, F,P; BOL_(H)) given, problem (4.1) has

a unique globally solution u(t), which is defined on the whole interval [0, c0).
The deterministic problem corresponding to (4.1) is the following problem

(4.2) du + [VAu+ By (u, u)]dt =[PG1(u(t—p(t)))+Pfldt in (0,00) x O,
u(9)=o(0), 0 € (—o0,0].
Let us give the definition of stationary solutions to problem (4.2).

Definition 4.1. A weak stationary solution to problem (4.2) is an element
Uso € V such that

V((Uoos V) + bN (Uoo, Yoo, V) = (f,0) + (G1(Ueo),v), Yv € V.
The following theorem can be proved similarly as in [14].

Theorem 4.1. Ifv > Lg, \[', then problem (4.2) admits at least one station-
ary solution us, satisfying the following estimate

[1£1l+

v—Le, N Y

Moreover, if the following condition holds

(4.3) [uo || <

v> Lo A\t +

where

(4.4) W= )\1_1/4 min {N, ||f||*1} ,
Z/—LG1>\1

then the stationary solution us, of (4.2) is unique.
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Remark 4.1. Let us be a stationary solution of the deterministic problem (4.2).
If G2 (uso) = 0, then uy is also a weak solution to the stochastic problem (4.1).
From now on, we always impose this condition when studying the stability of
the stationary solution xe.

4.1. Local stability via a direct approach

In this subsection, we prove the local stability of the stationary solution by
a direct approach.

Theorem 4.2. Ifv > Lgl)\fl, then there exists at least one stationary solution
Uoo to (4.2). Moreover, if Ga(us) =0 and
Lg, (2 — ps) + LE,

2M(L=ps)
where p is defined in (4.4), then the stationary solution u~, is unique and there
exists C = C(ps, Ly, La,) > 0 such that any solution u(t) to (4.1) satisfies

(4.5) v>pu+

0

Elu(t) — us|* < C <E|¢(0) — Uoo|” + ]E/

—p(0)

lo(s) — uoo|2d5> :
Proof. Applying the It formula to |u(t) — us|?, we have

[u(t) —too|* = |qz5(0)—uoo|2—|—2/0 (VA(u—Uoo) —Bn(u)+Bn(Uoo ), U—Uoo) ds
+2 [ (@1 (u(s = () = G (o). u— )
+2 [ (Galuls = p(s)) = Galu).u = ) AW ()

+ / 1(Galuls — p(5))) = Galtioe) 2y 15

and taking the expectation
Bju() — el = B19(0) — el ~ 278 | Ju(s) ~ el
0
t
— QE/ (Bn(u) — BN (Uuoo), u(s) — teo) ds
0
428 [ (G1(u(s = p(s)) = G (). u(s) — s
0

(4.6) + E/O (G2 (u(s = p(s))) = G2(uso) |22y, mryds-
Using (2.2), (2.3) and Lemma 2.1, we have
(Bn (u(s)) = By (uoo), u(s) — tico)

= Fn([[ucc[)b(u(s) = too, oo, u(s) — tss)
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+ (EN([uls)]) = Frv([lucoll)) b(u(s), oo, uls) = tioo)
+ En ([lu(s)[)b(u(s), u(s) = tioo; uls) — tioo)

. N _1,-1/4
min {1, 12 42T ()~ P

IN

e E () D P (el D207 () e ) — e

. N L
< min {1, T b2 AT ) ~ e
1 . N . N C1y—1/4 2
- i {1, } Ju(s)| mm{l, } oo 27 A7 u(s) — e
N { Tl Tl 1

IN

min { Jusc AT NATY Y u(s) = e,
Hence, using estimate (4.3), we find that
(4.7) (B (u(s)) = By (uoo), uls) — uso) < plu(s) — uso|?,

where p is defined in (4.4). On the other hand, using condition on Gy, the
Cauchy inequality and Poincaré inequality (2.1), then

2IE/0 (G1(u(s — p(s))) — G1(tUoo), u(s) — Uoo)ds
<28 [ Lo fu(s = pls) = el fu(s) = uclds

t t
L)\GlE/ l[u(s) —uoonds—kLgl]E/ lu(s — p(s)) — uos |2ds.
1 0 0

<
The last term on the right-hand side of (4.6) is bounded by

E / 1(Ga(u(s — p(5))) — Gn(ttoe) 2, gy < L2, / (s — p(s)) — oo 2ds.

Therefore,

L t
Blult) — el < EI6(0) —unl? + (~20-+ 20+ 22 B [ fuo)— u s
1 0

(4.8) + (L, + L) IE/O lus — p(s)) — e |2ds.

Taking n = s — p(s) then

t 1 t
8 [ fuls = p(s) — ulPds < B [ Juto) = e
0 -p —p(0)
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Thus
2 2 LG1+L%¥ 0 2
Efu(t) — tso]? < B$(0) — uso? + “S1 1 Cog / 16(s) — o ?ds
(1= ps) —p(0)
Le,(2—ps) + LE > /t 2
+ | —2v+2u+ 2 E u(s) — uso||“ds.
(-2t 2t 2SI B [ uts) -

Therefore, by (4.5) we have
L ) + L2 0
Blu(t) — une? < BIO(0) — o + Z2 €2 [ 6(s) - un s
(1= ps) —p(0)
Therefore, we complete the proof. ([

4.2. Asymptotic stability via the construction of Lyapunov function-
als

Theorem 4.3. Ifv > Lg, A\ ', then there exists at least one stationary solution
Uoso to (4.2). Moreover, if Ga(us) =0 and suppose that

2L, /1 — ps + L2
(4.9) v >y OV T G
21 (1 = p)
where p is defined in (4.4), then the stationary solution us, is unique and locally
stable, that is,
(4.10)

Elu(t) = uo|* < E[¢(0) — us|? +

Lg Vv 1- P+ L%;

: 1= pa B¢ = ool 22— p0).0:11
for any solution u(t) to (4.1) with ¢ € L?(Q, F,P; BCL_o(H)). Furthermore,
if

2
2L, VT —pn + L2,
2)\1<1 - ,0*) ’

then uso 1s asymptotically stable in mean square, i.e.,

v>u+

. . 2 _
tlggo Elu(t) — uso|” = 0.

Proof. Let w(t) = u(t) — us and

0
Ut = O+ 5 [ ieteras
¥ J—=p

for a suitable constant ¢ to be specified later on. Then we replace ¢ by us — oo,
and obtain

t
(4.11) U(t,we) = [u(t) — use|? + —2 / lu(s) — uoo|2ds.
L=pe St
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Applying the It formula to U(¢,w;) and taking the expectation, we have

EU(t, w;) < BU(0, wy) + 2 /O (—vAw(s) — Bx(u(s)) + B (ua), w(s)) ds
+28 [ (G1(u(s = p(5) = Gl w(5))ds
+E / 1Gaus — p(s)) 22,00,

/ w(s) Pds - / LD (s — plo) s

By the Cauchy mequahty and using (4.7), we obtain
]EU(t, wt)

< EU(0, wo) — 2(v — j)E / leo(s)||%ds + 2L, E / s — p(s))|[w(s)|ds

/|w |ds+L2 /|wsf s))|%ds — CE/ lw(s — p(s))|*ds

< BU(0, o) — 2(v — j)E / Juo(s)]?ds + =B / w(s)|ds

—L%) /|ws— /|w )|?ds

ch/ lw(s — p(s))*ds + LE,E / lw(s — p(s))|?ds

L2, c t
< EU(0,wp) — 2(v — ,u)IE/ ||w(s)\|2ds + — + E/ |w(s)|2ds.
0 c—Lg, 1—p. 0

Choose ¢ = La, /1 — ps —i—LQG27 the coefficient in the last term of the right-hand
side reaches minimum. Using Poincaré inequality (2.1), we conclude that

(4.12)
EU(t 2y —p— 2
(7wt)+ <Z/ 1% 2)\1(1_/)*)

) /Ot]Ellw(s)Pds < EU(0, wy).

From (4.11), we have
EU (t,w;) > Elu(t) — uso|?,

and
_ 2 LG, 2
EU(0,wo) = E[$(0) — uso|” + ﬁEW — Uso |72~ p(0),0510)-
Using Poincaré inequality (2.1), then (4.12) becomes
2Lg - P« + LQG ¢
2\ (v —p— —= 2 Elu(s) — too|*d
(B -t
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La, VT = pe+ L¢
(4.13) < E[$(0) — uco|® + — =, B¢ — Uoo| T2 (— p(0),0:0)-

— 2
Therefore, if v > p+ %
and satisfies (4.10).
2L, VI=p.+LE,

2A1(1=px)

, then the stationary solution u«, is stable

fv>p+ , from (4.13) we obtain

LG1\/1_p*+L2
1—p.

E / () — tioe 2ds < EJ$(0) — o |? + 26— oo 22— 00000

By the continuity in time of v in H, we deduce that tlim Elu(t) — us|? = 0,
bde el

i.e. the stationary solution u, is asymptotically stable in mean square. (I

. Lg,(2—px)+L2 2LG,/T—pxt+Li
Remark 4.2. Since c12(>\1(1p_)p*) G2 Gé)\l(lfp*) %2 for p, € (0,1), we can see

that Theorem 4.3 is an improvement of Theorem 4.2.

4.3. Polynomial stability: the proportional delay case

We now consider problem (4.1) with proportional delay, a particular case
of unbounded variable delay. More precisely, we assume p(t) = (1 — ¢)t with
q € (0,1). We will show the polynomial stability of the stationary solution.

The following lemma is key tool in the proof of polynomial stability results.

Lemma 4.1 (]2, Lemma 3.6(i)]). Let a < 0, b > 0 and ¢ € (0,1). Suppose
h e C(R4,Ry) satisfies

D% h(t) < ah(t) + bh(qt), t > 0, h(0) = ho, q € (0,1),

with hg > 0 and where DT h denotes the Dini derivative of h att in the following
sense
h(t+0) — h(t
DT h = limsup M
510 0

Then there exist C = C(a,b,q) > 0 such that

h(t) < Ch(0)(1+1)%, Vt >0,
where a obeys a + bg® = 0.

We first prove the following theorem concerning with the polynomial stability
in mean square.

Theorem 4.4. Assume that f € V' and we consider (4.1) with p(t) = (1 —q)t
for g € (0,1). Ifv > LGI)\fl, then there exist at least one weak stationary
solution us to (4.2) satisfying (4.3). Furthermore, if Ga(us) =0 and

1
(4.14) v>pu+ Lo\t + §Lé2)\f1,
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where p is defined in (4.4), then us is asymptotically stable in mean square
with polynomial rate, that is, there exists C = C(v, A1, || fll«, Lay, Ly, q) > 0
such that for any solution u(t) to (4.1),

(4.15) Elu(t) — ool < CE|p(0) — s [*(141),
where
v — 2 — La, A7t
(4.16) a = log, i 5 Gl/\_ll <0.
(LG1 + LGQ))‘l

Proof. The existence and uniqueness of a stationary solution uq, to (4.2) follows
immediately from Theorem 4.1. Let w(t) = u(t) — to, then applying the It
formula to |w(¢)|?, and as same as the estimate (4.8) by taking p(t) = (1 — q)t,
we have

t+48
Elw(t +6)[* = Elw(t)]” + (=2v + 21+ L, AT ) / E|lw(s)||*ds
t

t+5
(4.17) 4 (Lo, +I2) / lw(gs)|2ds
t

for any § > 0. Denoting h(t) = E|w(t)|? and noting that —2v+2u+Lg, A\ ' < 0
since condition (4.14), by using Poincaré inequality (2.1), we obtain from (4.17)
by taking d | 0 that

DYh(t) < M (=20 +2p+ La, AT V) A(t) + (L, + LE,) h(qt).

Applying Lemma 4.1, there exists C = C(v, A1, || fl|«, Ley, La,,q) > 0 such
that

h(t) < Ch(0)(1+1t)*, Vt >0,
where o satisfies
M (=20 +2p+ Le,\Y) + (Ley, + LE,) ¢ =0,
that is, « is given by (4.16). Since v > p+ Le, A7 + 2LZ A7, it holds that
a < 0 and due to condition (4.9), we get (4.15). This ends the proof. O

The following theorem is the pathwise polynomial stability of stationary
solution .

Theorem 4.5. Assume that f € V' and we consider (4.1) with p(t) = (1—q)t,
for q € (0,1). Furthermore, if G2(usx) =0 and assume that

1 1 1
4.18 > (14 =) Le A\t + —L2 AL
(4.18) v H+2(+q) G11+2q GaM

where p is defined in (4.4), then any solution u(t) to (4.1) converges to the
stationary solution us, in H, almost surely at a polynomial rate.
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Proof. Let I be a positive integer and any ¢ > K. Using the Ito formula to the
function |w(t)|? = |u(t) — uwo|?, we have

()] = [w()? - 2 /K leo(s)|2ds + 2 /K (~ B (u(s)) + Bn(uuno), w(s)) ds

2 / (G (u(g5)) — Gr(uso), w(s)) ds

K

2 /K (G (u(gs)) — Galuuso), w(s)) VW (s)

+ /K G (u(g5)) — Ga(utoo)) 2o a1y -

By using the Burkholder-Davis-Gundy inequality, the Cauchy inequality and
condition on G we obtain

] s /t<G2<u<qs>>—02<uw>,w<s>>dw<s>]

K<t<K+1JK

[NIE

K+1
gsE[ sup  w(t)]? / ||Gz<u<qs>>—G2<uw>||i2(Ko,H)ds]
K<t<K+1 K

K+1
1
<328 [ Galules)) ~ Galuse) e, myds + 5% sup fu(t)?
K K<t<K+1

K+1 1
< 32L%;2E/ lw(gs)|>ds + §E sup |w(t)]?.
K K<t<K+1

Using condition on G, the Cauchy inequality and Poincaré inequality (2.1)
then

/ (G1 (u(g5)) — G (uoo), w(s)) ds

K

2E  sup
K<t<K+1

K+1
<2 [ |G (uas) ~ Galue). (o) | s

K+1
<9E / L, [w(gs)|[w(s)|ds
K

K+1

K+1
< Lo,E / o(gs)|?ds + Ley A 'E / e (s)|?ds.
K K

As same as (4.7) we have

sup

K+1
<o / Eljuw(s)|?ds.
K<t<K+1 K

2 / E ((By (u(s)) — Bu(uso), w(s))) ds

K
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Combining all above inequalities, we obtain that

1 K41
SE sup  |w(t)|? < Elw(K)* + (_2V+2/L+LG1)‘1_1)E/ lw(s)|[*ds
K<t<K+1 K

K+1
(4.19) + (L, +32L2,) E /K l(gs)[2ds.

Condition (4.18) implies that —2v + 2 + Lg, A\]* < 0 and condition (4.14) is
satisfied. Hence, we deduce from (4.19) that

(4.20) E sup |w(t)]? < M(gK +1)°,
K<t<K+1

where
M = CE|$(0) — uso|* (1 + Lg, + 32L3,) -

Since condition (4.18) then ov < —1, and therefore we can choose € < 0 such
that o — e < —1. Using the Markov inequality, we deduce from (4.20) that

P{w : osup  |w(t)]? > 1+ qlC)E} < M(14gK)> =,
K<t<K+1

Hence, we can apply the Borel-Cantelli lemma to obtain an integer Ko =
Ko(w) > 0 such that

sup  |w(t)]? < (14 ¢K)¢, a.s., for all K > Ko.
K<t<K+1

The proof is complete. O
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