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ABSTRACT. In this paper, we study Malcev algebra bundles and Malcev
algebra bundles of finite type. Lie algebra bundles and Lie transformation
algebra bundles are defined using given Malcev algebra bundle and we
conclude some results for finite type.
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1. Introduction

While discussing on a class of non-associative algebras, Arthur A. Sagle [10]
generalised the class of Lie algebras. Certain identities proved in [10] give raise
to the definition of Malcev algbera. When the “Lie-ness” of a Malcev algebra is
being measured, important linear transformations are defined which yields some
tool to define Lie algebras. Many results on Lie algebras and semisimple Lie
algebras are adapted to bundles (See [1,3-8]). We have seen the discussions on
vector bundles of finite type in [11], from which R. Kumar et al. have defined
Lie algebra bundles of finite type in [9]. In this paper, we define Malcev algebra
bundles and Malcev algebra bundles of finite type. We shall study semisimple
Malcev algebra bundles using the results on semisimple Malcev algebras [10]. All
underlying vector spaces are considered to be real and finite dimensional unless
otherwise stated.
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2. Malcev Algebra Bundles

Definition 2.1. An algebra M over a field F which is a nonassociative algebra,
that is a vector space over a field F with a distributive multiplication defined on
it, is said to be a Malcev algebra if it satisfies the following

(1) 2% =0, zy = —yz,

(2) 2y -2z = (2y-2)x + (yz - z)x + (zz - x)y, for all z,y,z € M.

We observe that every Lie algebra is a Malcev algebra (Lemma 2.3 in [10]).

Definition 2.2. Let x be any arbitrary element in a Malcev algebra M. A
linear transformation R,, is defined by the equation aR, = ax = —xa where
ac M.

Definition 2.3. Let M be a Malcev algebra. For any x,y € M, we define
A(z,y) = (Rg, Ry) — Ray.

Also, we define A(M, M) as the linear space spanned by all the A(z,y) where
x,y are in M.

Remark 2.1. From Theorem 2.36 in [10] we obsevre that A(M, M) is a Lie
algebra under commutation.

Definition 2.4. Consider a vector bundle £ = (&, p, X) over a topological space
X. When there exists a morphism, 0 : £ & ¢ — £ which induces a Malcev (Lie)
algebra structure on each &, £ is called a weak Malcev (Lie) algebra bundle.

Definition 2.5. If £ = (&, p, X) is a vector bundle where each fibre is a Malcev
(Lie) algebra and for each x in X there is an open set U in X containing x, a
Malcev (Lie) algebra M and a homeomorphism ¢ : U x M — p~(U) such that
for each = in U, ¢, : {x} x M — p~!(z) is a Malcev (Lie) algebra isomorphism,
then ¢ is called a locally trivial Malcev (Lie) algebra bundle.

Definition 2.6. A semisimple Malcev (Lie) algebra bundle is a vector bundle £
in which the morphism © : £ ® ¢ — ¢ induces a semisimple Malcev (Lie) algebra
structure on each fibre &, .

Definition 2.7. A Malcev (Lie) algebra bundle £ over an arbitrary space X is
of finite type if there is a a finite partition of unity S on X (that is, a finite set S
of non-negative continuous functions on X whose sum is 1) such that the bundle
restricted to the set {z € X |a(x) # 0} is a trivial Malcev (Lie) algebra bundle
for each o in S.

Theorem 2.8. Let ¢ and 7 be ideal bundles of a Malcev algebra bundle £&. Then
J(Cn.8) = U J(C,ne: &) is an ideal bundle of €.
zeX

Proof. For each x € X, J((y, Nz, &) is ideal of &, (By Theorem 3.5 in [10]). By
local triviality of &, ¢ and 7, for any x € X we have, U x I 2 |y, U x J Z |y
and U x M 2 &|y, where U is a neighborhood of z, I and J are ideals of a Malcev
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algebra M. But then U x J(I,J,M) = |J J({, Nz, ). Note that J(I,J, M)
xcU
is an ideal of M. Hence J(¢,n,&) = U J((xy M, &) is an ideal bundle of . O
zeX

The following corollary is immediate from the above Theorem.

Corollary 2.9. Suppose ( and n are finite type ideal bundles of a Malcev algebra
bunlde £ of finite type. Then J((,n,€) = U J(Cuy N, &) is a finite type ideal

reX
bundle of .

Proposition 2.10. If £ = (¢,p, X) is a Malcev algebra bundle, then A(£,€) =

U A(&:, &) is a Lie algebra bundle.
zeX

Proof. By local triviality of £, for every x € X, there is a neighborhood of U of
x and a Malcev algebra M such that ¢ : U x M — €|y is an isomorphism. But
then

A¢ U x AM, M) = A(§,§)u given by @ x A(a,b) = A(¢z(a), ¢z (b)),
is an isomorphism. Thus A(¢, &) is locally trivial. d

The following corollary is immediate from the above Proposition.

Corollary 2.11. If £ is a Malcev algebra bundle of finite type, then A(E,E) is
Lie algebra bundle of finite type.

Definition 2.12. Let M be a Malcev algebra and R(M), L(M) be the linear
spaces spanned by all right and left multiplications R, and L, respectively, where
x € M. Consider A = R(M) + L(M). Then the Lie transformation algebra of
M, £(M) is the intersection of all Lie algebras containing A.

Proposition 2.13. Consider £ = (£,p, X), a Malcev algebra bundle. Let £(§) =

U £(&). Then £(€) is a Lie algebra bundle (It is called the Lie transformation
zeX
algebra bundle).

Proof. Since ¢ is locally trivial, for any element = in X, there is a neighborhood
U of x and a Malcev algebra M such that ¢ : U x M — |y is an isomorphism.
Then

’(/)g U x S(M) — £(§)‘U given by X R, + Ly — me(a) + me(b)
is an isomorphism. Hence, £(£) is a Lie algebra bundle. O

The following corollary is immediate from the above Proposition.

Corollary 2.14. Suppose that £ is a Malcev algebra bundle of finite type. Then
£(€) is a Lie transformation algebra bundle of finite type.
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Theorem 2.15. Let n be an ideal bundle of a Malcev algebra bundle £&. For
each v € X, let ¢ = R(ny) + (R(nz), R(&)) be generarted by all the elements of
the form R, + (Ra/, Rp), where a,a’ € n,, b € &. Then ¢ = |J (; is an ideal

zeX
bundle of £(&).

Proof. By Theorem 5.2 in [10], each (, is an ideal in £(¢;). Under local triviality

these ideals are mapped into ideals. Hence ( = |J (, is an ideal bundle of
zeX

£(8). O
The following corollary is immediate from the above Theorem.

Corollary 2.16. Let n be an ideal bundle of a Malcev algebra bundle . If n

and & are of finite type, then { = |J (, is also an ideal bundle of finite type.
zeX

Theorem 2.17. If £ is a Malcev algebra bundle such that &, = J(&z,&x, &),
then A(E,€) = £(§).

Proof. By theorem 5.9 in [10], we have A(;,&,) = £(&), for all x € X. Hence
A(E,€) = £(8)- O

Remark 2.2. For any © € X, let N, = {a € & : aA(&,&:) = 0}, called a

J-nucleus of the Malcev algebra £,. Consider 91 = |J N,. By local triviality
zeX
of &, we have ¢ : U x M — &|y is an isomorphism, where U is a neighborhood of

any element 2 in X and M is a Malcev algebra. But then ¢ : U XN — |J Ny,
zeU
where N is the J-nucleus of the Malcev algebra M, defined by ¢ (z,a) = ¢(z, a)

is an isomorphism. As each N, is an ideal of £, 91 is an ideal bundle of &, which
we call the J-nucleus bundle of &.

Lemma 2.18. Let n be an ideal bundle of a semisimple Malcev algebra £ such
that n NN =0. Then n = J(n,n,n) = J(n,n.§) = J(1,,).

Proof. For each x € X, we have 1, = J(%ﬂ]zﬂ?z) - J(nxanxagm) - J(nfmfxagz)
(by Lemma 5.16 in [10]). Hence the result follows. O

Note: The Whitney sum of two Malcev algebra bundles (£, p) and (n, q) is again
a Malcev algebra bundle £ & n with the Malcev algebra morphism

poq:(Eon)eon) =Eal)aeMmen) = Lan,
defined by

PD q[(av b) D (a’, b/)] = p(a, a/) D Q(b7 bl)7

a,a’ € £ and b,b € 1.
Theorem 2.19. Let & be a semisimple Malcev algebra bundle. Then
§=No J( ).

Proof. By Theorem 5.17 in [10], we have for each z € &, &, = N, & J (€4, &x, &n)-
It follows that £ = M & J(, €, €). 0
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Corollary 2.20. If n is a nonzero Lie algebra ideal bundle in a semisimple
Malcev algebra bundle &, then n C N.

Proof. By corollary 5.18 in [10], we have 7, C N,. Hence nn C 1. O

Lemma 2.21. Let n be an ideal bundle of a Malcev algebra bundle &. Then
A(n, &) is an ideal bundle of the Lie algebra bundle A(E,£).

Proof. As n, is an ideal of &, by Lemma 5.19 in [10], each A(n,,&,) is an ideal

in A(&z,&s). Let us consider the local trivialities U x M = {|y and U x L =

n|y, where U is a neigborhood of z and L is an ideal of the Malcev algebra

M. These give the required isomorphism, U x A(L, M) = |J A(ng,&). We
xzeU

€

observe that A(L, M) is an ideal in A(M, M) (by lemma 5.19 in [10]). Hence

A, &) = U A(ng, &) is an ideal bundle of A(E,€). O
reX

The following corollary is immediate from the above lemma.

Corollary 2.22. Let n be a finite type ideal bundle of a Malcev algebra bundle
of finite type §. Then A(n, &) is an ideal bundle of finite type in A(E,E).

Theorem 2.23. Let £ be a non-associative algebra bundle over a field of char-
acteristic zero. Then & is semisimple if and only if £(§) is completely reducible
in & if and only if £(&) = C(L(E)) @ £1(§) where £1(§) is a semisimple ideal
bundle of £(&) and C(L(§)) is the center of £(&) which consists of semisimple
elements.

Proof. We observe that for each x € X, &, is semisimple if and only if £(&,)

is completely reducible in &, which is if and only if £(¢,) = C(£(&:)) @ £1(&:),

where £1(&,;) is a semisimple ideal of £(¢,) (By Theorem 7.2 in [10]). Thus &

is semisimple if and only if £(§) is completely reducible if and only if £(§) =

C(L(&))®L1(&) where C(£(£)) = U C(L(&)) is the center of £(£) and £4(§) =
reX

U £1(&) is locally trivial Lie algebra bundle being semisimple bundle (By
reX
Lemma 2.1 in [4]). O

The following corollary is immediate from the above Theorem.

Corollary 2.24. Let £ be a non-associative algebra over a field of characteristic
zero such that & being semisimple implies C(£(§)) = 0. Then & is semisimple if
and only if £(§) is a semisimple Lie algebra bundle.

Conflicts of interest : The authors declare no conflict of interest.
Data availability : Not applicable

Acknowledgments: The authors would like to extend their gratitude to the
referees for the valuable suggestions.



212 H.A. AlFran, K. Kamalakshi, R. Rajendra and P.S.K. Reddy

8.

9.

REFERENCES

. H.A. AlFran, K. Kamalakshi, R. Rajendra and P. Siva Kota Reddy, On Smooth Lie Algebra

Bundles of Finite Type, Glob. Stoch. Anal. 11 (2024), 75-79.

. A. Douady and M. Lazard, Espace fibrés algebres de Lie et en groupes, Invent. Math. 1

(1966), 133-151.

. B.S. Kiranagi, Lie algebra bundles, Bull. Sci. Math. 102 (1978), 57-62.
. B.S. Kiranagi, Semisimple Lie algebra bundles, Bull. Math. Soc. Sci. Math. R.S. Roumanie

(N.S.) 27 (1983), 253-257.

. B.S. Kiranagi, Lie algebra bundles and Lie rings, Proc. Nat. Acad. Sci. India Sect. A 54

(1984), 38-44.

. B.S. Kiranagi, G. Prema and Ranjitha Kumar, On the radical bundle of a Lie algebra

bundle, Proc. Jangjeon Math. Soc. 15 (2012), 447-453.

. B.S. Kiranagi, Ranjitha Kumar and G. Prema, On completely semisimple Lie algebra bun-

dles, J. Algebra Appl. 14 (2015), 1550009, pp 11.

B.S. Kiranagi, Ranjitha Kumar, K. Ajaykumar and B. Madhu, On derivation algebra bundle
of an algebra bundle, Proc. Jangjeon Math. Soc. 21 (2018), 293-300.

Ranjitha Kumar, G. Prema and B.S. Kiranagi, Lie algebra bundles of finite type, Acta
Univ. Apulensis Math. Inform. 39 (2014), 151-160.

10. A.A. Sagle, Malcev algebras, Trans. Amer. Math. Soc. 101 (1961), 426-458.
11. L.N. Vaserstein, Vector Bundles and Projective Modules, Trans. Amer. Math. Soc. 294

(1986), 749-755.

Howida Adel AlFran received Ph.D. degree from Massey University, New Zealand
in 2017. Her primary research interests include Discrete Mathematics, Graph Theory,
Algebraic Topology and Algebra Fiber Bundles.

Department of Mathematics, Al-Leith University College, Umm Al Qura University, King-
dom of Saudi Arabia.
e-mail: hafranQuqu.edu.sa

K. Kamalakshi received M.Sc. from Mangalore University, Mangaluru, Karnataka, India
in 2015. Her research interests includes Fiber Bundles of Algebras.

Department of Mathematics, Field Marshal K.M. Cariappa College (A Constituent College
of Mangalore University), Madikeri-571 201, India.
e-mail: kamalakshiaithal@yahoo.com

R. Rajendra received M.Sc., M.Phil. and Ph.D. degrees from University of Mysore,
Mysuru, India in the years 2003, 2004 and 2009 respectively. His primary research interests
include Algebra Fiber Bundles, Discrete Mathematics, Chemical Graph Theory, Differential
Geometry and Algebraic Number Theory.

Department of Mathematics, Field Marshal K.M. Cariappa College (A Constituent College
of Mangalore University), Madikeri-571 201, India.
e-mail: rrajendrarQgmail.com

P. Siva Kota Reddy received M.Sc. and Ph.D. degrees from University of Mysore, Mysuru,
India in the years 2005 and 2009 respectively. In the year 2016, Dr. Reddy received his
D.Sc. degree in Mathematics from Berhampur University, Berhampur, India. His primary
research interests include Discrete Mathematics, Chemical Graph Theory, Real Functions,
Differential Geometry, Algebraic Number Theory and Algebra Fiber Bundles.

Department of Mathematics, JSS Science and Technology University, Mysuru-570 006,
India.
e-mail: pskreddy@jssstuniv.in





