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CERTAIN DIFFERENTIAL IDENTITIES IN PRIME RINGS

WITH ANTI-AUTOMORPHISMS

Abbas Hussain Shikeh and Mohammad Aslam Siddeeque

Abstract. The objective of this paper is to study some central identities

involving generalized derivations and anti-automorphisms in prime rings.
Using the tools of the theory of functional identities, several known results

have been generalized as well as improved.

1. Introduction

Throughout this paper, we tacitly assume that A is a prime ring with center
Z(A). A ring A is called prime if for any x, y ∈ A, whenever xAy = {0} implies
that either x = 0 or y = 0. A ring A is n-torsion free if for any x ∈ A, nx = 0
implies x = 0. We denote the maximal left (resp. right) ring of quotients of A
by Qml(A) (resp. Qmr(A)), and the maximal symmetric ring of quotients of A
by Qms(A). It is well known that A ⊆ Qms(A) ⊆ Qml(A). The super rings
Qms(A) and Qml(A) are also prime, and have the same centre C, known as the
extended centroid of A. Moreover C = {λ ∈ Qms(A) |λa = aλ for all a ∈ A}
and A is prime if and only if C is a field. For x ∈ A, we write deg(x) = n
if x is algebraic of minimal degree n over C and deg(x) = ∞ otherwise. For
a nonempty subset M of A, we define deg(M) = sup{deg(y) | y ∈ M}. For
details one may refer to [7].

An additive map ‘∗’: A → A is called an involution if (ab)∗ = b∗a∗ and
(a∗)∗ = a for all a, b ∈ A, that is, an involution ‘∗’ onA is an anti-automorphism
of period 1 or 2. An involution ‘∗’ on A is called symplectic if a+a∗ ∈ Z(A) for
all a ∈ A. For example in the ring of real quaternions the conjugation map is a
symplectic involution. A ring A is said to be a ∗-ring if A admits an involution
‘∗’. The set K(A) = {a ∈ A | a∗ = −a} is known as the set of skew-symmetric
elements of A. For details on involution one may refer to [18]. For x, y ∈ A,
we denote the commutator xy − yx by [x, y], anti-commutator xy + yx by
x ◦ y and xy − yxτ by [x, y]τ , where τ is an anti-automorphism of A. For a
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positive integer n and x, y ∈ A, [x, y]n = [[x, y], y]n−1, where [x, y]0 = x and
[x, y]1 = xy − yx.

It is well known that any anti-automorphism of A can be uniquely extended
to an anti-automorphism of Qms(A) and hence can also be viewed as an anti-
automorphism of C. An anti-automorphism τ of A is said to be of the first kind
if it induces the identity map on C and of the second kind otherwise. Also, τ
is said to be of the first kind on Z(A) if ατ = α for all α ∈ Z(A) otherwise of
the second kind on Z(A). Note that if A is a ∗-ring and α∗ ̸= α ∈ Z(A), then
0 ̸= β = α∗ −α ∈ K(A)∩Z(A). Therefore, if A is a 2-torsion free ∗-ring, then
‘∗’ is of the second kind on Z(A) if and only if K(A) ∩ Z(A) ̸= {0}.

An additive map f : A → Qml(A) is called a derivation if f(ab) = af(b) +
f(a)b for all a, b ∈ A. An additive map F : A → Qml(A) is called a generalized
derivation if there exists a derivation f : A → Qml(A) such that F(ab) =
af(b) + F(a)b for all a, b ∈ A. Note that if A is a prime ring and F : A →
Qml(A) is a generalized derivation, then there exists a unique derivation f :
A → Qml(A) associated with F . Moreover a map ϕ : A → Qml(A) is called
centralizing (resp. commuting) on B ⊆ A if [ϕ(a), a] ∈ C (resp. [ϕ(a), a] = 0)
for every a ∈ B.

Many results in the literature indicate how the structure of the ring A and
of the mappings defined on A are intimately related to the algebraic identi-
ties satisfied by appropriate subsets of A. The most remarkable result in this
direction was obtained by Posner [35], who proved that the existence of the
nonzero centralizing derivation on a prime ring A forces A to be commutative.
This result was extended by Lanski to Lie ideals [22, Theorem 2]. Starting
from this result, several authors studied the relationship between the structure
of a (semi)prime ring A and the behaviour of the additive maps defined on A
satisfying some identities. For example, Brešar [9, Theorem 4.1] proved that a
prime ring A is commutative if there exist derivations f, g : A → A such that
f(a)a − ag(a) ∈ Z(A) holds for every a ∈ K, where K is a nonzero left ideal
of A and g ̸= 0. Herstein [19] proved that if A is a 2-torsion free prime ring
and f : A → A is a derivation such that [f(a), f(b)] = 0 for all a, b ∈ A, then
A is commutative. Fošner et al. [17, Theorem 2.7] proved that if A is a prime
ring of characteristic different from two and F ,G : A → A are generalized
derivations satisfying the relation F(a)G(a)−G(a)F(a) = 0 for all a ∈ A, then
either F = 0 or G = 0. For other results see [5,9,11,14,15,17,20,27,38,39] and
the references therein.

On the other hand several authors studied derivations and generalized deriva-
tions in the setting of prime ∗-rings. For instance Ali et al. [1, Main Theorem],
proved that if A is a 2-torsion free prime ring equipped with an involution ‘∗’
and d : A → A is a derivation such that [d(a), a∗] ∈ Z(A) for all a ∈ A and
d(K(A) ∩ Z(A)) ̸= {0}, then A is commutative. Nejjar et al. [30, Theorem
3.7] obtained that if A is a 2-torsion free prime ring with an involution ‘∗’
of the second kind on Z(A) and d : A → A is a nonzero derivation such that
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[d(a), a∗] ∈ Z(A) for all a ∈ A or d(a)◦a∗ ∈ Z(A) for all a ∈ A, then A is com-
mutative. In an attempt to generalize this result, Mamouni et al. [29, Theorems
2.1 and 2.2] proved that if A is a 2-torsion free noncommutative prime ring with
an involution ‘∗’ of the second kind on Z(A) and f, g : A → A are derivations
such that f(a)a∗ − a∗g(a) ∈ Z(A) for all a ∈ A or f(a∗)a − a∗g(a) ∈ Z(A)
for all a ∈ A, then f = g = 0. Ali et al. [3] proved that a 2-torsion free
prime ring A equipped with an involution ‘∗’ of the second kind on Z(A) is
commutative if there exists a nonzero derivation f : A → A such that either
of the following conditions holds: f([a, a∗]) = 0 for all a ∈ A; f(a ◦ a∗) = 0
for all a ∈ A; f(aa∗) ± aa∗ = 0 for all a ∈ A; f(aa∗) ± a∗a = 0 for all a ∈ A;
f(a)f(a∗)− aa∗ = 0 for all a ∈ A; f(a)f(a∗)− a∗a = 0 for all a ∈ A. Zemzami
et al. [41, Theorem 2(1)] proved that if A is a 2-torsion free prime ring with
an involution ‘∗’ of the second kind on Z(A) and F : A → A is a nonzero
generalized derivation such that [F(a), a∗] ∈ Z(A) for all a ∈ A, then A is
commutative. In 2021, Oukhtite and Zemzami [34, Theorem 2.4(1)] proved
that if A is a 2-torsion free prime ring with an involution ‘∗’ of the second kind
on Z(A) and F : A → A is a nonzero generalized derivation with f : A → A
as associated derivation such that F([a, a∗])− [f(a), a∗] ∈ Z(A) for all a ∈ A,
then A is commutative. Recently, Ali et al. [4, Theorem 4] obtained that if A
is a 2-torsion free prime ring with involution ‘∗’ of the second kind on Z(A)
and F : A → A is a generalized derivation such that [a,F(a∗)]∗ ± [a, a∗]∗ ∈ C
for all a ∈ A, then either A is commutative or F(a) = ∓a for all a ∈ A. For
other results see [1,2,4,8,12,13,21,28–33] and the references therein. Note that
in all these cited results, involution ‘∗’ is assumed to be of the second kind on
Z(A).

The main purpose of the paper is to characterize generalized derivations in
prime rings with anti-automorphisms satisfying some algebraic identities. More
precisely, we characterize generalized derivations (F , f), (G, g) : A → Qml(A),
where A is a noncommutative prime ring with an anti-automorphism τ of the
second kind, satisfying any one among the following conditions:

(i) F(a)aτ − aG(aτ ) ∈ C for all a ∈ A.
(ii) F(a)aτ − aτG(a) ∈ C for all a ∈ A.
(iii) F([a, aτ ])− [f(a), aτ ] ∈ C for all a ∈ A.
(iv) F(aaτ )− aτa ∈ C for all a ∈ A.
(v) F(aaτ )− aaτ ∈ C for all a ∈ A.
(vi) [a,F(aτ )]τ ± [a, aτ ]τ ∈ C for all a ∈ A.

In fact our results generalize as well as improve [3, Theorems 2.4-2.5], [4, The-
orem 4], [1, Main Theorem], [28, Theorem 1(1) and (2)], [29, Theorems 2.1
and 2.2], [30, Theorem 3.7], [34, Theorem 2.4(1)] and [41, Theorem 2(1)] in the
following directions.

(i) We prove our results without any restriction on the characteristic of
ring.
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(ii) We prove our results for any anti-automorphism τ of the second kind
instead of involution ‘∗’ of the second kind on Z(A).

(iii) We will take generalized derivations from A to Qml(A) instead of A to
A.

2. Preliminary results

For the establishment of our results we fix some notations and recall the
definition of a d-free subring (see [10, Definition 3.1]). Let Q be a unital ring
with center C and A be a subring of Q. For a fixed positive integer p, we let
āp = (a1, a2, . . . , ap) ∈ Ap,

āip = (a1, . . . , ai−1, ai+1, . . . , ap) ∈ Ap−1

and for 1 ≤ i < j ≤ p,

āijp = ājip = (a1, . . . , ai−1, ai+1, . . . , aj−1, aj+1, . . . , ap) ∈ Ap−2.

Let I,J ⊆ {1, 2, . . . , p} and Ei, Fj : Ap−1 → Q be arbitrary maps, where
i ∈ I, j ∈ J . Consider the following functional identity

(2.1)
∑
i∈I

Ei(ā
i
p)ai +

∑
j∈J

ajFj(ā
j
p) ∈ V

for all āp ∈ Ap, where V ∈ {0, C} and the following standard solutions

Ei(ā
i
p) =

∑
j∈J ,j ̸=i

ajfij(ā
ij
p ) + λi(ā

i
p),

Fj(ā
j
p) = −

∑
i∈I,i̸=j

fij(ā
ij
p )ai − λj(ā

j
p),(2.2)

λk = 0 if k /∈ I ∩ J ,

where fij : A
p−2 → Q and λi : A

p−1 → C.

Definition 2.1. A ring A is called a d-free subring of Q, where d is a positive
integer, if for all I,J ⊆ {1, 2, . . . , p} and p ≥ 1 the following two conditions
are satisfied:

(i) If V = 0 and max {|I|, |J |} ≤ d, then (2.1) implies (2.2).
(ii) If V = C and max {|I|, |J |} ≤ d− 1, then (2.1) implies (2.2).

Note that by [10, Lemma 3.2(vii)] if all Ei’s and Fj ’s are (p − 1)-additive,
then all fij ’s are (p− 2)-additive and all the λi’s are (p− 1)-additive.

The following lemmas play a pivotal role in the proof of our main results.

Lemma 2.1 ([10, Corollary 5.12]). Let A be a prime ring, and let d be a positive
integer. Then A is a d-free subring of Qml(A) if and only if deg(A) ≥ d.

Lemma 2.2 ([10, Corollary 5.13]). A prime ring A is a d-free subring of
Qml(A) for every positive integer d if and only if deg(A) = ∞, that is, A is
not a PI-ring.
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Lemma 2.3 ([26, Theorem 2.1]). Let A be a prime ring with an anti-auto-
morphism τ of the second kind. Suppose that Eik, Fj1 : Ap−1 → Qml(A) are
(p− 1)-additive maps such that

p∑
i=1

Ei1(ā
i
p)ai +

p∑
i=1

Ei2(ā
i
p)a

τ
i +

p∑
j=1

ajFj1(ā
j
p) ∈ C

for all āp ∈ Ap, where 1 ≤ i, j ≤ p and k = 1, 2. If A is not a PI-ring, then
there exist a nonzero ideal J of A, (p−2)-additive maps hikl1 : J p−2 → Qml(A)
and (p− 1)-additive maps µi1 : J p−1 → C such that

Ei1(ā
i
p) =

p∑
1≤j≤p
j ̸=i

ajhi1j1(ā
ij
p ) + µi1(ā

i
p),

Ei2(ā
i
p) =

∑
1≤j≤p
j ̸=i

ajhi2j1(ā
ij
p ),

Fj1(ā
j
p) = −

∑
1≤i≤p
i ̸=j

hi1j1(ā
ij
p )ai −

∑
1≤i≤p
i ̸=j

hi2j1(ā
ij
p )a

τ
i − µj1(ā

j
p)

for all āp ∈ J p, where 1 ≤ i, j ≤ p and k = 1, 2. Moreover, if Ei1 = 0 for all
1 ≤ i ≤ p, then hi1j1 = 0 and µi1 = 0 for 1 ≤ i, j ≤ p.

Lemma 2.4 ([37, Theorem 2.1]). Let A be a (d + 1)-free prime ∗-ring and
I,J ,K,L ⊆ {1, 2, . . . , p}. Let Ei, Fj , Gk, Hl : Ap−1 → Qml(A) be arbitrary
maps, where i ∈ I, j ∈ J , k ∈ K and l ∈ L. Suppose that max {|I| + |K| +
1, |J |+ |L|} ≤ d and∑

i∈I
Ei(ā

i
p)ai +

∑
j∈J

ajFj(ā
j
p) +

∑
k∈K

Gk(ā
k
p)a

∗
k +

∑
l∈L

a∗lHl(ā
l
p) ∈ C

for all āp ∈ Ap. Then there exist unique maps fij , gil, hkj , rkl : A
p−2 → Qml(A)

and λi, µk : Ap−1 → C such that

Ei(ā
i
p) =

∑
j∈J ,j ̸=i

ajfij(ā
ij
p ) +

∑
l∈L,l ̸=i

a∗l gil(ā
il
p ) + λi(ā

i
p),

Fj(ā
j
p) = −

∑
i∈I,i̸=j

fij(ā
ij
p )ai −

∑
k∈K,k ̸=j

hkj(ā
kj
p )a∗k − λj(ā

j
p),

Gk(ā
k
p) =

∑
j∈J ,j ̸=k

ajhkj(ā
kj
p ) +

∑
l∈L,l ̸=k

a∗l rkl(ā
kl
p ) + µk(ā

k
p),

Hl(ā
l
p) = −

∑
i∈I,i̸=l

gil(ā
il
p )ai −

∑
k∈K,k ̸=l

rkl(ā
kl
p )a∗k − µl(ā

l
p),

λk = 0 if k /∈ I ∩ J and µk = 0 if k /∈ K ∩ L.

If all Ei’s, Fj’s, Gk’s and Hl’s are (p− 1)-additive, then all fij’s, gil’s, hkj’s,
rkl’s are (p− 2)-additive and all the λi’s, µk’s are (p− 1)-additive.
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Lemma 2.5. Let A be a prime PI-ring with an anti-automorphism τ . Then τ
is of the first kind if and only if τ is of the first kind on Z(A).

Proof. By [10, Theorem C.1], dimCAC < ∞. Therefore AC = Qml(A), Z(A) ̸=
{0} and any element in AC is of the form a

α , for some a ∈ A and some nonzero
α ∈ Z(A) (see [36, Corollary 1]). Now if τ is of the first kind on Z(A), then
clearly τ can be uniquely extended to an anti-automorphism of AC, denoted
by τ also, by defining ( aα )

τ = aτ

α for a ∈ A and 0 ̸= α ∈ Z(A). Therefore τ is
of the first kind. The converse part holds trivially. □

Lemma 2.6 ([24, Corollary 1.2]). Let A be a semiprime ring, and let τ be a
surjective anti-homomorphism of A. Then the following are equivalent:

(i) [aτ , a] = 0 for all a ∈ A.
(ii) aaτ ∈ Z(A) for all a ∈ A.
(iii) a+ aτ ∈ Z(A) for all a ∈ A.

Lemma 2.7. Let A be a noncommutative prime ring with an anti-automorph-
ism τ . Then τ is of the first kind if any one of the following holds:

(i) [aτ , a] ∈ Z(A) for all a ∈ A.
(ii) aaτ ∈ Z(A) for all a ∈ A.
(iii) a+ aτ ∈ Z(A) for all a ∈ A.

Proof. If [aτ , a] ∈ Z(A) for all a ∈ A, then [aτ , a]2 = 0 for all a ∈ A. In view
of [16, Theorem 1.1] it follows that τ is a commuting anti-automorphism of A.
Therefore by Lemma 2.6, (i), (ii) and (iii) are equivalent. Also for any a ∈ A,
we have a2−(a+aτ )a+aaτ = 0. By [40, Lemma 2.1], it follows that A satisfies
a polynomial identity with coefficients ±1. Thus A is a PI-ring. Hence in view
of Lemma 2.5, it suffices to prove that if τ is commuting, then τ is of the first
kind on Z(A). Now by [23, Lemma 2.8], τ is an involution of A. Hence by [30
Lemma 2.1], τ is of the first kind on Z(A). □

The following result characterizes the elements of C if A is a noncommutative
prime ring of characteristic different from 2 and admits an anti-automorphism
τ .

Corollary 2.1. Let A be a noncommutative prime ring with an anti-auto-
morphism τ satisfying any one of the following conditions:

(i) [aτ , a] ∈ Z(A) for all a ∈ A.
(ii) aaτ ∈ Z(A) for all a ∈ A.
(iii) a+ aτ ∈ Z(A) for all a ∈ A.

If char(A) ̸= 2, then α ∈ C if and only if ατ = α.

Proof. The direct part follows from Lemma 2.7. For the converse part first
note that by Lemma 2.6 and [16, Theorem 1.1], (i), (ii) and (iii) are equivalent.
Hence in each case, [a+ aτ , b] = 0 for all a, b ∈ A. Now applying [7, Theorem
6.4.6], we find that a+aτ ∈ Z(A) for all a ∈ Qs(A). Therefore if ατ = α, then
from the previous relation, we infer that α ∈ C. □
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The following example demonstrates that the above corollary does not hold
if char(A) = 2.

Example 2.1. Consider the ring M2(F) of all 2× 2 matrices over any field F
of characteristic 2 with an anti-automorphism τ given by [ α1 α2

α3 α4
]
τ
= [ α4 α2

α3 α1
].

Then the elements of the form
[

0 α2
α3 0

]
, α2 ̸= 0, are noncentral which are fixed

by τ .

Lemma 2.8. Let A be a noncommutative prime ring with an anti-automorph-
ism τ , and let J be a nonzero ideal of A. Suppose that q, q1 ∈ Qml(A) such
that q1a

τ = aq for all a ∈ J (or aτq1 = qa for all a ∈ J ). Then q = q1 = 0.

Proof. First assume that qaτ = aq for all a ∈ J . Then baq = bqaτ = q(ab)τ =
abq that is, [a, b]q = 0 for all a, b ∈ J , from which it can be easily deduced that
q = 0. Now suppose that q1a

τ = aq for all a ∈ J . Then (bq)aτ = q1(ab)
τ =

a(bq) for all a, b ∈ J . By above bq = 0 for all b ∈ J . Hence q = 0 which further
gives us q1 = 0. Using similar techniques it can be shown that if aτq1 = qa for
all a ∈ J , then q = q1 = 0. □

3. Main results

In [30, Theorem 3.7(1)], Nejjar et al. improved [1, Main Theorem] and
showed that if A is a 2-torsion free noncommutative prime ring with an in-
volution ‘∗’ of the second kind on Z(A) and f : A → A is a derivation such
that [f(a), a∗] ∈ Z(A) for all a ∈ A, then f = 0. In the following result we shall
improve this result by showing that the torsion restriction and the condition
“∗ is of the second kind on Z(A)” are superfluous.

Proposition 3.1. Let A be a noncommutative prime ring and suppose that
f : A → Qml(A) is a derivation. Then f = 0 if any one of the following holds:

(i) [f(a), a] ∈ C for all a ∈ A.
(ii) A admits an involution ‘∗’ such that [f(a), a∗] ∈ C for all a ∈ A.

Proof. (i) By [27, Theorem 1.1] there exist λ ∈ C and an additive map µ : A →
C such that f(a) = λa + µ(a) for all a ∈ A. Therefore λab + µ(ab) = f(ab) =
f(a)b+ af(b) = λab+ µ(a)b+ λab+ µ(b)a for all a, b ∈ A. Hence

(3.1) λab+ µ(a)b+ µ(b)a ∈ C
for all a, b ∈ A. In particular, we have λa2 + 2µ(a)a ∈ C for all a ∈ A.
Linearizing this, we get

(3.2) λ(ab+ ba) + 2µ(a)b+ 2µ(b)a ∈ C
for all a, b ∈ A. From (3.1) and (3.2), we see that λ[a, b] ∈ C for all a, b ∈ A.
Therefore λ = 0. Hence f(a) ∈ C for all a ∈ A. This gives us f(a)b+af(b) ∈ C
for all a, b ∈ A. Thus f(b)[a, b] = 0 for all a, b ∈ A. By the primeness of
A, we conclude that for each b ∈ A, either f(b) = 0 or b ∈ Z(A). The sets
{b ∈ A | f(b) = 0} and {b ∈ A | b ∈ Z(A)} form additive subgroups of A whose
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union is A. But a group can not be a set theoretic union of its two proper
subgroups. Therefore f = 0.

(ii) Suppose [f(a), a∗] ∈ C for all a ∈ A. Then [f(a∗), a] ∈ C for all a ∈ A.
Now in view of [27, Theorem 1.1], it follows that there exist λ ∈ C and an
additive map µ : A → C such that f(a) = λa∗ + µ(a∗) for all a ∈ A. Therefore
f(ab) = λb∗a∗ + µ(b∗a∗) for all a, b ∈ A. On the other hand f(ab) = f(a)b +
af(b) = λa∗b+ µ(a∗)b+ λab∗ + µ(b∗)a for all a, b ∈ A. Thus,

(3.3) a(λb∗ + µ(b∗)) + (λa∗ + µ(a∗))b− (λb∗)a∗ ∈ C

for all a, b ∈ A. Now if deg(A) > 3, then by Lemma 2.1, A is 4-free. Therefore,
by Lemma 2.4, there exist q ∈ Qml(A) and an additive map τ : A → C such
that λb∗ − qb = τ(b)− µ(b∗) for all b ∈ A. Applying [6, Corollary 3.4], we get
τ(b) = µ(b∗) for all b ∈ A. Hence λb∗ = qb for all b ∈ A. Invoking Lemma
2.8, we have λ = 0 and hence f(a) ∈ C for all a ∈ A. By (i), we conclude that
f = 0.

Next suppose that deg(A) ≤ 3. Then A is a PI-ring. From (3.3), we have

(3.4) (λb∗ + µ(b∗))a+ b(λa∗ + µ(a∗))− (λa∗)b∗ ∈ C

for all a, b ∈ A. Combining (3.3) and (3.4), we arrive at λ[a, b]+λ[a+a∗, b∗] ∈ C
for all a, b ∈ A. We claim that λ = 0, otherwise we have [a, b] + [a + a∗, b∗] ∈
Z(A) for all a, b ∈ A. Now if α∗ ̸= α for some α ∈ Z(A), then replacing b
by αb in the last relation and using it again, we see that [a, b] ∈ Z(A) for all
a, b ∈ A; which leads to a contradiction that A is commutative. Therefore in
view of Lemma 2.5, we assume that ‘∗’ is of the first kind. Clearly ‘∗’ can
be uniquely extended to an involution of AC, denoted by ‘∗’ also, by defining
( aα )

∗ = a∗

α for a ∈ A and 0 ̸= α ∈ Z(A).
Now let F be the algebraic closure of C. Then, ‘∗’ can be extended uniquely

to an involution on R = AC ⊗C F ∼= Mk(F), where k = deg(A) > 1, denoted
by ‘∗’ also, by defining (∑

i

ai ⊗ αi

)∗
=

∑
i

a∗i ⊗ αi

for ai ∈ AC and αi ∈ F. Now it can be easily verified that

(3.5) [a, b] + [a∗, b+ b∗] ∈ F

holds for all a, b ∈ R. Moreover, ‘∗’ is either the ordinary transpose or the
sympletic involution (see [7, Theorem 4.6.12 and Corollary 4.6.13] and [18] for
details). Now if ‘∗’ is the symplectic involution, then from (3.5), we find that
[a, b] ∈ F for all a, b ∈ R; which leads to a contradiction. Also if ‘∗’ is the
transpose involution, then setting a = e11 and b = e12 in (3.5), we see that
e12 − 2e21 ∈ F; which is a contradiction. Therefore λ = 0 and hence f(a) ∈ C
for all a ∈ R. By (i), we conclude that f = 0. □
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Theorem 3.1. Let A be a noncommutative prime ring with an anti-automorph-
ism τ of the second kind. Suppose that (F , f), (G, g) : A → Qml(A) are gener-
alized derivations such that

(3.6) F(a)aτ − aG(aτ ) ∈ C

for all a ∈ A. Then there exists q ∈ Qml(A) such that F(a) = aq and G(a) = qa
for all a ∈ A.

Proof. Linearizing (3.6), we have

(3.7) F(a)bτ + F(b)aτ − aG(bτ )− bG(aτ ) ∈ C

for all a, b ∈ A. Firstly we deal with the case when A is not a PI-ring. By
Lemma 2.3, it follows that there exist q ∈ Qml(A) and a nonzero ideal J of A
such that F(a) = aq and G(aτ ) = qaτ for all a ∈ J . Now let a ∈ J and b ∈ A.
Then, we have abq = F(ab) = aqb + af(b). This gives us f(b) = [b, q] and
hence baq = F(ba) = F(b)a+ bf(a) = F(b)a+ baq − bqa. Therefore F(b) = bq
for all b ∈ A. Also for any a ∈ A and b ∈ J , we have qbτaτ = G(bτaτ ) =
qbτaτ + bτg(aτ ). Therefore g = 0 and hence G(a) = qa for all a ∈ A.

Next assume that A is a PI-ring. Then by Lemma 2.5, τ is of the second
kind on Z(A). Let α ∈ Z(A) be such that ατ ̸= α. Substituting αb for b in
(3.7), we have

ατF(a)bτ + αF(b)aτ + f(α)baτ − ατaG(bτ )− g(ατ )abτ − αbG(aτ ) ∈ C(3.8)

for all a, b ∈ A. Multiplying (3.7) by α and subtracting from (3.8), we arrive
at

(3.9) F(a)bτ − aG(bτ ) + βbaτ − γabτ ∈ C

for all a, b ∈ A, where β = (ατ − α)−1f(α) ∈ C and γ = (ατ − α)−1g(ατ ) ∈ C.
We claim that β = γ = 0, otherwise we have the following cases:
Case I. When β = 0 and γ ̸= 0 or β ̸= 0 and γ = 0. In this situation putting
b = a in (3.9), we get aaτ ∈ Z(A) for all a ∈ A. By Lemma 2.7, this is a
contradiction.
Case II. When β ̸= 0 and γ ̸= 0. Setting b = a in (3.9), we get (β− γ)aaτ ∈ C
for all a ∈ A. Hence β = γ. So from (3.9), we have

(3.10) F(a)bτ − aG(bτ ) + β(baτ − abτ ) ∈ C

for all a, b ∈ A. Replacing b by αb in (3.10) and using it again, we have
g(ατ )abτ − β(α − ατ )baτ ∈ C for all a, b ∈ A. Now replacing b by α here, we
find that τ is commuting, which is not possible by Lemma 2.7.

Therefore β = γ = 0 and hence from (3.9), we have

(3.11) F(a)b− aG(b) ∈ C

for all a, b ∈ A. In particular F(a)a−aG(a) ∈ C for all a ∈ A. According to [25,
Theorem 1.1] there exist q1 ∈ Qml(A), β ∈ C and additive maps ζ, µ : A → C
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such that F(a) = aq1 + ζ(a) and G(a) = (q1 + β)a+ µ(a) for all a ∈ A. Using
these relations in (3.11), we arrive at

(3.12) ζ(a)b− µ(b)a− βab ∈ C
for all a, b ∈ A. Therefore, we have

(3.13) (ζ(a)− βa)[b, a] = 0

for all a, b ∈ A. Replacing b by cb in (3.13), we have (ζ(a) − βa)A[b, a] = {0}
for all a, b ∈ A. Therefore for every a ∈ A either ζ(a) = βa or a ∈ Z(A). Let
M = {a ∈ A | ζ(a) = βa} and N = {a ∈ A | a ∈ Z(A)}. Then M and N
are additive subgroups of A whose union is A. But a group can not be a set
theoretic union of its two proper subgroups. Hence ζ(a) = βa for all a ∈ A.
Using this in (3.12), we find that µ = 0. Thus F(a) = aq and G(a) = qa for all
a ∈ A, where q = q1 + β. This completes the proof. □

Corollary 3.1 ([29, Theorem 2]). Let A be a 2-torsion free noncommutative
prime ring with involution ‘∗’ of the second kind on Z(A). Then there exist no
nonzero derivations d1, d2 : A → A such that d1(a

∗)a− a∗d2(a) ∈ Z(A) for all
a ∈ A.

Now using similar techniques as in the proof of Theorem 3.1, with necessary
alterations and applying Lemma 2.4 instead of Lemma 2.3, we can prove the
following.

Theorem 3.2. Let A be a noncommutative prime ring with an involution
‘∗’ and let (F , f), (G, g) : A → Qml(A) be generalized derivations such that
F(a)a∗ − a∗G(a) ∈ C for all a ∈ A. If either deg(A) > 3 or ‘∗’ is of the second
kind, then there exists q ∈ Qml(A) such that F(a) = aq and G(a) = qa for all
a ∈ A.

Theorem 3.3. Let A be a noncommutative prime ring with an anti-automorph-
ism τ of the second kind. Suppose that (F , f), (G, g) : A → Qml(A) are gener-
alized derivations such that

(3.14) F(a)aτ + aτG(a) ∈ C
for all a ∈ A. Then F = G = 0.

Proof. Let θ = τ−1. Then from (3.14), we have

(3.15) F(aθ)a+ aG(aθ) ∈ C
for all a ∈ A. Linearizing (3.15), we have

(3.16) F(aθ)b+ F(bθ)a+ aG(bθ) + bG(aθ) ∈ C
for all a, b ∈ A. First suppose that A is not a PI-ring. Then by Lemma 2.2,
A is d-free for every positive integer d. Hence there exist q1 ∈ Qml(A) and an
additive map µ : A → C such that F(aθ) = aq1 + µ(a). Thus F(aθ)− aq1 ∈ C,
which further gives us F(b)aθ + bf(aθ) − a(bτq1) ∈ C for all a, b ∈ A. By
Lemma 2.3, it follows that there exist q2 ∈ Qml(A) and a nonzero ideal J of A
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such that F(b) = bq2 and f(b) = −q2b
θ for all b ∈ J . This yields that q2 = 0

and hence F = 0. Therefore from (3.16), we have aG(bθ) + bG(aθ) ∈ C for all
a, b ∈ A. Now applying Lemma 2.2, we conclude that G = 0.

Next assume that A is a PI-ring. In view of Lemma 2.5, it follows that there
exists α ∈ Z(A) such that ατ ̸= α. Linearizing (3.14), we have

(3.17) F(a)bτ + F(b)aτ + aτG(b) + bτG(a) ∈ C

for all a, b ∈ A. Substituting αb for b in (3.17), we have

ατF(a)bτ + αF(b)aτ + f(α)baτ + αaτG(b) + g(α)aτ b+ ατ bτG(a) ∈ C(3.18)

for all a, b ∈ A. From (3.17) and (3.18), we deduce that

F(a)bτ + bτG(a) + βbaτ + γaτ b ∈ C(3.19)

for all a, b ∈ A, where β = (ατ − α)−1f(α) ∈ C and γ = (ατ − α)−1g(α) ∈ C.
We claim that β = γ = 0, otherwise we have the following cases:

Case I. When β = 0 and γ ̸= 0 or β ̸= 0 and γ = 0. In this situation putting
b = a in (3.19), we get aaτ ∈ Z(A) for all a ∈ A; which by Lemma 2.7, leads
to a contradiction.
Case II. β ̸= 0 and γ ̸= 0. Setting b = a in (3.19), we get (β + γ)aaτ ∈ C for
all a ∈ A. In view of Lemma 2.7, we infer that β = −γ. Thus replacing b by
a in (3.19), we see that [aτ , a] ∈ Z(A) for all a ∈ A which is not possible by
Lemma 2.7.

Therefore β = γ = 0 and hence from (3.19), we have

(3.20) F(a)b+ bG(a) ∈ C

for all a, b ∈ A. Setting b = α in (3.20), we see that (F + G)(a) ∈ C for all
a ∈ A. By [20, Lemma 3], F = −G and hence [F(a), b] ∈ C for all a, b ∈ A.
Invoking [27, Theorem 1.1], it follows that there exist λ ∈ C and an additive
map µ : A → C such that F(a) = λa+µ(a) for all a ∈ A. Therefore λ[a, b] = 0
for all a, b ∈ A. And, hence λ = 0. Thus F(a) ∈ C for all a ∈ A, whence by
[20, Lemma 3], we conclude that F = 0. This completes the proof. □

Corollary 3.2 ([29, Theorem 1]). Let A be a 2-torsion free noncommutative
prime ring with an involution ‘∗’ of the second kind on Z(A). If d1, d2 : A → A
are derivations such that d1(a)a

∗ − a∗d2(a) ∈ Z(A) for all a ∈ A, then d1 =
d2 = 0.

Now using similar techniques as in the proof of Theorem 3.3 and applying
Lemma 2.4 instead of Lemma 2.3, one can prove the following result.

Theorem 3.4. Let A be a noncommutative prime ring with involution ‘∗’ and
let (F , f), (G, g) : A → Qml(A) be generalized derivations such that F(a)a∗ −
aG(a∗) ∈ C for all a ∈ A. If either deg(A) > 3 or ‘∗’ is of the second kind,
then F = G = 0.
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Theorems 3.1 and 3.3 do not hold if τ is of the first kind. For if A = H
is the ring of real quaternions and anti-automorphism τ is the conjugate map.
Then for fixed nonzero q ∈ H, maps F ,G : H → H given by F(a) = qa and
G(a) = −aq̄ are generalized derivations such that F(a)aτ − aG(aτ ) ∈ R and
F(a)aτ − aτG(a) ∈ R, where R denotes the field of real numbers. However, F
and G are not of the forms as described in Theorems 3.1 and 3.3.

Theorem 3.5. Let A be a noncommutative prime ring with an anti-automorph-
ism τ of the second kind. Suppose that there exists a generalized derivation
(F , f) : A → Qml(A) such that

(3.21) F([a, aτ ])− [f(a), aτ ] ∈ C
for all a ∈ A. Then F = 0.

Proof. From (3.21), we have

(3.22) F(a)aτ + af(aτ )−F(aτ )a− f(a)aτ ∈ C
for all a ∈ A. Linearizing (3.22), we have

(3.23) (F(a)−f(a))bτ+(F(b)−f(b))aτ+af(bτ )+bf(aτ )−F(aτ )b−F(bτ )a ∈ C
for all a, b ∈ A. First suppose that A is not a PI-ring. Then applying Lemma
2.3, it follows that there exist q ∈ Qml(A) and a nonzero ideal J of A such
that F(a) − f(a) = aq for all a ∈ J . Now it can be easily verified that
F(a) − f(a) = aq for all a ∈ A. Substituting F(a) = aq + f(a) in (3.23), we
arrive at

a(f(bτ ) + qbτ ) + b(f(aτ ) + qaτ )− (f(aτ ) + aτq)b− (f(bτ ) + bτq)a ∈ C
for all a, b ∈ A. Now, by Lemma 2.2, A is d-free for every positive integer
d. Hence there exist q1 ∈ Qml(A) and an additive map µ : A → C such that
qaτ+f(aτ ) = q1a+µ(a) for all a ∈ A. Therefore (f(a)+qa)b+af(b)−(q1b

θ)aθ ∈
C for all a, b ∈ A, where θ = τ−1. Applying Lemma 2.3, it follows that there
exist q2 ∈ Qml(A) and a nonzero ideal J ofA such that q1b

θ = bq2 for all b ∈ J .
Thus by Lemma 2.8, we infer that q1 = q2 = 0. Therefore, f(a) + qa ∈ C for
all a ∈ A which further, in view of [20, Lemma 3], gives us f(a) = −qa for all
a ∈ A. Hence f = 0. Therefore from (3.23), we have

F(a)bτ + F(b)aτ −F(aτ )b−F(bτ )a ∈ C
for all a, b ∈ A. Invoking Lemma 2.3, we conclude that there exist q1, q2 ∈
Qml(A), a nonzero ideal J of A and an additive map µ : J 7→ C such that
F(a) = aq2 and F(aτ ) = aq1+µ(a) for all a ∈ J . Therefore aq2−aθq1 ∈ C for
all a ∈ J , where θ = τ−1. Hence abq2−bθaθq1 ∈ C, that is, a(bτq2)−b(aθq1) ∈ C
for all a, b ∈ J . By Lemma 2.2, we infer that q2 = 0. Consequently, F = 0.

Next suppose that A is a PI-ring. Then by Lemma 2.5, ατ ̸= α for some
α ∈ Z(A). Replacing b by αb in (3.23), we get

ατ (F(a)− f(a))bτ + α(F(b)− f(b))aτ + f(ατ )abτ + ατaf(bτ )

+ αbf(aτ )− αF(aτ )b− ατF(bτ )a− f(ατ )bτa ∈ C
(3.24)
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for all a, b ∈ A. From (3.23) and (3.24), we deduce that

(ατ − α)(F(a)− f(a))bτ + f(ατ )abτ + (ατ − α)af(bτ )

− (ατ − α)F(bτ )a− f(ατ )bτa ∈ C
(3.25)

for all a, b ∈ A. If f(ατ ) = 0, then (3.25) gives us

(3.26) (F(a)− f(a))b+ af(b)−F(b)a ∈ C

for all a, b ∈ A. Now setting b = a in (3.26), we find that [f(a), a] ∈ C. Applying
Proposition 3.1, we infer that f = 0. Therefore F([a, b]) ∈ C for all a, b ∈ A.
Now let x be a noncentral element of A. Then F([a, xa]) = F([a, x])a ∈ C for
all a ∈ A. Therefore for each a ∈ A either a ∈ Z(A) or F([a, x]) = 0. By
the standard argument, we must have F([a, x]) = 0 for all a ∈ A and hence
F(a)[b, x] = F([ab, x]) = 0 for all a, b ∈ A. Now it can be easily deduced that
F = 0. Next if f(ατ ) ̸= 0, then substituting αa for a in (3.22) and using it
again, we find that [a, b] = 0 for all a, b ∈ A, which is a contradiction. □

Corollary 3.3 ([34, Theorem 2.4(1)]). Let A be a 2-torsion free prime ring
with an involution ‘∗’ of the second kind on Z(A) and F : A → A be a
nonzero generalized derivation associated with a derivation f : A → A such
that F([a, a∗])− [f(a), a∗] ∈ Z(A) for all a ∈ A. Then A is commutative.

The following result generalizes as well as improves [3, Theorems 2.4-2.5].

Theorem 3.6. Let A be a noncommutative prime ring with an anti-automorph-
ism τ of the second kind. Suppose that (F , f) : A → Qml(A) is a generalized
derivation such that

(3.27) F(aaτ )− aaτ ∈ C

for all a ∈ A. Then F(a) = a for all a ∈ A. Moreover, there exists no
generalized derivation (F , f) : A → Qml(A) such that

(3.28) F(aaτ )− aτa ∈ C

for all a ∈ A.

Proof. From (3.27), we have

(3.29) F(a)aτ + af(aτ )− aaτ ∈ C

for all a ∈ A. Linearizing (3.29), we have

(3.30) (F(a)− a)bτ + (F(b)− b)aτ + af(bτ ) + bf(aτ ) ∈ C

for all a, b ∈ A. Firstly we deal with the case when A is not a PI-ring. Applying
Lemma 2.3, it follows that there exist q ∈ Qml(A) and a nonzero ideal J of
A such that F(a) − a = aq for all a ∈ J . Now it can be easily seen that
F(a) = a+ aq for all a ∈ A. Using this in (3.27), we find that aaτq ∈ C for all
a ∈ A. Replacing a by a+ b in the last relation, we get a(bτq) + b(aτq) ∈ C for
all a, b ∈ A. Using Lemma 2.2, we conclude that q = 0.
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Next assume that A is a PI-ring. Then by Lemma 2.5, ατ ̸= α for some
α ∈ Z(A). Substituting αb for b in (3.30), we obtain

ατ (F(a)− a)bτ + αF(b)aτ + f(α)baτ − αbaτ + ατaf(bτ )

+ f(ατ )abτ + αbf(aτ ) ∈ C
(3.31)

for all a, b ∈ A. From (3.30) and (3.31), we find that

(3.32) (α−ατ )F(b)aτ+f(α)baτ−(α−ατ )baτ+f(ατ )abτ+(α−ατ )bf(aτ ) ∈ C

for all a, b ∈ A. Now if f(ατ ) = 0 and f(α) = 0, then from (3.32), we find that
F(ba)− ba ∈ C for all a, b ∈ A. Now setting a = b = α in the last relation, we
find that F(α) ∈ C. Hence F(αa)− αa ∈ C gives us [f(a), a] = 0 for all a ∈ A.
Applying Proposition 3.1, it follows that f = 0. Therefore (F(b)− b)a ∈ C for
all a ∈ A, which further gives us F(a) = a for all a ∈ A.

Next if f(ατ ) ̸= 0 and f(α) = 0 or f(ατ ) = 0 and f(α) ̸= 0, then taking
a = b in (3.32), we get aaτ ∈ Z(A) for all a ∈ A, which is not possible by
Lemma 2.7. Finally if f(ατ ) ̸= 0 and f(α) ̸= 0, then from (3.32), we have
(f(α) + f(ατ ))aaτ ∈ C for all a ∈ A. Therefore f(α) = −f(ατ ). Using this in
(3.32), we arrive at

(3.33) F(b)aτ + λ(baτ − abτ )− baτ + bf(aτ ) ∈ C

for all a, b ∈ A, where λ = (α − ατ )−1f(α) ∈ C. Replacing b by αb in (3.33)
and using it again, we get baτ − abτ ∈ C for all a, b ∈ A. Now setting b = α in
the last relation, we see that [aτ , a] = 0 for all a ∈ A, which is a contradiction.

Now suppose on the contrary that there exists a generalized derivation
(F , f) : A → Qml(A) such that (3.28) holds. Then, we have

(3.34) F(a)aτ + af(aτ )− aτa ∈ C

for all a ∈ A. Linearizing (3.34), we have

(3.35) F(a)bτ + F(b)aτ + af(bτ ) + bf(aτ )− aτ b− bτa ∈ C

for all a, b ∈ A. First suppose that A is not a PI-ring. Then applying Lemma
2.3, it follows that there exist q ∈ Qml(A) and a nonzero ideal J of A such
that F(a) = aq for all a ∈ J . Therefore F(a) = aq and f(a) = [a, q] for all
a ∈ A. Using this in (3.35), we see that

b(aτq) + a(bτq)− aτ b− bτa ∈ C

for all a, b ∈ A. Now by Lemma 2.2, we infer that there exist q1 ∈ Qml(A) and
an additive map µ : A → C such that aτq = q1a + µ(a) for all a ∈ A. This
yields, q1a

θ = aq − µ(aθ) and abq − q1b
θaθ ∈ C for all a, b ∈ A, where θ = τ−1.

Hence a(bq) + b(−qaθ) + µ(bθ)aθ + ζ(a)bθ ∈ C for all a, b ∈ A, where ζ = 0.
Applying Lemma 2.3, we infer that there exist p ∈ Qml(A) and a nonzero
ideal J of A such that bq = pbθ for all b ∈ J . By Lemma 2.8, q = p = 0
and so F = 0. Thus from (3.28), we have aaτ ∈ Z(A) for all a ∈ A. Now
by Lemma 2.6, a + aτ ∈ Z(A) for all a ∈ A. Thus for any a ∈ A, we have
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a2 − (a + aτ )a + aaτ = 0. In view of [40, Lemma 2.1], it follows that A is a
PI-ring, which is a contradiction.

Next assume that A is a PI-ring. Then by Lemma 2.5, ατ ̸= α for some
α ∈ Z(A). Substituting αb for b in (3.35), we obtain

ατF(a)bτ + αF(b)aτ + f(α)baτ + ατaf(bτ )

+ f(ατ )abτ + αbf(aτ )− αaτ b− ατ bτa ∈ C
(3.36)

for all a, b ∈ A. From (3.36) and (3.35), we find that

(3.37) (α−ατ )F(b)aτ+f(α)baτ+f(ατ )abτ+(α−ατ )bf(aτ )−(α−ατ )aτ b ∈ C
for all a, b ∈ A. If f(ατ ) = f(α) = 0, then from (3.37), we have F(b)a+bf(a)−
ab ∈ C for all a, b ∈ A. Also it can be easily seen that F(α) ∈ C. Therefore
setting b = α in the last relation, we have [f(a), a] = 0 for all a ∈ A. Hence
by Proposition 3.1, f = 0. Thus F(b)a − ab ∈ C for all a, b ∈ A. Putting
a = α here, we see that F(a)− a ∈ C for all a ∈ A. Therefore by [20, Lemma
3], F(a) = a for all a ∈ A. Hence [a, b] ∈ Z(A) for all a, b ∈ A, which is a
contradiction.

Now if f(ατ ) ̸= 0 and f(α) ̸= 0, then putting b = a in (3.37), we find that
(f(ατ ) + f(α))aaτ ∈ C for all a ∈ A. Thus f(ατ ) = −f(α). Hence setting αa
at a in (3.37) and using it again, we find that abτ + baτ ∈ C for all a, b ∈ A.
Now replacing b by α in the last relation, we have [aτ , a] = 0 for all a ∈ A,
which is a contradiction. Finally if f(ατ ) ̸= 0 and f(α) = 0 or f(ατ ) = 0 and
f(α) ̸= 0, then putting b = a in (3.37), we find that aaτ ∈ Z(A) for all a ∈ A,
which is a contradiction. □

Corollary 3.4 ([28, Theorem 1(1) and (2)]). Let A be a 2-torsion free prime
ring with an involution ‘∗’ of the second kind on Z(A). Let (F , f) : A → A be
a generalized derivation such that either F(aa∗)− aa∗ ∈ Z(A) for all a ∈ A or
F(aa∗)− a∗a ∈ Z(A) for all a ∈ A. Then A is commutative.

Theorem 3.7. Let A be a noncommutative prime ring with an anti-automorph-
ism τ of the second kind. Suppose that (F , f) : A → Qml(A) is a generalized
derivation such that

(3.38) [a,F(aτ )]τ ± [a, aτ ]τ ∈ C
for all a ∈ A. Then F(a) = ∓a for all a ∈ A.

Proof. Linearizing (3.38), we have

(3.39) aF(bτ ) + bF(aτ ) + (a− aτ −F(aτ ))bτ + (b− bτ −F(bτ ))aτ ∈ C
for all a, b ∈ A. Firstly we deal with the case when A is not a PI-ring. Applying
Lemma 2.3, it follows that there exist q ∈ Qml(A) and a nonzero ideal J of A
such that F(aτ ) = qaτ for all a ∈ J . Therefore for every a ∈ A and b ∈ J , we
have qbτaτ + bτf(aτ ) = F((ab)τ ) = qbτaτ . Thus f = 0 and hence F(a) = qa
for all a ∈ A. Using this in (3.39), we arrive at

(3.40) (aθq − qa+ aθ − a)b+ (bθq − qb+ bθ − b)a ∈ C
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for all a, b ∈ A, where θ = τ−1. Now A is not a PI-ring. Therefore by Lemma
2.2, A is d-free for every positive integer d. Consequently, (q+1)a = aτ (q+1)
for all a ∈ A. By Lemma 2.8, q = −1.

Next assume that A is a PI-ring. In view of Lemma 2.5, it follows that there
exists α ∈ Z(A) such that ατ ̸= α. Substituting αb for b in (3.39) and using it
again, we get

(3.41) f(ατ )abτ + (α− ατ )bF(aτ ) + (α− ατ )baτ − f(ατ )bτaτ ∈ C

for all a, b ∈ A. If f(ατ ) = 0, then from (3.41), we have b(F(a) + a) ∈ C for all
a, b ∈ A. Now putting b = α in the previous relation, we find that F(a)+a ∈ C
for all a ∈ A. Therefore, by [20, Lemma 3], we get F(a) = −a for all a ∈ A.
Also if f(ατ ) ̸= 0, then replacing a by αa in (3.38) and using it again, we have

(3.42) aF(aτ ) + λ1aa
τ − λ2(a

τ )2 + aaτ ∈ C

for all a ∈ A, where λ1 = (ατ (α − ατ ))−1αf(ατ ) and λ2 = (α − ατ )−1f(ατ ).
Linearizing this, we get

(3.43) aF(bτ ) + bF(aτ ) + (λ1 + 1)abτ + (λ1 + 1)baτ − λ2a
τ bτ − λ2b

τaτ ∈ C

for all a, b ∈ A. Substituting αb for b in (3.43) and using it again, we have

(3.44) (α− ατ )bF(aτ ) + (λ1 + 1)(α− ατ )baτ + f(ατ )abτ ∈ C

for all a ∈ A. Now it can be easily seen that F(ατ ) ∈ C. Therefore setting
a = α in (3.44), we see that [bτ , b] = 0 for all b ∈ A, which is a contradiction.
Similarly it can be shown that if [a,F(aτ )]τ − [a, aτ ]τ ∈ C for all a ∈ A, then
F(a) = a for all a ∈ A. □

Corollary 3.5 ([4, Theorem 4]). Let A be a 2-torsion free prime ring with
involution ‘∗’ of the second kind on Z(A). If A admits a generalized derivation
(F , f) such that [a,F(a∗)]∗ ± [a, a∗]∗ ∈ C for all a ∈ A, then either A is
commutative or F(a) = ∓a for all a ∈ A.

We conclude this article with the following example which shows that Propo-
sition 3.1 and Theorems 3.1-3.6 do not hold for semiprime rings and hence the
condition of primeness is essential.

Example 3.1. Let A1 be a noncommutative prime ring with commuting anti-
automorphism τ . Also let A2 be a commutative integral domain with noniden-
tity automorphism σ and let δ : A2 → Qml(A2) be any nonzero derivation.
Then the map (a, b) → (aτ , bσ) is an anti-automorphism on A1 × A2 and the
map d : A1 ×A2 → Qml(A1 ×A2) given by d(a, b) = (0, δ(b)) is a derivation.
Here all the hypotheses, except primeness, of Proposition 3.1 and Theorems 3.1-
3.6 are satisfied but conclusions of lemma and theorems do not hold.
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