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TIMELIKE TUBULAR SURFACES OF WEINGARTEN TYPES

AND LINEAR WEINGARTEN TYPES IN MINKOWSKI

3-SPACE

Chenghong He and He-jun Sun

Abstract. Let K, H, KII and HII be the Gaussian curvature, the mean
curvature, the second Gaussian curvature and the second mean curvature

of a timelike tubular surface Tγ(α) with the radius γ along a timelike curve

α(s) in Minkowski 3-space E3
1 . We prove that Tγ(α) must be a (K,H)-

Weingarten surface and a (K,H)-linear Weingarten surface. We also show

that Tγ(α) is (X,Y )-Weingarten type if and only if its central curve is a

circle or a helix, where (X,Y ) ∈ {(K,KII), (K,HII), (H,KII), (H,HII),
(KII , HII)}. Furthermore, we prove that there exist no timelike tubular

surfaces of (X,Y )-linear Weingarten type, (X,Y, Z)-linear Weingarten

type and (K,H,KII , HII)-linear Weingarten type along a timelike curve
in E3

1 , where (X,Y, Z) ∈ {(K,H,KII), (K,H,HII), (K,KII , HII), (H,

KII , HII)}.

1. Introduction

A canal surface is the envelop of a one-parameter set of moving spheres. The
research history of canal surfaces can be traced back to the work of Monge. In
1850, the class of surfaces formed by sweeping a sphere with a radius function
r(s) was first investigated by Monge. In special, choosing the radius function
r(s) as a constant, we obtain a tubular surface. Tubular surfaces are actively
applied in surface modeling for CAD/CAM, shape control and robots path
planning (cf. [1, 14]).

The properties of a surface are largely determined by its curvatures. Wein-
garten surfaces are exactly such a kind of surfaces whose curvatures satisfy some
nontrivial functional relationships. More precisely, a surface in a 3-dimensional
Euclidean space R3 is called a Weingarten surface if its two principal curvatures
k1 and k2 satisfy a nontrivial functional relation Φ(k1, k2) = 0. The relation
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Φ(k1, k2) = 0 implies that its mean curvature H and Gauss curvature K satisfy
Φ(K,H) = 0. Weingarten surfaces were introduced by Weingarten [21, 22] in
1861. The research of Weingarten surfaces has been an important topic in dif-
ferential geometry. After the works of Chern [2], Hopf [7] and Voss [20], there
has been increasing attention on this field. Ro and Yoon [16] established a clas-
sification of Weingarten tubes in R3. Tunçer, Yoon and Karacan [18] gave some
results for characteristics and existences of tubular surfaces of Weingarten type
and linear Weingarten type in R3. For more results about Weingarten surfaces
in R3, we refer to [6, 10,11,13,17] and the references therein.

As we known, a Euclidean space is a special Riemannian manifold with a flat
Riemannian metric. As a generalization of a Riemannian manifold, a pseudo-
Riemannian manifold, also called a semi-Riemannian manifold, is equipped
with a pseudo-Riemannian metric in which the requirement of positive-definite-
ness is relaxed. Unlike Riemannian manifolds, an indefinite signature of pseudo-
Riemannian manifolds allows tangent vectors to be classified into spacelike,
timelike or lightlike. Just as Euclidean space Rn can be thought of as the
Riemannian manifold model, Minkowski space En

1 is the pseudo-Riemannian
manifold model. Although initially developed by mathematician Hermann
Minkowski for Maxwell’s equations of electromagnetism, Minkowski space is
closely associated with Einstein’s theories of general relativity.

With the development of geometry and physics, geometers and physicians
extended some topics of Riemannian geometry to that of pseudo-Riemannian
manifolds, especially Minkowski 3-space E3

1 . Minkowski 3-space is a 3-dim-
ensional pseudo-Riemannian manifold with a flat metric

g = −dx2
1 + dx2

2 + dx2
3,

where (x1, x2, x3) denotes the canonical coordinates in E3
1 . It is also called a

3-dimensional Lorentzian space or a 3-dimensional semi-Euclidean space. Sim-
ilar to that in R3, we can give the definitions of Weingarten type and linear
Weingarten type surfaces in E3

1 .
In recent years, surfaces of Weingarten type in E3

1 have attracted great
attentions. Dillen and Kühnel [3], Dillen and Sodsiri [4], and Kim and Yoon
[9] derived some interesting results for ruled surfaces of Weingarten type in E3

1 .
Moreover, several interesting results for tubular surfaces of Weingarten type
in E3

1 have been obtained. In 2014, Karacan, Yoon and Tunçer [8] gave some
results for spacelike tubular surfaces of Weingarten type and linear Weingarten
type in E3

1 . In 2016, Uçum and İlarslan [19] studied spacelike tubular surfaces of
Weingarten type and linear Weingarten type obtained from pseudo-hyperbolic
spheres H2

0 in E3
1 . In 2019, by classifying the linear Weingarten surfaces, Fu,

Jung, Qian and Su [5, 15] showed some geometric properties of canal surfaces
foliated by pseudo spheres S21 and pseudo-hyperbolic spheres H2

0 along space
curves in E3

1 .
To the authors’ knowledge, there has been no detailed discussion about time-

like tubular surfaces of Weingarten type and linear Weingarten type along a
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timelike curve in Minkowski 3-space. Hence the aim of this paper is to inves-
tigate their characteristics and existence. In fact, if the second fundamental
form II of a surface M in E3

1 is non-degenerate, then it can be regarded as a
pseudo-Riemannian metric. We may extend the classical concept of Weingarten
and linear Weingarten surfaces by taking the second Gaussian curvature KII

and the second mean curvature HII into consideration. Hereby, we provide the
following definition:

Definition 1.1. Let Ω1 and Ω2 be sets of pairs and triples of the Gaussian
curvature K, the mean curvature H, the second Gaussian curvature KII and
the second mean curvatureHII of a surfaceM in Minkowski 3-space E3

1 , namely

Ω1 =

{
(K,H), (K,KII), (K,HII), (H,KII), (H,HII), (KII , HII)

}
and

Ω2 =

{
(K,H,KII), (K,H,HII), (K,KII , HII), (H,KII , HII)

}
.

We define the following terms:

(I) M is said to be an (X,Y )-Weingarten surface if for (X,Y ) ∈ Ω1,

(1.1) Φ(X,Y ) =

∣∣∣∣Xs Xθ

Ys Yθ

∣∣∣∣ = 0.

(II) M is said to be an (X,Y )-linear Weingarten surface if for (X,Y ) ∈ Ω1,
there exist a constant m and two nonzero constants a and b such that

(1.2) aX + bY = m.

(III) M is said to be an (X,Y, Z)-linear Weingarten surface if for (X,Y, Z) ∈
Ω2, there exist a constant m and three nonzero constants a, b and c
such that

(1.3) aX + bY + cZ = m.

(IV) M is said to be a (K,H,KII , HII)-linear Weingarten surface if there
exist a constant m and four nonzero constants a, b, c and d such that

(1.4) aK + bH + cKII + dHII = m.

The main results of this paper are as follows. In Section 3, we investi-
gate timelike tubular surfaces of Weingarten types along a timelike curve in
Minkowski 3-space E3

1 . We first prove that a timelike tubular surface along
a timelike curve in E3

1 must be a (K,H)-Weingarten surface in Theorem 3.1.
Moreover, in Theorem 3.2, for (X,Y ) ∈ Ω1\{(K,H)}, we give the characteristic
of a timelike tubular surface of (X,Y )-Weingarten type along a timelike curve
in E3

1 . We show that its central curve is a circle or a helix. Furthermore, we give
three examples of timelike tubular surfaces of Weingarten types. In addition,
for the sake of visualization, their graphs are drawn by using MATLAB.
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In Section 4, we consider timelike tubular surfaces of linear Weingarten
types along a timelike curve in E3

1 . In Theorem 4.1, we demonstrate that a
timelike tubular surface along a timelike curve in E3

1 must be a (K,H)-linear
Weingarten surface. Moreover, we confirm that there exist no timelike tubular
surfaces of (X,Y )-linear Weingarten type, (X,Y, Z)-linear Weingarten type and
(K,H,KII , HII)-linear Weingarten type along a timelike curve in E3

1 , where
(X,Y ) ∈ Ω1 \ {(K,H)} and (X,Y, Z) ∈ Ω2.

2. Preliminaries

The Minkowski 3-space E3
1 is the Euclidean 3-space R3 equipped with the

Lorentzian product

(2.1) ⟨u, v⟩ = −x1y1 + x2y2 + x3y3,

where u = (x1, x2, x3), v = (y1, y2, y3). A vector v in E3
1 is said to be spacelike

if ⟨v, v⟩ > 0 or v = 0, timelike if ⟨v, v⟩ < 0 and lightlike (null) if ⟨v, v⟩ = 0 and
v ̸= 0. Similarly, an arbitrary curve α = α(s) in E3

1 is locally spacelike, timelike
or lightlike, if all its velocity vectors α′(s) are spacelike, timelike or lightlike,
respectively. A surface M in E3

1 is called a timelike surface, a spacelike surface
or a lightlike surface if its normal vector U is spacelike, timelike or lightlike.

Let {T(s),N(s),B(s)} be the moving Frenet frame along a timelike curve
α(s) in E3

1 . Then the Frenet equations are given by (cf. [12])

(2.2)

T′(s)
N′(s)
B′(s)

 =

 0 κ(s) 0
κ(s) 0 −τ(s)
0 τ(s) 0

T(s)
N(s)
B(s)

 ,

where functions κ = κ(s) and τ = τ(s) are the curvature and the torsion of
α(s). Moreover, the following conditions hold:

(2.3) ⟨T(s),T(s)⟩ = −1,

(2.4) ⟨N(s),N(s)⟩ = ⟨B(s),B(s)⟩ = 1

and

(2.5) ⟨T(s),N(s)⟩ = ⟨T(s),B(s)⟩ = ⟨N(s),B(s)⟩ = 0.

A canal surface M in E3
1 is the envelope formed by sweeping a family

of pseudo-spheres S21 whose centers lie on a timelike curve α(s) framed by
{T(s),N(s),B(s)}. Thus M can be parametrized by

x(s, θ) = α(s) + r(s)
(
r′(s)T(s) +

√
1 + r′(s)2 cos θN(s)(2.6)

+
√
1 + r′(s)2 sin θB(s)

)
,

where the curve α(s) is called the center curve and r(s) is called the radial
function of M . If r(s) is constant, then M is a tubular surface.
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Throughout the paper, all the surfaces we are dealing with are smooth,
regular and topologically connected. A surface M in E3

1 can be denoted by

x(s, θ) = (x1(s, θ), x2(s, θ), x3(s, θ)).

Let U be the standard unit normal vector field of M defined by

(2.7) U = − xs × xθ

∥xs × xθ∥
.

The first fundamental form and the second fundamental form of M are

(2.8) I = Eds2 + 2Fdsdθ +Gdθ2

and

(2.9) II = eds2 + 2fdsdθ + gdθ2,

where

(2.10)
E = ⟨xs, xs⟩, F = ⟨xs, xθ⟩, G = ⟨xθ, xθ⟩,
e = − ⟨xs, Us⟩, f = − ⟨xs, Uθ⟩, g = − ⟨xθ, Uθ⟩.

The Gaussian curvature and the mean curvature are

(2.11) K =
eg − f2

EG− F 2
and H =

1

2

Eg − 2Ff +Ge

EG− F 2
.

From Brioschi’s formula in a Minkowski 3-space, we are able to compute KII

of a surface by replacing the components of the first fundamental form E,F,G
with the components of the second fundamental form e, f, g, respectively. Thus,
the second Gaussian curvature KII of a surface is

(2.12) KII =
1

(eg − f2)2


∣∣∣∣∣∣∣
− 1

2eθθ + fsθ − 1
2gss

1
2es fs − 1

2eθ

fθ − 1
2gs e f

1
2gθ f g

∣∣∣∣∣∣∣−
∣∣∣∣∣∣∣
0 1

2eθ
1
2gs

1
2eθ e f

1
2gs f g

∣∣∣∣∣∣∣
.

Denote by Lij the coefficients of second fundamental forms. Then the second
mean curvature HII is defined by

(2.13) HII = H − 1

2
√
|det II|

2∑
i,j=1

∂

∂ui

(√
|det II|Lij ∂

∂ui
(ln
√

|K|)
)
,

where (Lij) = (Lij)
−1, and u1 and u2 stand for s and θ, respectively.

3. Timelike tubular surfaces of Weingarten types in Minkowski
3-space

In this section, we concentrate on timelike tubular surfaces of Weingarten
types along timelike curves in Minkowski 3-space E3

1 . We first prove that it
must be a (K,H)-Weingarten surface. Furthermore, we give the necessary and
sufficient condition that a timelike tubular surface along a timelike curve in E3

1

is an (X,Y )-Weingarten surface, where (X,Y ) ∈ Ω1\{(K,H)}. More precisely,
we obtain the following theorems.
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Theorem 3.1. A timelike tubular surface along a timelike curve in Minkowski
3-space must be a (K,H)-Weingarten surface.

Theorem 3.2. Let Tγ(α) be a timelike tubular surface along a timelike curve
α(s) in Minkowski 3-space. For

(X,Y ) ∈
{
(K,KII), (K,HII), (H,KII), (H,HII), (KII , HII)

}
,

Tγ(α) is an (X,Y )-Weingarten surface if and only if its central curve is a circle
or a helix.

Proofs of Theorems 3.1 and 3.2. On the basis of (2.6), we may get the para-
metrization of a timelike tubular surface Tγ(α) with a constant radius γ along
a timelike curve α(s):

(3.1) x(s, θ) = α(s) + γ (cos θN(s) + sin θB(s)) ,

where s ∈ [a, b], θ ∈ [0, 2π) and {T(s),N(s),B(s)} is the moving Frenet frame
along α(s). Initially, it is from (2.2)-(2.5) and (3.1) that

(3.2) xs = (1 + γκ cos θ)T(s) + γτ sin θN(s)− γτ cos θB(s)

and

(3.3) xθ = −γ sin θN(s) + γ cos θB(s).

Then from (2.7) and (3.2)-(3.3), we deduce that the standard unit normal
vector field of Tγ(α) is

U = cos θN(s) + sin θB(s).

Differentiating U with respect to s and θ, we have

(3.4) Us = κ cos θT(s) + τ sin θN(s) + τ cos θB(s)

and

(3.5) Uθ = − sin θN(s) + cos θB(s).

Using (2.10) and (3.2)-(3.5), we know that the component functions of the first
fundamental form and the second fundamental form are given by

(3.6) E = γ2τ2 − (1 + γκ cos θ)2, F = −γ2τ, G = γ2,

(3.7) e = κ cos θ(1 + γκ cos θ)− γτ2, f = γτ, and g = −γ.

Then we investigate each type of (X,Y )-Weingarten surfaces. In order to
discuss (K,H)-Weingarten surfaces, by using (2.11), (3.6) and (3.7), we obtain

(3.8) K =
κ cos θ

γ(1 + γκ cos θ)
and H =

1− 2(1 + γκ cos θ)

2γ(1 + γκ cos θ)
.

Differentiating K and H with respect to s and θ, we get

(3.9) Ks =
κ′ cos θ

γ(1 + γκ cos θ)2
,



TIMELIKE TUBULAR SURFACES 407

(3.10) Kθ =
−κ sin θ

γ(1 + γκ cos θ)2
,

(3.11) Hs =
−κ′ cos θ

2(1 + γκ cos θ)2

and

(3.12) Hθ =
κ sin θ

2(1 + γκ cos θ)2
.

It is from (3.9)-(3.12) that the Jacobi function of K and H is

(3.13) Φ(K,H) = KsHθ −KθHs = 0.

Therefore, we can conclude that Tγ(α) is a (K,H)-Weingarten surface.
For an (H,HII)-Weingarten surface, using (2.11), (2.13) and (3.8), we derive

(3.14) HII =
−1

8γ2κ3 cos3 θ(1 + γκ cos θ)3

6∑
i=0

ui cos
i θ,

where

u0 = −3γ2κ2,

u1 = 2γ2κ
[
(γ′τ − γτ ′) sin θ − 4γκ2

]
,

u2 = γ2
[
2γκ2(2κτ ′ − 3κ′τ) sin θ − 8γ2κ4 + κ2 − 3κ′2 + 2κκ′′] ,

u3 = 2γκ
[
2γ3κ2(2κ′τ − κτ ′) sin θ + γ2(κ2 − 4κ′2 + 3κκ′′) + 2κ2

]
,

u4 = 4γ2κ2
[
γ2(κ2 − 2κ′2) + 4κ2

]
,

u5 = 20γ3κ5

and

u6 = 8γ4κ6.

Differentiating (3.14) with respect to s, we get

(3.15) HIIs =
−1

8γ3κ4 cos3 θ(1 + γκ cos θ)4

5∑
i=0

vi cos
i θ,

where

v0 = 3γ3κ2κ′,

v1 = 2γ3κ
[
κ(κ′′τ − κτ ′′) + 2κ′(κτ ′ − κ′τ) sin θ + 6γκ2κ′] ,

v2 = γ3

{
2γκ2 [κ(3κ′′τ − 4κτ ′′) + 7κ′(κτ ′ − κ′τ)] sin θ

+ κ(16γκ3κ′ − κκ′ + 2κκ′′′ − 10κ′κ′′) + 9κ′3
}
,

v3 = 2γ4κ

{
γκ2 [κ(6κ′′τ − 5κτ ′′) + κ′(13κτ ′ − 8κ′τ)] sin θ
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+ κ(8γ2κ3κ′ − 2κκ′ + 4κκ′′′ − 19κ′κ′′) + 17κ′3
}
,

v4 = 2γ3κ2

{
γ3κ2 [2κ(2κ′′τ − κτ ′′) + κ′(13κτ ′ − 12κ′τ)] sin θ

+ γ2
[
κ2(5κ′′′ − κ′) + 4κ′(6κ′2 − 7κκ′′)

]
+ 2κ2κ′

}
and

v5 = 4γ4κ3

{
γ2
[
κ2(κ′′′ − 2κ′) + κ′(8κ′2 − 7κκ′′)

]
+ 2κ2κ′

}
.

Moreover, differentiating (3.14) with respect to θ, we have

(3.16) HIIθ =
−1

8γ3κ4 cos4 θ(1 + γκ cos θ)4

6∑
i=0

wi cos
i θ,

where

w0 = 9γ2κ2 sin θ,

w1 = 34γ3κ3 sin θ + 4γ2κ(κτ ′ − κ′τ),

w2 = γ2

{[
κ2(48γ2κ2 − 1) + κ′(3κ′ − 2κ′′)

]
sin θ + 2γκ2(8κτ ′ − 7κ′τ)

}
,

w3 = 2γ2κ

{
γ
[
κ2(8γ2κ2 − 1) + κ′(3κ′ − 2κ′′)

]
sin θ

+ 4γ2κ2(3κτ ′ − 2κ′τ) + (κ′τ − κτ ′)

}
,

w4 = 2γ2κ2

{[
γ2(8κ′2 − κ2 − 7κκ′′) + 2κ2

]
sin θ

+ 2γ
[
3γ2κ2(κτ ′ − 2κ′τ) + (κ′τ − κτ ′)

]}
,

w5 = γ3κ3

{[
γ2(2κ′2 − κ2 − κκ′′) + κ2

]
sin θ + 2γ(κ′τ − 7κτ ′)

}
and

w6 = 4γ4κ4
[
γ2 sin θ + 2γ(2κ′τ − κτ ′)

]
.

Then we may obtain

Φ(H,HII) = HsHIIθ −HθHIIs(3.17)

=
−1

16γ4κ3 cos4 θ(1 + γκ cos θ)5

5∑
i=0

ti cos
i θ,

where

t0 = 6γ4κ2κ′ sin θ,(3.18)

t1 = 2γ4κ2(κτ ′′ − κ′′τ),(3.19)
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t2 = 2γ4

{[
κ2(8γ2κ2κ′ − κ′′′) + κ′(4κκ′′ − 3κ′2)

]
sin θ(3.20)

+ γκ3(3κτ ′′ + κ′τ ′ − 2κ′′τ)

}
,

t3 = 2γ4κ

[
γκ(11κ′κ′′ − 3κκ′′′) sin θ + γ3κ3(κτ ′′ − κ′τ ′ − 2κ′′τ)(3.21)

+ κ(κ′′τ − κτ ′′) + κ′(κτ ′ − κ′τ)

]
,

t4 = 2γ5κ2

[
2γ(5κκ′κ′′ − 4κ′3 − κ2κ′′′) sin θ(3.22)

+ κ(2κ′′τ − 3κτ ′′) + 2κ′(κτ ′ − κ′τ)

]
and

(3.23) t5 = 4γ6κ3

[
κ(2κ′′τ − κτ ′′) + 2κ′(κτ ′ − κ′τ)

]
.

Assume that Tγ(α) is an (H,HII)-Weingarten surface in E3
1 . Then the

Jacobi function (3.17) vanishes. Due to the polynomial in (3.17) is equal to
zero for every θ, all its coefficients must be zero. Thus we have

t0 = t1 = t2 = t3 = t4 = t5 = 0.

Noticing that Tγ(α) has non-degenerate second fundamental form, we know
that κ ̸= 0. Therefore, the solutions of t0 = t1 = t2 = t3 = t4 = t5 = 0 are
κ′ = τ = 0 and κ′ = τ ′ = 0. That is to say, the central curve α(s) of Tγ(α) is
a circle or a helix in E3

1 .
Conversely, suppose that the central curve α(s) of Tγ(α) is a circle or a

helix in E3
1 . It is easy to see that Φ(H,HII) = 0 is satisfied for the cases

of both κ′ = τ = 0 and κ′ = τ ′ = 0. Hence we can know that Tr(α) is an
(H,HII)-Weingarten surface in E3

1 .
For (K,KII)-Weingarten surfaces, (K,HII)-Weingarten surfaces, (H,KII)-

Weingarten surfaces and (KII , HII)-Weingarten surfaces in E3
1 , we can make a

similar discussion about (H,HII)-Weingarten surfaces and get the same results.
For the sake of briefness, we omit the derivation and only give the corresponding
Jacobi functions Φ(K,KII), Φ(H,KII), Φ(K,HII) and Φ(KII , HII) as follows:

(3.24) Φ(K,KII) = − κ′ sin θ

2γ2 cos2 θ(1 + γκ cos θ)4
,

(3.25) Φ(H,KII) =
κ′ sin θ

4γ cos2 θ(1 + γκ cos θ)4
,

(3.26) Φ(K,HII) = − 1

8γ4κ3 cos3 θ(1 + γκ cos θ)5

5∑
i=0

hi cos
i θ
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and

(3.27) Φ(KII , HII) = − 1

32γ4κ4 cos6 θ(1 + γκ cos θ)7

9∑
i=0

qi cos
i θ,

where

h0 = 6γ3κ2κ′ sin θ,(3.28)

h1 = 16γ4κ3κ′ sin θ + 2γ3κ2(κτ ′′ − κ′′τ),(3.29)

h2 = 2γ3

{[
κ2(8γ4κ2κ′ − κ′′′) + κ′(4κκ′′ − 3κ′)

]
sin θ(3.30)

+ γκ3(3κτ ′′ + κ′τ ′ − 2κ′′τ)

}
,

h3 = 2γ3κ

{
γ
[
κ(11κ′κ′′ − 3κκ′′′)− 8κ′2] sin θ(3.31)

+ 2γ2κ3(κτ ′′ − κ′τ ′ − 2κ′′τ) + κ(κ′′τ − κτ ′′) + κ′(κτ ′ − κ′τ)

}
,

h4 = 2γ4κ2

{
2γ
[
κ(5κ′κ′′ − κκ′′′)− 4κ′2] sin θ(3.32)

+ κ(2κ′′τ + 3κτ ′′) + 2κ′(κτ ′ − κ′τ)

}
,

h5 = 4γ5κ3

[
κ(2κ′′τ + κτ ′′) + 2κ′(κτ ′ − κ′τ)

]
,(3.33)

q0 = 6γ3κ2κ′ sin θ,(3.34)

q1 = 4γ3κ

[
κ(κ′′τ − κτ ′′) + 2κ′(κτ ′ − κ′τ)

]
,(3.35)

q2 = 2γ3

{[
κ2(2κ′′′ − κ′) + κ′(9κ′2 − 10κκ′′)

]
sin θ(3.36)

+ 2γκ2 [κ(4κ′′τ − 5κτ ′′) + 7κ′(κτ ′ − κ′τ)]

}
,

q3 = 4γ3κ

{
γ
[
κ2(4κ′ + 5κ′′′) + κ′(20κ′2 − 23κκ′′)

]
sin θ(3.37)

+ κ(κτ ′′ − κ′′τ) + 4γ2κ2 [2κ(κ′′τ − κτ ′′) + κ′(3κτ ′ − 2κ′τ)]

+ 2κ′(κ′τ − κτ ′)

}
,

q4 = 4γ3κ2

{[
γ2(18κ2κ′ + 8κ2κ′′′ + 32κ′2 − 39κκ′κ′′) + 2κ2κ′] sin θ(3.38)

+ 2γ3κ2 [2κ(κ′′τ − κτ ′′) + κ′(5κτ ′ − 6κ′τ)]
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+ γ [κ(7κτ ′′ − 6κ′′τ) + 8κ′(κ′τ − κτ ′)]

}
,

q5 = 4γ4κ

{[
2γ2κ2(5κ2κ′ + κ2κ′′′ + 6κκ′κ′′ + 6κ′3) + κ(2κ2κ′ − κ′′′)(3.39)

+κ′(4κκ′′ − 3κ′2)
]
sin θ + γκ2 [κ(15κτ ′′ − 13κ′′τ)

+κ′(10κ′τ − 13κτ ′)]

}
,

q6 = 4γ4κ2

{
γ2κ2

[
κ(11κτ ′′ − 18κ′′τ) + κ′(16κ′τ − 15κτ ′) + γ2κ2κ′2τ

]
(3.40)

+ γ
[
κ2(8γ2κ2κ′ − 2κ2κ′ − 7κ′′′)− 19κ′3] sin θ

+ 2 [κ(κ′′τ − κτ ′′) + κ′(κτ ′ − κ′τ)]

}
,

q7 = 4γ3κ

{
γ3κ2

[
κ2(4κ′ − 7κ′′′) + κ′(31κκ′′ − 24κ′2)

]
sin θ(3.41)

+ 4γ2κ2 [2κ(κ′′τ − κτ ′′) + κ′(3κτ ′ − 8κ′τ)]

+ κ(κτ ′′ − κ′′τ) + 2κ′(κ′τ − κτ ′)

}
,

q8 = 4γ6κ4

{
2γ
[
−κ2(κ′ + 7κ′′′) + κ′(5κκ′′ − 4κ′2)

]
sin θ(3.42)

+ κ(10κ′′τ − 7κτ ′′) + 10κ′(κτ ′ − κ′τ)

}
and

(3.43) q9 = 8γ7κ5

[
κ(κ′′τ − κτ ′′) + 2κ′(κτ ′ − κ′τ)

]
.

This completes the proofs of Theorems 3.1 and 3.2. □

Now we give three examples of timelike tubular surfaces of Weingarten types
along timelike curves.

Example 3.1. The curve

(3.44) α(s) = (1 + sinh s, 1 + cosh s, 1)

is a timelike circle in E3
1 . Its Frenet frame is

(3.45)


T(s) = (cosh s, sinh s, 0) ,

N(s) = (sinh s, cosh s, 0),

B(s) = (0, 0, 1).

Then a timelike tubular surface of Weingarten type with the radius γ = 1
around the circle α(s) = (1 + sinh s, 1 + cosh s, 1) in E3

1 is

x(s, θ) = (x1(s, θ), y1(s, θ), z1(s, θ)) ,
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Figure 1. Timelike tubular surface of Weingarten type with
the radius γ = 1 around a circle α(s) = (1+sinh s, 1+cosh s, 1)
in E3

1 .

where

x1(s, θ) = 1 + sinh s+ cos θ sinh s,

y1(s, θ) = 1 + cosh s+ cos θ cosh s

and

z1(s, θ) = 1 + sin θ.

Example 3.2. The curve

(3.46) α(s) =
κ

κ2 − τ2

(
sinh ξ, cosh ξ,

τ

κ
ξ
)

is a timelike helix in E3
1 , where ξ =

√
κ2 − τ2s. Setting κ = 3 and τ = 2, we

have

α(s) =
3

5

(
sinh(

√
5s), cosh(

√
5s),

2

3

√
5s

)
.
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We obtain its Frenet frame

(3.47)



T(s) =
3

5

(
sinh(

√
5s), cosh(

√
5s),

2

3

√
5s

)
,

N(s) =
(
sinh(

√
5s), cosh(

√
5s), 0

)
,

B(s) =
3

5

(
−2

√
5

3
cosh(

√
5s),

2
√
5

3
sinh(

√
5s),

√
5

)
.

Figure 2. Timelike tubular surface of Weingarten type with
the radius γ = 1 along a helix α(s) = 3

5

(
sinh(

√
5s) ,

cosh(
√
5s), 2

3

√
5s
)
in E3

1 .

Then a timelike tubular surface of Weingarten type with the radius γ = 1
along the helix α(s) = 3

5

(
sinh(

√
5s), cosh(

√
5s), 2

3

√
5s
)
in E3

1 is

x(s, θ) = (x2(s, θ), y2(s, θ), z2(s, θ)) ,

where

x2(s, θ) =
3

5
sinh(

√
5s) + cos θ sinh(

√
5s)− 2

√
5

5
sin θ cosh(

√
5s),

y2(s, θ) =
3

5
cosh(

√
5s) + cos θ cosh(

√
5s)− 2

√
5

5
sin θ sinh(

√
5s),
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and

z2(s, θ) =
2
√
5

5
+

3
√
5

5
sin θ.

Example 3.3. The curve

(3.48) α(s) =
κ

τ2 − κ2

( τ
κ
ξ, sin ξ,− cos ξ

)
is a timelike helix in E3

1 , where ξ =
√
τ2 − κ2s. Setting κ = 1

3 and τ = 1
2 , we

have

α(s) =

(
3
√
5

5
s,

12

5
sin(

√
5

6
s),−12

5
cos(

√
5

6
s)

)
.

Figure 3. Timelike tubular surface of Weingarten type with

the radius γ = 1 along a helix α(s) =
(

3
√
5

5 s, 12
5 sin(

√
5
6 s) ,

− 12
5 cos(

√
5
6 s)

)
in E3

1 .
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Therefore, its Frenet frame is

(3.49)



T(s) =

(
3
√
5

5
,
2
√
5

5
cos(

√
5

6
s),

2
√
5

5
sin(

√
5

6
s)

)
,

N(s) =

(
0,−

√
5

6
cos(

√
5

6
s),−

√
5

6
sin(

√
5

6
s)

)
,

B(s) =

(
0,

1

2
sin(

√
5

6
s),−1

2
cos(

√
5

6
s)

)
.

Then a timelike tubular surface of Weingarten type with the radius γ = 1 along

the helix α(s) =
(

3
√
5

5 s, 12
5 sin(

√
5
6 s),− 12

5 cos(
√
5
6 s)

)
in E3

1 is

x(s, θ) = (x3(s, θ), y3(s, θ), z3(s, θ)) ,

where

x3(s, θ) =
3
√
5

5
,

y3(s, θ) =
12

5
sin(

√
5

6
s)−

√
5

6
cos θ cos(

√
5

6
s) +

1

2
sin θ sin(

√
5

6
s)

and

z3(s, θ) =
12

5
cos(

√
5

6
s)−

√
5

6
cos θ sin(

√
5

6
s)− 1

2
sin θ cos(

√
5

6
s).

4. Timelike tubular surfaces of linear Weingarten types in
Minkowski 3-space

In this section, we study timelike tubular surfaces of linear Weingarten types
along a timelike curve in Minkowski 3-space E3

1 . They are (X,Y )-linear Wein-
garten surfaces, (X, Y , Z)-linear Weingarten surfaces and (K, H, KII , HII)-
linear Weingarten surfaces, where (X,Y ) ∈ Ω1 and (X,Y, Z) ∈ Ω2. We obtain
the following results.

Theorem 4.1. A timelike tubular surface along a timelike curve in Minkowski
3-space must be a (K,H)-linear Weingarten surface.

Theorem 4.2. A timelike tubular surface along a timelike curve in Minkowski
3-space must not be an (X,Y )-linear Weingarten surface, where

(X,Y ) ∈ {(K,KII), (K,HII), (H,KII), (H,HII), (KII , HII)} .

Theorem 4.3. A timelike tubular surface along a timelike curve in Minkowski
3-space must not be an (X,Y, Z)-linear Weingarten surface, where

(X,Y, Z) ∈ {(K,H,KII), (K,H,HII), (K,KII , HII), (H,KII , HII)} .

Theorem 4.4. A timelike tubular surface along a timelike curve in Minkowski
3-space must not be a (K,H,KII , HII)-linear Weingarten surface.
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Proofs of Theorems 4.1-4.4. Although there are three types of linear Wein-
garten surfaces in Minkowski 3-space, we only need to construct a linear com-
bination of K,H,KII and HII . That is to say, for a timelike tubular surface
Tγ(α) with the radius γ along a timelike curve α(s), we may consider

(4.1) aK + bH + cKII + dHII = m.

Without loss of generality, for an (X,Y )-linear Weingarten surface, we may
assume any two of a, b, c and d are equal to zero. And for an (X,Y, Z)-linear
Weingarten surface, we let any one of a, b, c or d be zero.

By making some calculations, we obtain the reduced form of (4.1) as follows

aK+bH+cKII+dHII−m =
1

8γ2κ3 cos3 θ(1 + γκ cos θ)3

6∑
i=0

λi cos
i θ(4.2)

= 0,

where the coefficients are

λ0 = 3dγ2κ2,(4.3)

λ1 = 2dγ2κ(κτ ′ − κ′τ) sin θ + 2γκ3(4dγ2 − c),(4.4)

λ2 = 2dγ3κ2(3κτ ′ + 2κ′τ) sin θ(4.5)

+ γ2(−2cκ4 + 8dγ2κ2 − dκ2 + 3dκ′2 − 2dκκ′′),

λ3 = 4dγ4κ3(κτ ′ − 2κ′τ) sin θ − 2γκ3(4mγ + 2b+ 2d+ dγ2 + c),(4.6)

λ4 = − 2γκ4

[
2dγ3 + 12mγ2 + (8b+ 8d+ 7c)γ − 4a

]
(4.7)

+ 4dγ4κ2(2κ′2 − κκ′′),

λ5 = − 4γ2κ5

[
6mγ2 + 5

(
b+ c+ d

)
γ − 4a

]
(4.8)

and

(4.9) λ6 = −8γ3κ6

[
mγ2 + (b+ c+ d)γ − a

]
.

Since (4.2) holds for every θ, there must be λi = 0 for i = 0, 1, . . . , 6. First of
all, because λ0 = 0, it is observed from (4.3) that d = 0. Thus Tγ(α) must not
be a (K,H,KII , HII)-linear Weingarten surface. Hence we know that Theorem
4.4 is true.

Moreover, since d = 0, it yields from (4.4) that

(4.10) λ1 = −2cγκ3.

Noticing that λ1 = 0, we can find that c = 0. Therefore Tγ(α) must not be an
(X,Y, Z)-linear Weingarten surface. Thus Theorem 4.3 is true.

Because c = d = 0, Tγ(α) must not be any one of (K,HII)-linear Weingarten
surfaces, (H,HII)-linear Weingarten surfaces or (KII , HII)-linear Weingarten
surfaces.
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For the case of (K,KII)-linear Weingarten surfaces, we ought to assume
b = d = 0 in (4.2). Remember that we already have c = d = 0, thus there is
b = c = d = 0. Therefore, according to Definition 1.1, it is not possible that
Tγ(α) is a (K,KII)-linear Weingarten surface.

For the case of (H,KII)-linear Weingarten surfaces, we may set a = d = 0
in (4.2). But we have known that c = d = 0. Thus it implies a = c = d = 0.
We can find that Tγ(α) must not be an (H,KII)-linear Weingarten surface.
Thus Theorem 4.2 is true.

For the case of (K,H)-linear Weingarten surfaces, we take c = d = 0 in
(4.2). Then it yields

(4.11) λ0 = 0,

(4.12) λ1 = 0,

(4.13) λ2 = 0,

(4.14) λ3 = 2γκ3(4mγ + 2b),

(4.15) λ4 = −2γκ4(12mγ2 + 8bγ),

(4.16) λ5 = −4γ2κ5(6mγ2 + 5bγ − 4a)

and

(4.17) λ6 = −8γ3κ6(mγ2 + bγ − a).

Namely the following linear equations with respect to a and b hold

(4.18)


2γκ3(4mγ + 2b) = 0,

− 2γκ4(12mγ2 + 8bγ) = 0,

− 4γ2κ5(6mγ2 + 5bγ − 4a) = 0,

− 8γ3κ6(mγ2 + bγ − a) = 0.

It is not difficult to find that when κ ̸= 0, the solution of (4.18) is

(4.19)

{
a = −mγ2,

b = −2mγ.

This means that for m ̸= 0, we can choose two nonzero constants a and b such
that aK + bH = m. Therefore, Tγ(α) is a (K,H)-linear Weingarten surface.
Thus Theorem 4.1 is true. This finishes the proofs of Theorems 4.1-4.4. □

Using Theorems 3.1 and 4.1, we obtain the following corollary.

Corollary 4.5. A timelike tubular surface along a timelike curve in Minkowski
3-space is a (K,H)-Weingarten surface if and only if it is a (K,H)-linear
Weingarten surface.

From Theorems 4.1-4.4, we derive the following corollary.
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Corollary 4.6. A timelike tubular surface of linear Weingarten type along
a timelike curve in Minkowski 3-space must be a (K,H)-linear Weingarten
surface.
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