
Kyungpool‘ Math. J. 
Volume 14. Number 2 
December, 1974 

ON A GENERALIZED FUNCTION OF n V ARIABLES 

By R. K. Saxena 

1. Introduction 

The object of the present note is to define a generalized Special Function 

of n-variables. This function incorporates, as its special cases, Fox’s H-function 
[2) and H-function of two variables introduced by Verma [8) , which in turn 

includcs the generaIized function of two variables deflned by Sharma [7) and 

Agarwal [1). It also generalizes nearIy aII the known Special Functions of n 

variables, e. g. , the LauriceIla’ s functon F A' F B' F c and F D' Besides including 

the known Special Functions of n variables, as special cases, it leaves the 

possibiIity of defining through this new H-symbol , a great many Special Functions 

of n variables not so far recorded in the Iiterature. It is expected that the study 

of this function wiIl lead to very general, deeper and useful results in the theory 

of Special Functions. On account of the appIications of the H-function of one 

variable in the various Statistical distributions, it is also expected that this 

function wiII play a very important role in the development of certain new 

properties of the StatÌstical distributions. 

In what foIlows (xn) denotes the sequence of n parameters (xl' x2' …, Xn) and 

the symbol (ap' A씨 the sequen않 of p ordered pairs (al' A 1) , …, (ap' Ap)' 

X. 
A, (M.: N.) 11 -: 

2. Definition of H 11 Xq t 
B , C, (P. : Q씨 :‘ i 

’ xIl ! 

We define the generaIized function of n-variables by means of n-fold multiple 

integral of MeIlin-Barnes type as 

- x1 (c찬， η) ; (dj , 힘) 
A, (M. : N.) 

~2 
H c, D, (P. : Q.) 

(강끼 섹r)) ; (b?), 앙r)) x,t -
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(c하 • rJ. …• (c하• r，녕 • (d1• 이). …. (dD• δ퍼 

(쇄， α와)) • ...• (a쩔， α않). “ 3?, 쐐)， ---, “않. ß않)-
A n 

- 1 j딛lT(려-ζ1Srrj) +t∞ +z∞ 

••• C -- n D " 
n r(l-c*;+εS~rJ n r(d;-~s~oJ (2πz·)n-i∞ -5∞ 

” x n 

j=A+l 'r=l ’ 'j=l 'r=l ’ J 

r)+쟁)ST) 1월 r(앙)-S껴r))썼ds，) 

감 r(a$r)-α7)sv) 윈 r (1 -bV) +S~ß~r)) 
'j =I+N, ' , ’ j=l+Mr ' ' 

, (2. 1) 

where 전;~O (j =1, .. ', n) and an empty product is interpreted as unity. Further 

A. C, D; M l' …, M ,,; N 1, …, N'I; P l' ... , P" and Ql' .. ', Q" are integers 

satisfying the inequa1ities 

O드A드C， 1드Mj드Qj’ O드민·드Pj (j =1, ... , n) ; 

성r써 선썩， 깎’s and 따， s are a떠II corr빼x num 

all positive numbers. 

The sequence of parameters in the integrand of (2. 1) are such that none of the 

poles coincide. That is the poles of the integrand of (2. 1) are simple. In case the 

poles are not restrÎCted to be simple, then by adopting a procedure due to 

Frobenius, the integraI in (2. 1) can be evaluated in terms of Psi.functions and 

generalized Zeta fUDctions. In this connection, see [4] and [5] aIso. 

The paths of integration are indented, if necessary, in such a manner that aIl 

N r and γ=1， ---, %· 

From the asymptotic expansion of the gamma function , it readiIy folIows that 

the integral in (2.1) converges if 

싸<0， μi> 0, I arg xi I <(1/2)πμi (z" =1, …• n) 

where 

λ:=￡r;+￡ a?)-￡δ;-￡β?). (2. 2) 

t" c,(r) I f', _.(r) !" _.(r) I :: , __ f ,.. !! . = "') ‘ ß~'J+ ε β; +εα; - X그 α?'J+ ~ r;- ~ r，-ε Oj. (2.3) 
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Whenever there is no risk of ambiguity, the generalized function of n-variables 

represented by the integral (2.1) , will be denoted by the contrated notation 
• 

’
l‘ 
n/
“ 

x 
x 
··· 

A. (M.: N.) 
H 

C. D. (P. : Q.) 
x - --n 

or simply by H 

’
l
ι
 n/i 

x 
x 
--- • 

x - --n -

3. Asyrnptotie expansion of H 

X 1 
Xz 

• 
• 
• 

Xn _ 

The behaviour of the generalized function of n-variables in the vicinity of 

X1 =x2="'=xn=O, is given by the relation / 

- .. -, x1 
x2 

t 

H =OL핀1/ (Xj ) / φI !, (3.1) • 
• 
• 

x 
- η -

where 

싹 =mh {b:j)/gF)} , (7=1, 2,---, Mj]. (3.2) 

On the other hand, w hen / x./ →∞ (j=1, …, 쩌， the associated function 
I 

H(1) 

--‘ x 

, which corresponds to the case A=O of H 

’ i 
x 

, has the beha ViOUï 

X" x n 

x1 

H(1) | T2 ~ , .•• 1 rPJ = o n |Xjl ‘’ • j=1 • 
Xn 

(3.3) 

where 

와=max{(1-강j))/원)} (r= l, …, N j ). 

4. Interesting- particular cases 

The following results are immediate consequences of the definition (2.1). 
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(i) When n=2. (2.1) reduces to Verma’s H -function of two variables [8] which ‘ 

itself is a generaIizatiop. of Agarwal's G-function of two variables [1]. 
(ii) On the other hand. for A=C=D=O. the generalized function of n-variables 

breaks up into a product of 1z H-functions. 

We thus have 

O. (M. : N.) 
H 

O. O. (P. : Q.) 

x 1 
。
ι

x 
•·· 

-• 
x l {깐)， 씩T)} : {ψ)， 밝} 

” 

” =0 
Mb N j 

H 
Pj. Qj 

X. 
I 

(a~). a~ 、 -
p , ’ 

(4. 1) 

5. A Single integraI representatioa 

The formuIa to be proved here is 

P,., Q, 

- I (a~). 웹) 
Xr ti , . 

00 

0 

s 

n

섭
 

M" N , 
H 

A. 0 r I (d D' δn) 
X H I yt ,. , = -、 I dt 

C. D I I \c~c' rIY 

A. (Ms: Ns) r (xl/) I(c찬+η， η) : (진+까， 진) 
=H ’ 

C. D: (P, : Q,) 
(5. 1) 

where R 별 {min (biT))+ ... +min(않)} +min(c앓)+1]>0. (j=1 • .... s: k=l • 

.... M) ; 갓 <0. I arg X; I <(1/2)πμ:jU = 1. …. s) and larg yl <(1/2)π(1. 
M Q N 

where (1=εr.- s r.-εδ';>0. 
j=l' j=M+l.' ;=1' 

(5. 1) readily folIows on using the definition of the H -function of one variable 

{2, p.239] in its integrand and applying the relation (2. 1). 

A special case of (5. 1) for s=2 has already been given by the author [6. p. 187]. 

) 



On a Generalized Function of n Variables 259 

University of Jodhpur 

Jodhpur, Rajasthan, lndia 

REFERENCES 

(1) R. P. Agarwal, An extension of M짜er’s G-function. Proc. N at. Inst. Sci. India 

Part A 31 (1965) , 536-546. 

(2) B. L. J. Braaksma, Asymptotz'c expansions and analytic contz'nuatz'ons for a class of 

Barnes integrals, Compositio Math. 15 (1964) 239 341. 

[3) A. Erdélyi, et al, H썽lzer transcendental functions , VoI. 1, McGraw-Hill, New 

York, 1953. 

[4) A. M. Mathai, Statz'stz'cal theory of distribution and Meijer’s G-fiμnctz'on， Metron 28 

(1970) , 122-146. 

(5) A. M. Mathai and R. K. Saxena, Generalized Hypergeometric Fμnctions with Applica­

tions in StatisUcs and Physical Sciences , Monograph, Dept. of Mathematics, McGill 
University, July, 1972. 

[6) R.K.Saxena, Integrals of products of H-fuκctions. Univ. Nac. Tucuman Rev. Ser. 

21 (1971) , 185-192. 

{7) B. L. Sharma, On the generali:;ed func tz'on of two variables-l, Ann. Soc. Sci. BruxeIles. 

Ser. 1 /79(1965) , 26 40. 

[8) R. U. Verma. On the H-function of two variables ll. An. Sti. Univ. ‘AI 1-
Cuza’. Iasi. 17(1971) , 103-109. 


