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POINTWISE DECAY ESTIMATES OF SOLUTIONS

OF THE GENERALIZED ROSENAU EQUATION

MI AI PARK*

1. Introduction

Consider the following initial-value problem for the generalized Rose
nau equation ([5], [6]):

(1.1) Ut + Ux + F(u)x + Uxxxxt = 0, x E R, t >°
u(x,O)=cp(x), xER.

n

Here F(u) = L ~UPi+l (Ci E R, Pi > °integers). It is of interest
i=l Pi + 1

to investigate the behavior of solutions of the initial value problem
(1.1). It has been proved in ([5], Chapter I) that (1.1) possesses global
solutions for initial data cp E H~(R).

The purpose of this paper is to prove Theorem 1 below, which says
that solutions with small initial data cp decay like r 1/ 5 in the supre
mum norm (if each Pi ~ 6). This is an analogue of Albert's result
([2]) on the LOO decay of solutions of the generalized Benjamin-Bona
Mahony equation.

2. Statement and proof of the main result

For 1 $ P < 00, the symbol LP will denote the space of Lebesgue
measurable functions 1 : R -+ R with the norm

while LOO denotes the space of measurable functions such that II/lILoo =

esssupxERI/(x)1 is finite.
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The Fourier transform is defined, for smooth functions I(x) with
compact support, by

1ck) = L:eihI(x)dx, k E R.

The definition is extended by continuity to the space of tempered dis
tributions on R, and the Sobolev space H 8 (s E R) is defined to be
the subspace of tempered distributions I such that 1ck) is a function

and the norm II/I1H" = (J~oo(l + Ikl2YI1ckWdkl l2 is finite. (See [4J,
[8J or [9J.)

THEOREM 1. Suppose p* = mjn Pi ~ 6. Then there exists C > 0
l<&<n

such that if 1I<p1l£! + 1I<p'II£! + "~lfH4 < C, then the unique solution
u(x,t) of (1.1) satisfies

lu(x, t)1 ~ C(l + t)-I/S

for all t > 0 and x E R, where the constant C does not depend on x
or t.

The proof of Theorem 1 uses the estimate stated in Proposition 1
below for solutions of the linearized problem

(2.1) Ut + U x +Uxxxxt = 0

U(x, 0) = <p(x).

This is the linearization of (1.1) about the solution v == O. Zero is a
solution since F(O) = F'(O) = O.

Using the Fourier transformation method, one finds that the solution
of (2.1) is given by

u(x, t) = -.!.-1°O eihce(k)t$(k)dk,
27r -00

where

(2.2)
{

haCk) = ~(k) - ak
g(k) = Hk4 and
a-£- t'



Pointwise decay estimates

PROPOSITION 1. There exists a constant C> °such that

263

for all a E R and t > 0.

We first prove Theorem 1, assuming Proposition 1. Let St<P(x) de
note the solution u(x, t) of the linearized problem (2.1). Then solutions
of the inhomogeneous equation

Wt + Wx +Wxzzxt = (G(x,t))x

may easily be seen to satisfy the variation-of-parameters formula

W(x,t) = St(w(x,O» +it S(t_(,)(K *G(x,C)d(,

. :£1.1 1 :£1.. :£1.1 I ,n.where K(x) = ;I(e- 2 x + 2 IX + e- 2 11: -TIll:) and * denotes convo-
lution with respect to the x variable.

Hence the solution of (1.1) satisfies the integral equation

Moreover, differentiating (1.1) yields

and v = U x satisfies

Now define
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It will be shown that
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n

(2.5) q(t) ::; C(lIrpllLl + IIrp'IILl + IIrpllH4 +L q(t)Pi+I
).

i=l

We will make use of the two estimates

(2.6) ilK: *1/JIILl ::; 1IK:IILl ll1/JIILl ::; CII1/JI/Ll,

(2.7) ilK: * tfll/H' ::; CII1/JIIH·.

Inequality (2.6) is a standard one. To show (2.7), we have, for all
sER,

ilK: *1/JIIH' = (L: (1 + k2YCC"{;)2dk)1/2

= (L: (1 + k2y(i;j)2dk)1/2

= (100 (1 + k2y(~)2(:$)2dk)1/2
-00 k + 1

::; (100 (1 + k2y(_k_?1;j12dk)1/2-00 k4 +1

::; (L: (1 + k2Y''';12dk?12

= 1I1/JI/H"

Thus the proof of (2.7) is complete.
Now, from (2.6) and Proposition 1 one has

I/vllLoo ::; C(lIrp'IILl + 11 rp' IIH3 )(1 + t)-1/5

+I t

(lIK: * (F'(u)v)(r)I/Ll

+ ilK: * (F'(u)v)(r)I/H3 )(1 + (t - r»-1/5dr,

and

ilK: * (F'(u)v)(r)I/Ll ::; CII(F'(u)v)(r)IILl
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n

~ CII L uPi - 1
( r)IILoo lIu(T)V(T)IILl

i=l
n

~ CL lIu(r) 11re:1lIu(T)IIL2 IIv(r)lIL2
i=l

n

~ CL q(t)Pi+1(1 + r) l-sPi •

i=l

The last inequality is from the following estimates:
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q(i) ~ (lIu(T)IILoo+lluz(r)IILoo )(1 + T)1/5 + lIuIIH3

~ (lI u(T)IILoo+lluz(T)IILoo )(1 + T)1/5

q(t)(l + T)-1/5 ~ lIu(T)IILoo + lIuz(r)IILoo

~ lI u(r) 11 v'" ,

so lIu(T)lI~:e:l ~ q(t)Pi-1(1 +T)17i and

2I1u(T)IIL2l1v(r)lIL2 ~ lIu(r)1I12 + Ilv(r)1I12 = lIu(T)1I12 + lIuz (T)1I12

~ lI u(r)lIk3 ~ q(t)2.

Also,

n n

ilK: * (F'(u)v)IIH3 ~ CII L uPi (r)v(T)IIH3 = CL lI uPi (T)u z (r)IIH3
i=l i=l
n

~ CL{IIuPi -
3

( r)(uz(r))4I1L2
i=l

+ lIuPi -
2(r)(u z ( r)?u zz ( T)IIL2

+ lIuP,-1(r)(uu (T))211L2

+ lIuP,-l(r)uz (T)uuz(T)IIL2

+ 11 uP, (r)uuu(r)lIL2 + lI uP'(T)U z (T)IIL2}
n

~ CL{IIu(T)lIre:3
I1 uz(r)lIioo lIux(T)IIL2

i=l
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Consequently,
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+ lIu(r)lIr~2I1ux(r)1I100Iluxx(r)lI£2

+ lIu(r)lItC:ll1uxx(r)IILoolluxx(r)lI£2

+ lIu(r)lIrc:ll1ux(r)IILoolluxxx(r)lI£2

+ lIu(r)lItoo lIuxxxx(r)lI£2 + lI u(r)lIroo II U r(r)II£2}
n

::; C:E(q(t»Pi+1(1 +r) 17i
.

i=l

for p* = ~n Pi ~ 6, since (letting *t denote convolution on [0, tD
l$.$n

and

(2.8)
1 1-Pj

lI(l+r)s*t(l+r) 5 11 Loo [O,t]
1 1-Pj

:::; 11(1 +rrs IlL2[o,t]II(1 +r) 5 1I£2[o,t]
ft 21ft 2(1-pjl 1

= ()o (1 + r)-sdT)2()0 (1 + r) I; dr)2

3 7-2Pj
:::; C(l + t) 10 (1 + t) 10

::; C(l +t)-t for p* ~ 6.

It follows that

n

(2.9) (1 + t)t IIvllLoo :::; C{lItp'IIL1 + /Itp/lH4 + I:q(t)Pi+l}
i=l

Next, from (2.3) one has
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+ 1\11(1:: *F(u»(r)II£l

1+ 11(1:: *F(u»(r)IIH3)(1 + (t - r»-idr.

But

11(1:: *F(u))(r)II£l ::;: CIIF(u)(r)II£l
n

::;: C 2: lIu(r)II~:c:ll1u(r)lIi2
;=1

n

::;: C2:(q(t»Pi+1 (1 + r) l-sPi

i=1

and

n

11(1:: * F(u»(r)IIH3 ::;: C 2: lIuPi+1 (r)IIH3
;=1

n

::;: C2:)lIuPi-2(r)(ux)3(r)lI£2
;=1

+ lIuPi - 1
( r)ux(r)uu( r)lI£2

+ lIuPi(r)uxxx(r)lI£2 + lIuPi+l(r)II£2}
n

::;: C 2:{lIu(r)lltc:
2

1I ux(r)lIioo lI ux( r)lI£2
i=1

+ lIu(r)1I1ic:ll1ux(r)IILoolluxx(r)lIL2

+ lIulltoolluxxxll£2 + lIu lltoollullL2}
n

::;: C 2:(q(t))Pi+1(1 +r)f.
;=1

Again, for p* ~ 6 it follows that

n

(2.10) (1 + t)i lIullLoo ::;: C{lIcpllLl + IIcpllH3 + L(q(t))Pi+l}.
;=1

267
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Finally, from (2.3) one has

(2.11) lIullH3 ~ IIStCf'IIH3 +Lt IIS(t_r)(K: * F(u»IIH3dr

~ C(1ICf'IIH3 +Lt ilK: * F(u)IIH3dr)

~ C(IICf'IIH3 +Lt IIF(u)IIH3dr)

~ C(IICf'IIH3 + (~(q(t»Pi+I Lt (1 + r) 1-r,Pi dr)

n

~ C(IICf'IIH4 + 2)q(t»Pi+1
).

i=l

Adding (2.9), (2.10) and (2.11) gives (2.5).
Choose a number 77 > 0 such that 77 > C L:~=1 77Pi+1 , where C

is the same constant appearing in (2.5). Choose 6 > 0 such that if
(lIcpllLI + IIcp'lIp + IIcpIlH4) < 6 then q(O) < 77 and

(2.12)
n

Tf> C{lIcpllLl + IIcp'lIp + IIcpllH4 + L ifi+!}
i=l

Then IIcpllp + IIcp'lIp + IIcpllH4 < 6 must imply q(t) < 77 for all t 2: O.
For otherwise, by the continuity of q(t), we would have q(t) = 77 for
some t, and (2.12) would contradict (2.5).

3. Estimate for the llnearized equation
We need Lemmas 1-7 to prove Proposition l.
The following four lemmas hold under the stated hypotheses. That

is, in Lemmas 1-4, 9 can be any function and haCk) = g(k)-o:k, subject
to the stated hypotheses. Beginning with Lemma 5 the particular
choice of 9 given by (2.2) will be used. See [2] for proofs of Lemmas
1-3.

LEMMA 1. Suppose h~(k) and h:Ck) do not vanish for a ~ k ~ b.
Then

l
b

[ ]
ith (I:) 2 1 1

. I a e a dkl ~ t Ih~(a)1 + Ih~(b)1

for all 0: E R and t 2: 1.
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LEMMA 2. Suppose g"(k) =1= 0 for kl ~ k ~ k2 • Then there exists a
constant C > 0 such that

l
k2

I eith",(k)dkl ~ cel / 2

k1

for all a E R, t ;::: 1.

LEMMA 3. Suppose g"(k l ) = 0, g"'(kI) =1= 0 and g"(k) =1= 0 for
kl < k ~ k2 • Then there exists a constant C > 0 sucb that

l
k2

I eih",(k)tdk\ ~ cel / 3

k1

for all a E R, t;::: 1. The same result holds if g"(k2 ) = 0, g"'(k2 ) =1= 0
and g"(k) =1= 0 for kl ~ k < k2 .

LEMMA 4. Suppose g"(kl ) = g"'(kl ) = g(iv)(kI) = 0, g(v)(kl ) =1= 0
and g" (k) =1= 0 for kl < k ~ k2 • Then there exists a constant C > 0
such that

l
k2

I eih",(k)tdkl ~ Ce l / 5

k1

for all a E R, t ;::: 1. The same result holds if g"(k2 ) = g'" (k2 ) =
g(iv)(k2) = 0, g(v)(k2) =1= 0 and g"(k) =1= 0 for kl ~ k < k2.

Proof. We may assume that g"(k) > 0 on (k}, k2 ] and that g(v)(kl )

=1= O. The other cases are similar. Define ai = g'(ki ) for i = 1,2; and
for any a E R, define ka E [kI, k2] by

ka = kl , if a ~ kl

h~(ka) = 0 if al ~ a ~ a2

ka = k2 if a;::: a2.

If a E [al,a2], then h~(ka) = 0, and the Taylor expansion of h~(k)

about k = ka is

(3.1) h~(k) = g"(ka)(k - ka) + g"'~ka) (k - ka)2

+ g(iV~ka) (k _ ka)3 + 9(V~~ka) (k _ ka)4

+ O((k - ka )5).
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Now expand g"(kO/),g"'(kO/),g(iv)(kO/) and g<v)(kO/) about kO/ = kl to
obtain

(3.2) g"(kO/) = 9(V)~kI) (kO/ - kI)3 + O((kO/ - kl )4)

(3.3) g"'(kO/) = g<V)~kI) (kO/ - kl )2 +O((kO/ - kl )3)

(3.4) g(iv)(kO/) = g(v)(kl)(kO/ - kl ) + O((kO/ - kl )2)

(3.5) g<v)(kO/) = g(v)(kI) + O(kO/ - kl )

and substitute (3.2)-(3.5) into (3.1). The result is

(3.6) h~(k) = 9(V)~kd (kO/ - kI)3(k - kO/)

+ g(V)~kI) (kO/ _ kl )2(k _ kO/)2

+ 9(V)~kI) (kO/ _ kl)(k - kO/)3

+ 9(V~~kI) (k _ kO/)4 + 'R

where 'R is of fifth order in (kO/ - kl ) and (k - kO/). Since (kO/ - kl ) -+ 0
and (k - kO/) -+ 0 as a -+ al and k -+ kb it follows from (3.6) that
there exist a3 > al and k3 = k0/3 > kl such that for all a E [ab a3]
and k E [kb k3],

(3.7)

Ih~(k)1 ~ C(lkO/ - kl l3 1k - kO/I + IkO/ - kl \2\k - kO/12)

if Ik - kO/I::; IkO/ - kll
(3.8)

Ih~(k)1 ~ C(lkO/ - k11lk - kO/I3+ Ik - kO/14)

if Ik - kO/I ~ IkO/ - kl \

where C is independent of a. Moreover (3.7) and (3.8) also hold for
a E [al - 77, a3 + 77] for some 77 > 0, since Ih~(k)l ~ !Ih~l (k)1 for
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a E [al - 11, all and Ih~(k)1 ?: tlh~3(k)1 for a E [a3' a3 +11] for suitable
71 > o.

By assumption, g"(k) i= 0 on [k3 , k2 ] and so the desired estimate for
1k:

2
eiha(k)tdk follows from Lemma 2. Furthermore, if at. [al -71,a3 +

71], then Ih~(k)1 ~ C for all k E [kl , k3 ], and hence the desired estimate
for 1~3 eiha(k)tdk follows from Lemma 1. Therefore, it is enough to

estimate 1:
1

3
eiha(k)tdk when a E [al - 71, a3 + 71], and we may assume

henceforth that (3.7) and (3.8) are valid.
Define b = Ika - kll, and consider first ~k-kal$6 eiha(k)tdk. H b ~

r l / 5 , then this integral is majorized by 2rl / 5 . H, on the other hand,
b > r l / 5 write- ,

The first integral on the right-hand side is again majorized by 2rl /
5

,

while for the second integral, (3.7) and Lemma 1 yield

It remains to consider

f eiha(k)tdk = l ka
eiha(k)tdk.

kE[k1,ka] ka+6
Ik-ka l2:6

Again, look separately at the cases b ?: r l / 5 and b ~ r l / 5 • In the
first case, (3.8) and Lemma 1 imply that

I {k
3

eiha(k)tdkl ~ ~[~]
lk2+6 t Cb

~ crl
/

5
•
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if et S; g'(2)

if g'(2) < et < O.

In the second case, write

ka ka +t- 1 / 5

I f eika(k)tdkl S; I f eika(k)tdkl
lkaH lkaH

+I fk
a

eika(k)tdkl·
lka +t- 1 / 5

Then the first integral on the right-hand side is majorized by r 1{5,

while the desired estimate for the second integral is agam. obtained
from (3.7) and Lemma 1. Thus the proof of Lemma 4 is complete.

Now we assume specifically that hOl is given by (2.2).

LEMMA 5. There exists a constant C > 0 such that

11. eika(k)tdkl S; cr1{4

2$lkl$t1 / 10 .

for all a E R and t 2:: o.
Proof. By symmetry, it is enough to prove the result for

t 1 / 10 • )12 elka (k tdk. For et < 0, define kOl E [2, 00) by

kOl = 2

h~(kOl) = 0

Note first of all that

lim k4 1g'(k)1 = 3, 1im k5 Ig"(k)1 = 12 and
k .....oo k .....oo

lim k6Ig"'(k)1 = 60.
k .....oo

In particular, there exists C > 0 such that for all k E [2,00),

Ig'(k)1 S; ~, 19"(k)1 S; ~ and 19'"(k)1 S; ~.

Next, let r be any number such that 0 < r < 1 and (1 - r)4 > ~; and
choose p so that 0 < p < 1 and ~+: > max[(l- r)4, 6(1~r)4J. Then
there exists M > 0 such that if k 2:: M, then

(3.9) 3(1- p) S; k4 1g'(k)1 S; 3(1 +p)

12(1 - p) S; k51g"(k)1 S; 12(1 + p)

60(1- p) S; k6Iglll(k)1 S; 60(1 +p)
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By the way how ko is defined, h~(ko) = 0 for g'(2) < a < O. So
I-3le4

(Hk!)' - a = 0 and

k4 = -(2a +3) ± J(2a + 3)2 - 4a(a -1)
o 2a .

Since ko 2=: 2,

k_ = 1-(2a +3) - V16a - 9 and
~ fun ko = 00.

2a 0--+0-

Finally, '7 > 0 can be chosen so small that if a E [-'7,0), then ko > Ir.:.r·
Then the following estimates hold:

(3.10) Ih~(k)1 2=: ~ Ik - kol if Ik - kol :5 rko
o

(3.11) Ih~(k)1 2=: ~ if Ik - kol2=: rko

where C > 0 is independent of a.
To prove (3.10), assume Ik-kol < rko and write h~(k) = g"(ko)(k-

n'" (z)
ko ) +~(k - ko? where Iz - kol :5 Ik - kol :5 rka. From (3.9) it
follows that

Ih~(k)1 2=: Ig"(ka)llk - kol- Ig";z)l(k - ka)2

> 12(1- p)lk_k 1_ 60(1+ p)(k_k )2
- k~ a 2z6 a

> Ik - kal {12(1- ) _ 30(1 + p) Ik _ k I}
- k~ P (1-r)6ka a

> Ik-kal{12(1_ )_10(1+ P). 3r }
- k~ P (1 - r)4 (1 - r )2

> Ik-kal{12(1_ )_10(1+ p)}
- k~ P (1 - r)4 '

since r satisfies (1-r)4 > ~,so (I~~)2 :5 1, and the constant in brackets
is positive.
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For (3.11), consider separately the cases 2 ::; k ::; M, M ::; k ::;
ka{1- r) and ka{1- r) ::; k. Since h~(k) = (~+~~;2 - a is bounded
away from zero when k E [2,M] and a E [-71,0), (3.11) is obvious in
the first case. In case M ::; k ::; ka (l- r), it follows from (3.9) and the
definition of p that

Ih~(k)1 = Ih~(k) - h~(ka)1 ~ Ig'(k)I-lg'(ka)1

> 3(1-p) _ 3(1+p)
- k4 k~

> 3(1-p) _ 3(1+p)(1-r)4
- k4 k4

> 3«1- p) - (1 + p)(l- r)4)
- k4

C
~ k4 "

Finally, if ka(l + r) ::; k, we have, for some z in [ka, ka(l + r )],

Ih~(k)1 ~ Ih~(ka{1 +rnl = Ih~(ka(l + r» - h~(ka)1

=19"(z)lrka ~ (~ )rka ~ ~ rz ~ k~'z z

t l / lO .
To estimate J2 eth,.(k)tdk, first consider the case t 1/ 10 ::; ka{1-r).

Then from (3.11) and Lemma 1, it follows that

t l / lO

I [ ih (k)t I 2[1 1]
J2 e" dk::; t Ih~(2)1 + Ih~(tl/lO)1

::; ~[C + Ct2
/

5
]

::; C(t-l +t-3/ 5 )

::; Ct-3/ 5 •

Therefore, it suffices to consider the case

(3.12)
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We write the integral to be estimated as

(3.13)

275

t l / lO1 eih,,(k)tdk

f ih,,(k)tdk + f ih,,(k)tdk
2$k$tl/lO e 2$k$tl/lO e .

Ik-k"l$rk" Ik-k"l~rk"

Again, using (3.11) and Lemma 1, the second integral on the right-hand
side of (3.13) is dominated by

~[C + Ct2
/

5
J ~ CC3

/
5

•

Now, let A = (~)1/2 and write the first integral on the right-hand side
of (3.13) as

(3.14) I eih,,(k)tdk + I eih" (k)tdk.

J'k-k" 1$>' J >'$Ik-k" I$rk"

The first integral in (3.14) is dominated by 2A, whereas for the second
integral, (3.10) and Lemma 1 give

I I eih,,(k)tdkl < C [_1_] = C (ka )5

J>'$lk-k"l$rk" - t A/k~ t (k~/t)1/2

= C(k~/t)1/2 = CA.

Therefore, it is seen that (3.14) is dominated by CA. However, from
(3.12), we have

k5 ((t1/ 10 )5)1/2A= (---!!.)1/2 < C
t - t

~ CC1
/ 4 •

Thus, it shown that

t l / lO11 eih,,(k)fdkl ~ CC1/ 4

and the proof of Lemma 5 is complete.
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LEMMA 6. There exists a constant G > ° such that
I~kI91/10 eihQ(k)tdkl ~ Grl / S for any a: E R, t ~ l.

Proof. Since g"(±~) = 0, g"'(±~) # °and g"(k) # °for

~5 ~5 ~5 ~5-2 < k < - - - - < k < -1 1 < k < - and - < k < 2 we- 3' 3 - ,- 3 3 -,

apply Lemma 3 to the integral of eih" (k)t over the intervals [-2,-~],

[-~,-IJ, [1, ~J and [~,2] and since g"(O) = g"'(O) = g(iv)(O) =

0, g(v)(O) # °and g"(k) # °for -1 ~ k < °and °< k ~ 1, apply
Lemma 4 to the integral of eihQ(k)t over the intervals [-I,OJ and [O,IJ
and apply Lemma 5 on the intervals [_tl / IO , -2] and [2, t l / IO].

LEMMA 7. There exists a constant G > °such that

I [ eihQ(k)t$(k)dkl ~ Gllr,ollHsrl / s
JlklS,tl/10

for all r,o E H3, a: E R and t ~ l.

Proof. For k > 0, we have

I [00 eihQ(k)t$(k)dkl
Jt1/ 10

~ [00 liP(k)ldk
Jt1/ 10

~ ([00 k6 IiP(k)12dk)I/2( [00 k-6 dk)I/2
Jt1/10 Jt1/ 10

~ ( [00 (1 + k2)3IiP(kWdk)I/2([--51 k-S]~/lO)I/2
Jt1/ 10

~ Gllr,o!lHsrl
/
s .

Now we prove Proposition l.

Proof of Proposition 1. For °< t ~ 1, we have

11: eihQ(k)tiP(k)dkl
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It suffices to consider the case t > 1.
L (k) i(*)tet q ,t = e 10 +1 X{lkI91/10}' Then

j= j= 10I _= eiha(k)t<P'(k)dkl = I _= ei
(1+Io 4 -fk)t<P'(k)dkl

= Ii: e-ikxq(k, t)<P'(k)dk

+ f eiha(k)t<P'(k)dkl
Jlkl~t1/l0

S Ii: e-ikx(q(x, t) * cp(x»Adkl

+ CllcpllHsCl/s by Lemma 7,

S 2~lIq(x,t)*cp(x)IIL'''' +CllcpIIHsC l/s .

However, Lemma 6 asserts that

Therefore,

IIq(x,t) * cp(x)IILoo S IIq(x,t)IILoo IIcpllL1

S Cl!cpIlLd- l/s .

Thus it is proved that

Ii: eiha(k)t<P'(k)dkl S C(lIcpll£1 + IIcpIlHs)c l/s .
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Since t ;::: 1, one has t- l/s S C(l + t)-I/S for C > 2 and the proof of
Proposition 1 is complete.
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REMARK 1. The assumption that minl<i<n Pi ~ 6 in Theorem 1
cannot be lessened, because we want (1 + t)l-

p
; :::; (1 + t)-1/5 in (2.8),

so 1 - pt :::; -l, that is, Pi ~ 6 for each i. (1 + t)-1/5 in the inequality
is from Proposition 1.

REMARK 2. The estimate lIu(·, t)1I :::; C(l +t)-1/5 is basically from
Proposition 1. Proposition 1 follows from Lemma 1-7. To find the best
estimate in the proof of Lemma 4(p.269), set b :::; tP, then
~k-kaI9eiha(k)tdk is majorized by 2b. When b > t P,

I r eiha(k)tdkl < 2tP + 4r l - 4P < 8t IT (J' = max{{3 -1 -4{3}.
Jlk-kal~6 - -, , ,

We minimize the estimate on the right hand side by choosing {3 = -l.
The same estimate holds for IJ~3+6 eiha(k)tdkl· Therefore (3 = -l can

not be decreased.

4. Example**

u(x, t) = vex - kt), where v(y) = sechy = co:hy satisfies

2

CUt + aux + LbiUPiux +Uxxxxt = 0
i=l

where c i= -1, k = C~l' PI = 2, P2 = 4, bl = -60k and b2 = 120k. In
particular, u(x, t) = sech(x - t) is a solution of

Clearly,
lIu(·, t)lIoo = sup lu(x, t)/ = 1 for t ~ o.

xER

Therefore, no decay estimate holds. This supports p* ~ 6 on Theo
rem 1.

We verify this. Now, let v(y) = sechy = co:hy. By using the fact

that cosh2
- sinh2 = 1. sinh' = cosh, cosh' = sinh, so 1 - tanh2 =

** This example is provided by Jerry Goldstein.
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sech\

v' = (cosh-1)' = -(cosh-2) sinh

v" = cosh-1 -2cosh-3

v'" = - cosh-2 sinh +6 cosh-4 sinh

v"" = cosh-I -20cosh-3 +24cosh-5

2

CUt + auz + L biuP, Uz + uzzzzt = 0 is equivalent to
i=1

2

-ckv' + av' +L biVP, v' - kv"'" = O.
i=1

279

So (a-ck) cosh-1 y+--!.L.(cosh-1 y)Pt+l+-!L(cosh-1 )P2+l-k(cosh-1 y
Pt +1 P2+1

- 20 cosh-3 y + 24 cosh-5 y) = 0 gives

a - ck = k, PI = 2, P2 = 4

b1 = -20k and ~ = 24k.
3 5
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