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ON 3-DIMENSIONAL ALMOST CONTACT 
METRIC MANIFOLDS' 

J ae- Bok Jun, In-Bae Kim and Un Kyu Kim 

The various structures on almost contact met ric manifolds have been 
studied by ma따 authors([2] ,[5] ,[6] ,[9] ,[1l]). The purpose of the present 
paper is to study the structures on 3-dimensional almost contact metric 
manifolds 

1. Preliminaries 

Let M be a (2n+ 1 )-dime찌onal differentiable manifold of cass C∞ 
covered by a system of coordinate neighborhoods {U; x h } in which there 
a re given a tensor field <þ‘h of type (1 ,1) , a vecto r field 상 and a 1-form .,,; 

satis fyin g 

(1.1) <Þj싹 = -6? + njeh, 야e’ = 0, 깨，<Þj = 0,."‘F = 1, 

whe l'e t he indices h~ i,j ... run over the range {l , 2, ... ,2n + 1}. Such a 
set of a tensor field φ of type (1 ,1), a vector ç a nd a l-form 깨 is called an 
almost cOll tact st1'1t clure and a ma.nifolcl with an almost conta.ct structure 
a l1 almosl. contact ma l끼fold. lf, in an a.lmost contact manifolcl , there is 
given a Riemannian met ri c g j; such t hat 

(1.2 gts￠;￠: = Y j i ’/j "" , η‘ =g‘짜 

t hen the a.lmost contact structure is sa.id to be m etric and the manifolcl is 
called a.n almost contact m et1'ic maniJold( [1]). 

An almos t cont a.ct st ructure (φ ， ç， ’1) 0 11 M is saicl to be lIormal if 

NJ: + (이η; - Ð;I/j )e = 001' [N(x , y) = [<Þ， 씨 (x ， y ) + (d7/ )(X,y ) = 이 ， 
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where 
Nl. = 힘8，싹 - 썩8，썩 (q4: a，썩)야 

is the Nijenhuis tensor formed with 싹 and α = ð!ðxJ We denote \7 the 
covariant differentiation with respect to the Riemannian connection of 9 
and denote </>j. = 찌ghi. An almost contact metric structure (</>,ç,'7, g) on 
M is said \0 be 

(a) con\act ([1]) , if 낀· = H이ηì - 8i까 ) ， 
(b ) I<-contacL ([1]) , if '\지ηj = </>.j ’ 
(c) nearly Sasakian ([5]) , if \7k썩 + \7;야 = -2gkj f, h + 야η; + Ój,.,k' 
(d) quasi Sa.sakian ([2]) , if </>;i is c10sed and (</> , f" η) is normal, 

(e) Sasakian ([1]) , if <Pj. = Hð
j '7. - ð.꾀(f) nearly cosymplectic ([1 ], [3]) , if 야 is Ki lling, 

(g) qu a.si cosymplect ic ([7]) , if \7 k찌‘ + 야야\7 ,</>" - 꺼야\7t '7 i = 0, 
(h) c10sely cosymplectic (씨) ， if φJ is Killing and '7’ is c1osed , 
(i) almost cosymplect ic ([9]) , if 써i and '7j are closed , 
(j) cosymplect ic ([1]) , if 찌i and 꺼 are c10sed an d (</>, f" '7) is normal 

We note the fo lJowi ng schematic a rray of st ructu res ([8]) 

cosymplectic 

If we pul 

closely 
cosymplect ic 

려most 

cosymplect ic 

qu잃1 

cosymplectic 

near샤 

cosymplectic 

qu잃1 

cosymplecctic 

1 normal 
허most. contact 

Ekj •h = φμφ.h - (gki - '/k l]i)(gjh 까ηh ) + (g;. 깨j1/. )(gkh η씨h) ， 
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then we have Ekj ;얘k샤 = 12n(n - 1) 
In a 3- climensional almost contact metric manifoJcl , Ekjih is a zero 

tensor 
Thus we have 

Lemma 1. Jn a 3-dimensional almost contact metric manifold, E kj ih 

vanishes ide nt icallν‘ thal is, 

(1. 3) <PVþih (gk; η씨)(gjh - l]jl]h) - (gji ηJη‘ )(gkh • ηkηh) 

TkiTJh TJiTkh, 

whe l'e T ji = gji - 깨j깨，. 

On the other hand , it is well known that the conformal cllrvature ten-
50r of WeyJ vanishes identicalJy in a 3-dimensionaJ Riemannian manifold 
Therefore the curvature tensor f{ kj;h of a 3-dimensional almost contact 
metric manifoJd 111 is given by 

K 
(1. 4) f{k자 = -l<ki앙 + f{ji야 - gkiJ얀 + gj‘Kt + 5(9ki앙 - 9j i야)， 

where f{ j‘ and f{ are the Ricci tensor and the scalar curvature of the 
manifold respectively 

Differentiating (1.3) covariantJy, we obtain, in a 3-dimensional almost 
contact metri c manifoJd, 

<Pih 'V ,<Pkj + <Pkj 'V ,<P,h -(1] ， '17 ，ηk + 1) k '17 , 1)i)T jh - T ki(l/h '17 , 1)j + 1)j '17 , 1)h) 

+(η1?eηj+ ηj '17 ，η‘ ) T kh + Tj， (ηh 'V，ηk + 1)k '17 ,1)h) 

Trans、recting this equation with 1}j and using <//j <Pkj = 2, we have 

(1.5) 'V,<Pih = ('V， I/t)</>~ ηi - ('17 ，η，)썩 1)h 

2. 3-dimensional K-contact manifolds 

Let 111 be a 3-dimensionaJ 11ιcontact manifold. Then we have 

(2.1 ) ?‘상 =야 

The equa.tion (2.1) shows that ~h is a Killing 、 ector field . Hence we have 

(2.2) PJ야 + f{tj,h f,' = 0 
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It is well known ([1]) that on a 3버mensional 1< -contact manifold the 
Ricci tensor satisβes 
(2.3) 1<j' f.' = 21/j. 

Differentiating 싹1/h = 0 covariantly and taking account of (2.1) and 
(2.2) , we obtain 
(2 .4) 1<'jN.'1/h = g j ; -1/ j 1/; . 

Transvecting (1.4) with e1/h and taking account of (2.3) and (2 .4), we 
have 

(2.5) 
1< 1< 

f( j; = (τ - l )gj‘ + (3 - -; )까1/; . 

Substitut ing (2.5) into (1.4) , we obtain 

(2 .6) 1<.j/ 
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Transvecting (2.6) with e and taking account of (2.2) , we obtain 

(2.7) PJ야 = 앙n‘ - gji상， 

which shows t hat M is a Sasakian manifold. 
T hus we have the following 

Theorem 2. A 3-dimensional 1< -contact manifold is a Sasakian manifold. 

Remark. S.Tanno also showed the same result in [12 ,13J 

3. 3-dimensional nearly Sasakian manifolds 

Let M be a 3-dimensional nearly Sasakian manifold. Then we have 

(3 .1 ) \l k q, j‘ + \1 j q,k; = - 2gkj1/i + gki’}j + gji1/k . 

For a nearly Sasakian manifold t he vector fì eld 상 is 1<il ling([5]) , that 
18, 
(3.2) \1 j 1/; + \1‘ηj = O. 

、，Ve define the ten80r fìeld H j; by putling 

(3.3) \ljη， = ￠jl + H1! 
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From the skew-symmetry of <P ji and (3.2) , it f01l0ws that Hj , is skew­
symrr빠ric. Set H] = Hjag" ’ Then we have the following equations [10]. 

(3.4 Hj ，예 + Hit <P j = 0, 

(3.5) Hj ,f,' = 0, 

(3.6) J('jih f,' = - Y'껴ih - Y' jHih = (gj; + H j,H!l,/h - (gjh + Hj， H~) 1)‘ 

On the other ha때， transvecting (1. 3) with 짜， we obtain 

(3.7) (gji - l/j "f/ i) <Pmh - (gjh - 까1) h) <Pmi = (gmj - 1}m까 )tþ‘h 

Transvecting (3.7) with Ht and taking account of (3.5) , we have 

(3.8) (gji ηjηi)HIt야， -H얘m‘ = (gmj -"f/m까 )HIt썩. 

Taking the symmetric pa.rt of (3.8) with respect to 1 and m a.nd using 
(3 .4), we can find 

(3.9) - H1jφm‘ Hmj <Þli = (gmj ηmηj)HIt썩 + (glj ηl까)Hm ，썩. 

Tra.nsvecting (3.9) with tþ~ a.nd t a.king a.ccount of (3.5) , we obtain 

(3.10) H1j(gpm - 1}pηm) + Hmj(gpl - ηpη1) 

= H1p(gjm ηj 1}m) + Hmp(glj - 1}1ηj ). 

Tra.nsvecting (3.10) with gm, and taking account of (3.5) and Hi = 0, 
we have H 1p = O. Hence (3.3) and (3.6) show that 

Y'j 1}‘ = <Pji , Y' k<Pji = -9kjrl‘ + gki 1}j 

Therefore lvJ is a Sasakian manifold. Thus we have 

Theorem 3. A 3-dimensional nea'-/y Sasakian mam:jold is a Sasakiaη 
manifold 

4. 3-dimensional nearly cosymplectic manifolds 

Suppose that M is a 3• dimensional nea.rly cosymplectic manifold. Then 
야 is Killig by the definition and it is known ([3]) that the vector field f, 
is Killing. Hence we have 

(4 .1 ) Y'‘ <Pjk + Y' j <Pik = 0, 
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(4.2) R지ηj + \1 j η‘ =0 

Transvecting (4.2) with η‘， we have 

( 4.3) (\1,ç, )71' = 0 

Transvecting (1.5) w빼 ηe and using (4.3) , we have 

깨 ' \1 ' 9;h = 0, 
y l m 서

 

A 
4 
-

( 1 

때
 

때
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1 ” ” 
j ” 1 

、( 
깨 '\1 i 9h' = 0 

Since φh'η ， = 0, we find 

(\1 i 9h')η ， + 9h' \1;η' = 0, 

which and (4 .4) imply 
(4 .5) (\1 ;71')헤，= 0 

Substituting (4.5) into (1.5) , we have 

(4.6) \1 e9‘ h = 0 

Transvecting (4 .5) with 야 ， we have 

\1 ;ηj = 0, 

which and (4 .6) show that M is a cosymplectic manifold. 
Thus we have 

Theorem 4. Evcry 3-dimensional η early cosνmpt ectic manifold is a cosym­
pleclic manψld 

5_ 3-dimensional quasi cosymplectic manifolds 

Let M be a 3-dimensional qu행 i cosymplect ic manifold. Then 、，ve have 

(5 .1 ) \1 k φj; + 싹캠\1，<p，; - 7)j 야\1，깨;=0 

Transvecl. ing (5.1) with η， 、ve ob\ain 

(5.2) ø~ \1， η‘ = 썩?씨t 
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Transvecting (5.2) with T/ 4>~ ， we fìnd 

(5.3) 1)''\1 ,1)j = 0 

Transvecting (5.2) with 햄 and using (5.3) , 、ve have 

(5 .4) tþj 4>: '\1 , 17, = -'\1 j 1); 

Transvect ing (5 .1) with 야， we have 

(5 .5) T) k '\1 k 4>j ‘ = O. 

From (1.3) and (5 .4), we have 

Cr j;T " - T，; Tj，) '\1γ = - '\1 j1);, 

which and (5.3) imply 

(5.6) Tj; '\1끼‘ = 、7i깨1 - ?1η， 

Transvect in g (5.6) with g" , 、，ve obtain 

(5.7) '\1, 17 ' = 0 

Substituting (5.7) into (5.6) , we lìnd 

(5 .8) 

which shows that 17 is closed 
From (1.5) , ‘.,'e have 

'\1‘’l1 - t71 ηi = 0, 

(5.9) 4>iφ;?t@s， = 야( '\1 ，ηj )1); . 

From (5.1) , (5.2) , (5 .8) and (5.9) , we fìnd 

(5 .1 0) '\1 kØj; + 씨 ( '\1 k ηth 야('\1 ,1)i) ’li = 0 

By the cycl ic sum of (5 .10) with respect to the indices k , j and i, we 
find 

'\1 ktþj; + '\1 j 4>ik + '\1 ;tþkj = 0, 

wh ich means that the 2-form <Pji is closed. 
Thus we have the following 
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Theorem 5. Every 3-dimen sional quasi cosymplectic maniJold is an al­

most cosymplec l!:c maniJold. 

R emark 1. 1n [8 ], Z.Olszak constructed almost cosymplectic structures 
with non-pa rallel vector fìeld ç on certain Lie groups in every odd dime n­
sion. Hence a 3-dimensional a lmosi cosymplectic m a nifold is not cosym­
plectic in general 

R emark 2. Let M be a 2-dimensional manifold (surface) which does not 
have costant curvature 1 and let T M its tangeni bundle with the fìbre 
coordinates v' , v2 Then the tangent sphere bundle π T,M • M is a 
hypersurface of TM given by (V' )2 + (v2 j2 = 1 and we can find a contact 
metric structure on T,M which is not Sasakian. (See. Blair [1 ]) 

R emark 3. By theore ms 2,3,4 and 5, ihe array of structures in 3-dimensional 
almost contact meiric manifolds is reduced to the following diagram 

cosympletic 
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