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ON 3-DIMENSIONAL ALMOST CONTACT
METRIC MANIFOLDS*

Jae-Bok Jun, In-Bae Kim and Un Kyu Kim

The various structures on almost contact metric manifolds have been
studied by many authors([2],[5],(6],[9],[11]). The purpose of the present
paper is to study the structures on 3-dimensional almost contact metric
manifolds.

1. Preliminaries

Let M be a (2n+1)-dimensional differentiable manifold of cass C'*
covered by a system of coordinate neighborhoods {U;z"} in which there
are given a tensor field ¢;* of type (1,1), a vector field ¢* and a 1-form 7
satisfying

(11) ¢,;¢,? = _-6_? + njéh‘! d):lf: = UHM% = Danigi = 1,

where the indices h,i,j ... run over the range {1,2,...,2n 4+ 1}. Such a
set of a tensor field ¢ of type (1,1), a vector £ and a 1-form 7 is called an
almost contact structure and a manifold with an almost contact structure
an almost contact manifold. lf, in an almost contact manifold, there is
given a Riemannian metric g;; such that

(1.2) G007 = g0 — miy e = gin€",

then the almost contact structure is said to be metric and the manifold is
called an almost contact metric manifold([1]).
An almost contact structure (¢,£,7n) on M is said to be normal if

N+ (0jmi — 9im;)€" = 0 or [N(z,y) = [, 8](2,y) + (dn)(z,y) = 0],
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where
N} = 810,87 — 6108} — (9,4} — i8}) )
is the Nijenhuis tensor formed with ¢* and d; = 9/027. We denote V the
covariant differentiation with respect to the Riemannian connection of g
and denote ¢;; = qij-‘ghi. An almost contact metric structure (¢,£,7,9) on
M 1s said to be
(a) contact ([1]), if ¢ = L(3m — Bny),
(b) K -contact ([1]), if Vin; = ¢i;,
(c) nearly Sasakian ([5]), if V¢! + V;f = —2g4;E" + 8fn; + 68,
(d) quasi Sasakian ([2]), if e;bJ, is closed and (¢, £, 7n) is normal,
(e) Sasakian ([1]), if ¢;; = 3(9;n: — din;) and (¢,£,7) is normal,
(f) nearly cosymplectic [1] [3]), if ¢% is Killing,
(g) quasi cosymplectic ([7]), if Vi + ¢48iVidai — 005 Vi = 0,
)

)
) almost cosymplectic ([9]), if ¢;; and 5; are closed,
)

(h closely cosymplectic ([4]), if ¢ is Killing and #; is closed,
(i
(j) cosymplectic ([1]), if ¢;; and 7; are closed and (¢, €, 7) is normal.
We note the following schematic array of structures ([8]).
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If we put

Eijin = njdin — (gei — meni)(g5n — nimn) + (950 — 25m:) (Grr — M),
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then we have EkﬁhEkﬁh = 12n(n —1).

In a 3-dimensional almost contact metric manifold, Eg;; s a zero
tensor.

Thus we have

Lemma 1. In a 3-dimensional almost contact metric manifold, Eyj
vanishes identically, that s,

(1.3) dxjin = (gri — memi)(gin — mimn) — (g5c — 050:)(Gkn — N7n)-
= Lty —Talm

where T ;; = g;c — 7%

On the other hand, it is well known that the conformal curvature ten-
sor of Weyl vanishes identically in a 3-dimensional Riemannian manifold.
Therefore the curvature tensor Kkjih
metric manifold M is given by

of a 3-dimensional almost contact

K
(]4) I{kﬁh = —fi’k,‘(ﬁl + Kﬁéfj — gk,]\,;? + gjgﬁ’g + E(gkzé“? — gjl-(SE),

where K;; and K are the Ricci tensor and the scalar curvature of the
manifold respectively.

Differentiating (1.3) covariantly, we obtain, in a 3-dimensional almost
contact metric manifold,

SinVeti; + 61, Vedin = —(iVemk + meVeni) Tin — Tri(meVen; + 1, Venn)
+(7:Ven; + 10;Ven:) Yin + Tji(mn Ve + e Ven)

Transvecting this equation with ¢* and using ¢* ¢, = 2, we have
o g 2

[1.5) Vedin = (Ven)dhn — (Vene)ding.

2. 3-dimensional K-contact manifolds

Let M be a 3-dimensional K-contact manifold. Then we have
(2.1) Vih = gh.
The equation (2.1) shows that £* is a Killing vector field. Hence we have

(2.2) V;¢F + K¢ = 0.
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It is well known ([1]) that on a 3-dimensional K-contact manifold the
Ricci tensor satisfies

(23) Kstt = 21;.

Differentiating ¢"n, = 0 covariantly and taking account of (2.1) and
(2.2), we obtain
(2.4) K" &'nn = gji — nimi-

Transvecting (1.4) with £*n, and taking account of (2.3) and (2.4), we
have K K

= 1 4

(2.5) Kji = (5 —lgii + B = 5 )nim.

Substituting (2.5) into (1.4), we obtain

i K
(26) K" = (2- 5)(9&'5? — 9;i6)

K

+(? — 3) (kb2 — n;68)m: + (grim; — g5m6)E"™].

Transvecting (2.6) with £* and taking account of (2.2), we obtain
(2.7) Vot = 8 — g;i€",

which shows that M is a Sasakian manifold.
Thus we have the following

Theorem 2. A 3-dimensional K -contact manifold is a Sasakian manifold.

Remark. S.Tanno also showed the same result in [12,13].

3. 3-dimensional nearly Sasakian manifolds

Let M be a 3-dimensional nearly Sasakian manifold. Then we have
(3.1) Vidji + V;owi = —2gx;mi + grinj + gjiMk-

For a nearly Sasakian manifold the vector field £* is Killing([5]), that
is,
(3.2) Vini + Vin; = 0.

We define the tensor field H;; by putting

(33) Vj'q,' = ¢_,-,~ + H_,',‘.
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From the skew-symmetry of ¢;; and (3.2), it follows that Hj; is skew-
symmetric. Set H} = Hj,g*. Then we have the following equations [10].

(3.4) Hydt + Higgl = 0,
(8.5) H¢ =0,
(3.6) Kyjink' = —V;¢iun — V;Hi = (g5 + Hy HO™ — (g0 + Hj Hi)ns

k

m?

On the other hand, transvecting (1.3) with ¢ , we obtain

(3.7) (95: = 03 )Pmn — (G55 — 150 Bmi = (Gms — MW ) Pin-

Transvecting (3.7) with H}' and taking account of (3.5), we have

(3.8) (gji — mini)Hudr, — Hijbmi = (gmj — nmn;) Hu bl

Taking the symmetric part of (3.8) with respect to [ and m and using
(3.4), we can find

(3.9) — Hij¢mi — Hmjdi = (gmj — 1) Hud! + (915 — min;) Hme 95
Transvecting (3.9) with ¢} and taking account of (3.5), we obtain
(3.10) Hij(gpm = pttm) + Hnj(gp1 = 151)
= Hip(gim = 130m) + Hmplgi; — mim;).

Transvecting (3.10) with g™/ and taking account of (3.5) and H! = 0,
we have H;, = 0. Hence (3.3) and (3.6) show that

Vi = ¥50, Vi = =0 + 955
Therefore M 1s a Sasakian manifold. Thus we have

Theorem 3. A 3-dimensional nearly Sasakian manifold is a Sasakian
manifold.

4. 3-dimensional nearly cosymplectic manifolds

Suppose that M is a 3-dimensional nearly cosymplectic manifold. Then
¢% is Killig by the definition and it is known ([3]) that the vector field ¢
1s Killing. Hence we have

(4.1) Vidj + Vit =0,
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(4.2) Vin + Vi = 0.
Transvecting (4.2) with 7', we have
(13) (Vi)' = 0.
Transvecting (1.5) with ° and using (4.3), we have
7' Vigin =0,

which and (4.1) imply
(44) ntvgﬁbht = 0.

Since ¢pn' = 0, we find
(Vidn)n' + éneVin' = 0,

which and (4.4) imply
(4.5) (Vin)dh = 0.

Substituting (4.5) into (1.5), we have

(4.6) Vedin = 0.
Transvecting (4.5) with j—*, we have
Wy =0,

which and (4.6) show that M is a cosymplectic manifold.
Thus we have

Theorem 4. Every 3-dimensional nearly cosymplectic manifold is a cosym-
plectic manifold.

5. 3-dimensional quasi cosymplectic manifolds

Let M be a 3-dimensional quasi cosymplectic manifold. Then we have
(5.1) Vidii + 6307 Vedsi — 1 Vi = 0.
Transvecting (5.1) with 77, we obtain

(5.2) f;@ivﬂ}i = qf')kam.
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Transvecting (5.2) with q"é}. we find
(5.3) n°Vin; = 0.
Transvecting (5.2) with ¢% and using (5.3), we have
(5.4) G}V ane = =V i,
Transvecting (5.1) with 5*, we have
(5.5) n*Vigsi = 0.
From (1.3) and (5.4), we have
(Y3 Tar = X X5) V9" = =V,
which and (5.3) imply
(5.6) T;iVey' = Vin; — Vni.
Transvecting (5.6) with ¢, we obtain
(5.7 Vit = 0.
Substituting (5.7) into (5.6), we find
(5.8) Vin; = Vin: =0,

which shows that 7 is closed.
From (1.5), we have

(5.9) 6.6V b = S(Van; ).
From (5.1), (5.2), (5.8) and (5.9), we find
(5.10) Vidii + cﬁf;(%m)n:- — ¢ (Vami)n; = 0.

By the cyclic sum of (5.10) with respect to the indices &, j and 2, we
find
Vidji + Vdir + Vide; = 0,
which means that the 2-form ¢;; is closed.
Thus we have the following
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Theorem 5. Every 3-dimensional quasi cosymplectic manifold is an al-
most cosymplectic manifold.

Remark 1. In [8], Z.Olszak constructed almost cosymplectic structures
with non-parallel vector field £ on certain Lie groups in every odd dimen-
sion. Hence a 3-dimensional almost cosymplectic manifold is not cosym-
plectic in general.

Remark 2. Let M be a 2-dimensional manifold (surface) which does not
have costant curvature 1 and let 7'M its tangent bundle with the fibre
coordinates v!,v%. Then the tangent sphere bundle 7 : TyM —M is a
hypersurface of TM given by (v')? 4 (v?)? = 1 and we can find a contact
metric structure on 71 M which is not Sasakian. (See. Blair [1])

Remark 3. By theorems 2,3,4 and 5, the array of structures in 3-dimensional
almost contact metric manifolds is reduced to the following diagram.

’——- almost
| cosympletic cosvmplectic

quasi J normal almost
Sasakian almost contact contact

/

Sasakian contact
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