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Abstract. Since Mittag-Leffler introduced the so-called Mittag-Leffler
function in 1903, due to its usefulness and diverse applications, a variety

and large number of its extensions (and generalizations) and variants have

been presented and investigated. In this sequel, we aim to introduce a
new extension of the Mittag-Leffler function by using a known extended

beta function. Then we investigate ceratin useful properties and formu-

las associated with the extended Mittag-Leffler function such as integral
representation, Mellin transform, recurrence relation, and derivative for-

mulas. We also introduce an extended Riemann-Liouville fractional de-

rivative to present a fractional derivative formula for a known extended
Mittag-Leffler function, the result of which is expressed in terms of the

new extended Mittag-Leffler functions.

1. Introduction and preliminaries

Gösta Mittag-Leffler (1846-1927) [13] presented an entire function

(1) Eρ(z) =

∞∑
n=0

zn

Γ(ρn+ 1)
(z ∈ C; <(ρ) > 0),

which is called Mittag-Leffler function. Wiman [28,29] gave and investigated a
generalization of the Mittag-Leffler function (1)

Eρ,σ(z) =

∞∑
n=0

zn

Γ(ρn+ σ)
(z, σ ∈ C; <(ρ) > 0).(2)

Here and in the following, let C, R+, N, and Z−0 be the sets of complex num-
bers, positive real numbers, positive integers, and non-positive integers, respec-
tively, and let R+

0 := R+ ∪ {0}. Since then, a variety of generalizations and
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extensions of the Mittag-Leffler function (1) have been investigated (see, e.g,
[2,3,5,8,9,11,12,15–17,19,20,27] and the references cited therein). The Mittag-
Leffler function and its diverse generalizations are important, in particular, in
connection with the theories of fractional calculus and special functions (see,
e.g., [5], [21, 22, 24, 25]). Certain interesting applications of the Mittag-Leffler
function and its generalizations have been carried out in a wide range of re-
search subjects including physics and engineering such as kinetic equations,
Lorenz system, random walk, Levy flights, complex system, fluid flow, electric
network, probability, and statistical distribution theory.

Prabhakar [16] introduced and investigated the following generalization of
the function Eρ,σ(z) (2)

Eγρ,σ(z) =

∞∑
n=0

(γ)n
Γ(ρn+ σ)

zn

n!
(z, σ, γ ∈ C; R(ρ) > 0),(3)

where (λ)n is the Pochhammer symbol defined (for λ ∈ C) by (see, e.g., [23, p. 2
and pp. 4–6]):

(4)

(λ)n : =

{
1 (n = 0)

λ(λ+ 1) · · · (λ+ n− 1) (n ∈ N)

=
Γ(λ+ n)

Γ(λ)

(
λ ∈ C \ Z−0

)
,

and Γ being the familiar gamma function (see, e.g., [23, Section 1.1]).
Shukla and Prajapati [20] (see also [27]) introduced a generalized Mittag-

Leffler function Eδ,qρ,σ(z) defined by

Eδ,qρ,σ(z) =

∞∑
n=0

(δ)nq
Γ(ρn+ σ)

zn

n!
(5)

(z, ρ, σ, δ ∈ C; min{<(ρ), <(σ), <(δ)} > 0; q ∈ (0, 1) ∪ N)

and investigated to present many interesting properties and formulas involving
the generalized Mittag-Leffler function such as Laplace transforms and Whit-
taker transforms, in a systematic way (see also [6, 7, 10,18]).

Özarslan and Yilmaz [15] introduced to investigate the following extended
Mittag-Leffler function Eδ;cρ,σ(z; p) (see also [14]):

Eδ;cρ,σ(z; p) =

∞∑
n=0

Bp(δ + n, c− δ)
B(δ, c− δ)

(c)n
Γ(ρn+ σ)

zn

n!
(6)

(
p ∈ R+

0 ; <(c) > <(δ) > 0; <(ρ) > 0
)
,

where Bp(x, y) is extended beta function defined by (see, e.g., [1, 12])

(7) Bp(x, y) =

∫ 1

0

tx−1(1− t)y−1 e−
p

t(1−t) dt

(min {<(p),<(x),<(y)} > 0)
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and B0(x, y) = B(x, y) is the familiar beta function (see, [23, Section 1.1]).
By giving a generalization of the extended beta function in (7)

Bλ,ρp (x, y) =

∫ 1

0

tx−1(1− t)y−1 1F1

[
λ; ρ;− p

t(1− t)

]
dt(8) (

p ∈ R+
0 ; min{<(x), <(y)} > 0

)
,

we define a further extension of the extended Mittag-Leffler function in (6)

Eγ,c;λ,ρα,β (z; p) =

∞∑
n=0

Bλ,ρp (γ + n, c− γ)

B(γ, c− γ)

(c)n
Γ(αn+ β)

zn

n!
(9)

(
p ∈ R+

0 ; <(c) > <(γ) > 0; <(α) > 0; ρ ∈ C \ Z−0
)
.

Then we investigate certain interesting properties and formulas involving the
extended Mittag-Leffler function (9) such as integral representations, Mellin
transform, and recurrence relation. We also introduce an extended Riemann-
Liouville fractional derivative to present a fractional derivative formula (40)
for the extended Mittag-Leffler function (3), the result of which is expressed in
terms of the new extended Mittag-Leffler functions (9). The results presented
here are sure to new and potentially useful.

It is remarked in passing that the special cases of (9) when ρ = λ and p = 0
reduce to the extended Mittag-Leffler functions (6) and (3), respectively.

For our purpose, we recall the Fox-Wright function pΨq (see [4] and [30–32])
(see also [26, p. 21])

(10) pΨq

[
(α1, A1) , . . . , (αp, Ap) ;

(β1, B1) , . . . , (βq, Bq) ;
z

]
=

∞∑
k=0

p∏
j=1

Γ (αj +Aj k)

q∏
j=1

Γ (βj +Bj k)

zk

k!
,

where the coefficients Aj ∈ R+ (j = 1, . . . , p) and Bj ∈ R+ (j = 1, . . . , q) such
that

(11) 1 +

q∑
j=1

Bj −
p∑
j=1

Aj = 0.

A special case of (10) reduces to the generalized hypergeometric function pFq

(12) pΨq

[
(α1, 1) , . . . , (αp, 1) ;

(β1, 1) , . . . , (βq, 1) ;
z

]
=

p∏
j=1

Γ (αj)

q∏
j=1

Γ (βj)
pFq

[
α1, . . . , αp ;

β1, . . . , βq ;
z

]
.

We also recall the generalized gamma function Γ
(α,β)
p (see [14, Eq. (3)])

(13) Γ(α,β)
p (x) =

∫ ∞
0

tx−1 1F1

(
α; β; −t− p

t

)
dt(

min{<(α), <(β), <(x)} > 0; p ∈ R+
0

)
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and (see [14, Eq. (5)])

(14) Γ
(α,β)
0 (x) =: Γ(α,β)(x) =

Γ(β) Γ(α− x) Γ(x)

Γ(α) Γ(β − x)
.

The special case of (13) when α = β and p = 0 is seen to yield the familiar
gamma function Γ.

2. Properties of the extended Mittag-Leffler function (9)

Here, we give an integral representation and the Mellin transform of the
extended Mittag-Leffler function (9).

Theorem 2.1. Let c, α, β, γ, λ ∈ C with <(c) > <(γ) > 0 and <(α) > 0.
Also, let p ∈ R+

0 and ρ ∈ C \ Z−0 . Then

(15)

Eγ,c;λ,ρα,β (z; p) =
1

B(γ, c− γ)

×
∫ 1

0

tγ−1(1− t)c−γ−1 1F1

[
λ; ρ;− p

t(1− t)

]
Ecα,β(tz) dt.

Proof. Using (8) in (9), we have

Eγ,c;λ,ρα,β (z; p) =

∞∑
n=0

{∫ 1

0

tγ+n−1(1− t)c−γ−1

× 1F1

[
λ; ρ;− p

t(1− t)

]
dt

(c)n
B(γ, c− γ)

zn

Γ(αn+ β)n!

}
.

Interchanging the order of summation and integration in the above equation,
which is verified under the given conditions here, we get

Eγ,c;λ,ρα,β (z; p) =

∫ 1

0

tγ−1(1− t)c−γ−1

× 1F1

[
λ; ρ;− p

t(1− t)

] ∞∑
n=0

(c)n
B(γ, c− γ)

(tz)n

Γ(αn+ β)n!
dt.

Using (3) in the above equation, we get the desired result. �

Setting t = u
1+u and t = sin2 θ in the result in Theorem 2.1, we get two

interesting integral formulas for the extended Mittag-Leffler function (9), which
are given in Corollaries 2.2 and 2.3, respectively.

Corollary 2.2. Let c, α, β, γ, λ ∈ C with <(c) > <(γ) > 0 and <(α) > 0.
Also, let p ∈ R+

0 and ρ ∈ C \ Z−0 . Then

(16)

Eγ,c;λ,ρα,β (z; p) =
1

B(γ, c− γ)

∫ ∞
0

uγ−1

(u+ 1)c

× 1F1

[
λ; ρ;−p(1 + u)2

u

]
Ecα,β

( uz

1 + u

)
du.
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Corollary 2.3. Let c, α, β, γ, λ ∈ C with <(c) > <(γ) > 0 and <(α) > 0.
Also, let p ∈ R+

0 and ρ ∈ C \ Z−0 . Then

(17)
Eγ,c;λ,ρα,β (z; p) =

2

B(γ, c− γ)

∫ π
2

0

sin2γ−1 θ cos2c−1 θ

× 1F1

[
λ; ρ;− p

sin2 θ cos2 θ

]
Ecα,β

(
z sin2 θ

)
dθ.

Kurulay and Bayram [11] presented the following recurrence relation for the
extended Mittag-Leffler function (3)

(18) Ecα,β(tz) = βEcα,β+1(tz) + αz
d

dz
Ecα,β+1(tz).

We also present a recurrence relation for the extended Mittag-Leffler function
(9) asserted by the following corollary.

Corollary 2.4. Let c, α, β, γ, λ ∈ C with <(c) > <(γ) > 0 and <(α) > 0.
Also, let p ∈ R+

0 and ρ ∈ C \ Z−0 . Then

(19) Eγ,c;λ,ρα,β (z; p) = βEγ,c;λ,ρα,β+1 (z; p) + αγzEγ+1,c+1;λ,ρ
α,α+β+1 (z; p).

Proof. Applying (18) to the integrand in (15), we obtain

(20) Eγ,c;λ,ρα,β (z; p) = βEγ,c;λ,ρα,β+1 (z; p) + αz
d

dz
Eγ,c;λ,ρα,β+1 (z; p).

Then we use (37) with n = 1 in the derivative in (20) to yield (19). �

Theorem 2.5. Let α ∈ R+, p ∈ R+
0 , <(c) > <(γ) > 0, min{<(β), <(λ), <(ρ)}

> 0. Then Mellin transform of the extended Mittag-Leffler function (9) is given
by

(21)

M
{
Eγ,c;λ,ρα,β (z; p); s

}
=

Γ(λ;ρ)(s) Γ(c+ s− γ)

Γ(γ)Γ(c− γ)
2Ψ2

[
(c, 1), (γ + s, 1);

(β, α), (c+ 2s, 1);
z

]
.

Proof. Taking Mellin transform of the extended Mittag-Leffler function (9), we
have

(22) M
{
Eγ,c;λ,ρα,β (z; p); s

}
=

∫ ∞
0

ps−1Eγ,c;λ,ρα,β (z; p) dp.

Applying (15) to (22), we have

M
{
Eγ,c;λ,ρα,β (z; p); s

}
=

1

B(γ, c− γ)

×
∫ ∞
0

ps−1
{∫ 1

0

tγ−1(1− t)c−γ−1 1F1

[
λ; ρ;− p

t(1− t)

]}
Ecα,β(tz) dt dp.(23)
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Interchanging the order of integrations in (23), which is guaranteed under the
conditions here, we have

M
{
Eγ,c;λ,ρα,β (z; p); s

}
=

1

B(γ, c− γ)

∫ 1

0

[
tγ−1(1− t)c−γ−1Ecα,β(tz)

]
∫ ∞
0

ps−1 1F1

[
λ; ρ;− p

t(1− t)

]
dp dt.(24)

Substituting u = p
t(1−t) in the inner integral in (24), we get

(25)

∫ ∞
0

ps−1 1F1

[
λ; ρ;− p

t(1− t)

]
dp =

∫ ∞
0

us−1ts(1− t)s 1F1

[
λ; ρ;−u

]
du

= ts(1− t)s
∫ ∞
0

us−1 1F1

[
λ; ρ;−u

]
du

= ts(1− t)s Γ(λ,ρ)(s),

where Γ
(λ,ρ)
p (s) is the extended gamma function given in (13). Using (25) and

(24), we find

M
{
Eγ,c;λ,ρα,β (z; p); s

}
=

Γ(λ,ρ)(s)

B(γ, c− γ)

∫ 1

0

tγ+s−1(1− t)c+s−γ−1

×
∞∑
n=0

(c)nz
n

Γ(αn+ β)n!

∫ 1

0

tγ+n+s−1(1− t)c+s−γ−1dt

=
Γ(λ,ρ)(s)

B(γ, c− γ)

∞∑
n=0

(c)nz
n

Γ(αn+ β)n!

Γ(γ + n+ s)Γ(c+ s− γ)

Γ(c+ n+ 2s)

=
Γ(λ,ρ)(s) Γ(c+ s− γ)

Γ(γ)Γ(c− γ)

∞∑
n=0

Γ(c+ n)

Γ(αn+ β)

Γ(γ + n+ s)

Γ(c+ n+ 2s)

zn

n!
,

which, in terms of (10), leads to the right side of (21). �

Setting s = 1 in the result in Theorem 2.5 and using (14), we obtain an
integral formula involving the extended Mittag-Leffler function (9), which is
asserted by the following corollary.

Corollary 2.6. Let α ∈ R+, p ∈ R+
0 , <(c) > <(γ) > 0, <(β) > 0, min{<(λ),

<(ρ)} > 1. Then

(26)

∫ ∞
0

Eγ,c;λ,ρα,β (z; p) dp

=
(ρ− 1) Γ(c+ 1− γ)

(λ− 1) Γ(γ)Γ(c− γ)
2Ψ2

[
(c, 1), (γ + 1, 1);
(β, α), (c+ 2, 1);

z

]
.

Setting λ = ρ in Corollary 2.6, we get an integral formula involving the ex-
tended Mittag-Leffler function (6), which is asserted by the following corollary.



EXTENSION OF THE MITTAG-LEFFLER FUNCTION 555

Corollary 2.7. Let α ∈ R+, p ∈ R+
0 , <(c) > <(γ) > 0, and <(β) > 0. Then

(27)

∫ ∞
0

Eγ,cα,β(z; p) dp =
c− γ
Γ(γ)

2Ψ2

[
(c, 1), (γ + 1, 1);
(β, α), (c+ 2, 1);

z

]
.

3. Derivative formulas of the extended Mittag-Leffler function (9)

Here, we define a further extension of a known extended Riemann-Liouville
fractional derivative and present a derivative formula for the extended Mittag-
Leffler function (3) involving this extended fractional derivative, which is ex-
pressed in terms of the extended Mittag-Leffler functions (9). To do this, we
recall the well-known Riemann-Liouville fractional derivative of order µ ∈ C
(<(µ) ≥ 0) defined by

(28) Dµ
x

{
f(x)

}
:=

1

Γ(m− µ)

dm

dxm

∫ x

0

f(t)(x− t)−µ+m−1 dt

(m ∈ N; m− 1 < <(µ) < m; x > 0) .

In particular,

Dµ
x

{
f(x)

}
=

1

Γ(1− µ)

d

dx

∫ x

0

f(t)(x− t)−µ dt(29)

(0 < <(µ) < 1; x > 0) .

Özarslan and Yilmaz [15] extended the Riemann-Liouville fractional deriv-
ative (28) as follows:

(30)

Dµ,p
x

{
f(x)

}
:=

1

Γ(m− µ)

dm

dxm

∫ x

0

f(t)(x− t)−µ+m−1 exp
(
− p x2

t(x− t)

)
dt(

p ∈ R+
0 ; m ∈ N; m− 1 < <(µ) < m; x > 0

)
.

In particular,

(31) Dµ,p
x

{
f(x)

}
:=

1

Γ(1− µ)

d

dx

∫ x

0

f(t)(x− t)−µ exp
(
− p x2

t(x− t)

)
dt(

p ∈ R+
0 ; 0 < <(µ) < 1; x > 0

)
.

Here, we define a further extension of the extended Riemann-Liouville fractional
derivative (30) by

Dµ,p
x;λ,ρ

{
f(x)

}
:=

1

Γ(m− µ)

dm

dxm

∫ x

0

f(t)(x− t)−µ+m−1 1F1

[
λ; ρ;− px2

t(x− t)

]
dt

(32)

(
p ∈ R+

0 ; m ∈ N; m− 1 < <(µ) < m; x ∈ R+; λ ∈ C, ρ ∈ C \ Z−0
)
.

In particular,

Dµ,p
x;λ,ρ

{
f(x)

}
:=

1

Γ(1− µ)

d

dx

∫ x

0

f(t)(x− t)−µ 1F1

[
λ; ρ;− p x2

t(x− t)

]
dt(33)
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p ∈ R+

0 ; 0 < <(µ) < 1; x ∈ R+; λ ∈ C, ρ ∈ C \ Z−0
)
.

It is obvious that the special cases of (32) when λ = ρ and p = 0 reduce
to the extended Riemann-Liouville fractional derivative (30) and the Riemann-
Liouville fractional derivative (28), respectively.

We provide some formulas for the Bλ,ρp (x, y) function in (8) and the beta
function B(x, y), which are easily derivable and given in the following lemma.

Lemma 3.1. The following formulas hold.

(34) B(x, y + 1) =
y

x+ y
B(x, y);

(35) B(x+ 1, y) =
x

x+ y
B(x, y);

(36) Bλ,ρp (x, y) = Bλ,ρp (x+ 1, y) +Bλ,ρp (x, y + 1).

We give a derivative formula for the extended Mittag-Leffler function (9),
which is asserted by the following theorem.

Theorem 3.2. Let p ∈ R+
0 , <(c) > <(γ) > 0, <(α) > 0, and ρ ∈ C \ Z−0 .

Then

(37)
dn

dzn
Eγ,c;λ,ρα,β (z; p) = (γ)nE

γ+n,c+n;λ,ρ
α,nα+β (z; p) (n ∈ N0) .

Proof. We find from (9) that

d

dz
Eγ,c;λ,ρα,β (z; p) =

∞∑
n=1

Bλ,ρp (γ + n, c− γ)

B(γ, c− γ)

(c)n
Γ(αn+ β)

zn−1

(n− 1)!

=

∞∑
n=0

Bλ,ρp (γ + 1 + n, c− γ)

B(γ, c− γ)

(c)n+1

Γ(αn+ α+ β)

zn

n!

= c

∞∑
n=0

Bλ,ρp (γ + 1 + n, c− γ)

B(γ, c− γ)

(c+ 1)n
Γ(αn+ α+ β)

zn

n!
,

which, upon using (35), leads to

d

dz
Eγ,c;λ,ρα,β (z; p) = γ

∞∑
n=0

Bλ,ρp (γ + 1 + n, c− γ)

B(γ + 1, c− γ)

(c+ 1)n
Γ(αn+ α+ β)

zn

n!
.

In terms of (9), we obtain

(38)
d

dz
Eγ,c;λ,ρα,β (z; p) = γ Eγ+1,c+1;λ,ρ

α,α+β (z; p).

Similarly, we have

d2

dz2
Eγ,c;λ,ρα,β (z; p) = γ(γ + 1)Eγ+2,c+2;λ,ρ

α,2α+β (z; p).

Then, continuing this process n − 2 times on the last formula is seen to yield
the desired result (37). �
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Theorem 3.3. Let p ∈ R+
0 , <(c) > <(γ) > 0, <(α) > 0, ρ ∈ C \ Z−0 , and

β, µ ∈ C. Then

(39)
dn

dzn

{
zβ−1Eγ,c;λ,ρα,β (µ zα; p)

}
= zβ−n−1Eγ,c;λ,ρα,β−n (µ zα; p) (n ∈ N0) .

Proof. By using (9), it is easy to get the desired result. The detailed account
of the proof is omitted. �

Theorem 3.4. Let p ∈ R+
0 , x ∈ R+, and ρ ∈ C \ Z−0 . Also, let m − 2 <

<(δ − c) < m− 1 for m ∈ N. Then

(40)

Dδ+1−c,p
x;λ,ρ

{
xδ−1Ec+m−1α,β (x)

}
=

m∑
`=0

(
m

`

)
Γ(δ + `)

Γ(c+ `− 1)
xc+`−2Eδ+`,c+`+m−1;λ,ρα,`α+β (x; p) (m ∈ N).

Proof. Let L1 be the left side of (40). By using (32), we have

L1 =
1

Γ(m+ c− δ − 1)

dm

dxm

∫ x

0

tδ−1 (x− t)c+m−δ−2

× Ec+m−1α,β (t) 1F1

[
λ; ρ;− p x2

t(x− t)

]
dt,

which, upon taking t = ux, becomes

(41)

L1 =
1

Γ(m+ c− δ − 1)

dm

dxm

{
xc+m−2

∫ 1

0

uδ−1(1− u)c+m−δ−2

×Ec+m−1α,β (xu) 1F1

[
λ; ρ;− p

u(1− u)

]
du

}
.

Applying (15) to the integral in (41), we obtain

L1 =
Γ(δ)

Γ(c+m− 1)

dm

dxm

{
xc+m−2Eδ,c+m−1;λ,ρα,β (x; p)

}
.

By using the Leibniz’s generalized rule for differentiation of product of two
functions, we have
(42)

L1 =
Γ(δ)

Γ(c+m− 1)

m∑
`=0

(
m

`

) {
dm−`

dxm−`
xc+m−2

}{
d`

dx`
Eδ,c+m−1;λ,ρα,β (x; p)

}
.

Using (37) and the following easily derivable formula

(43)
d`

dx`
xα =

Γ(α+ 1)

Γ(α− `+ 1)
xα−` (` ∈ N0)

in (42), we get the desired result. �

The particular case of Theorem 3.4 when m = 1 is given in the following
corollary.
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Corollary 3.5. Let p ∈ R+
0 , x ∈ R+, ρ ∈ C \ Z−0 , 0 < <(δ) < <(c) and

<(δ − c) > −1. Then

(44)

Dδ+1−c,p
x;λ,ρ

{
xδ−1Ecα,β(x)

}
=

Γ(δ)

Γ(c)
xc−2

{
(c− 1)Eδ,c;λ,ρα,β (x; p) + δxEδ+1,c+1;λ,ρ

α,α+β (x; p)
}
.
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